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Abstract. We study stable solutions of the Allen–Cahn equation with homogeneous Neumann
boundary condition on Riemannian manifolds with boundary in the regime where the transition lay-
ers meet the boundary orthogonally. Under an a priori bound for the enhanced second fundamental
form in the transition region, we establish uniform second-order Hölder estimates and quantitative
mean curvature decay for the nodal hypersurfaces up to the boundary in ambient dimensions at
most 10. The proof adapts the technique pioneered by Wang–Wei [WW19a, WW19b], adding a
further correction determined by the geometry of the ambient boundary. Its leading contribution to
mean curvature cancels on the nodal set but survives on non-zero level sets in the transition region,
whose mean curvature need not decay uniformly. This phenomenon has no interior analogue and is
exhibited by stable solutions constructed by Kowalczyk [Kow05].
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1. Introduction

In this paper we establish second-order estimates for stable solutions of the Allen–Cahn equation
with homogeneous Neumann boundary conditions on compact Riemannian manifolds with bound-
ary, in the situation where the transition layers of the solution meet the boundary orthogonally.
Together with the estimates in the forthcoming paper [DDPSa], which deal with the situation where
the transition layers of the solution approach the boundary parallelly from one side, they fully ex-
tend the regularity theory developed by Wang–Wei [WW19a, WW19b] to the case of Neumann
solutions on manifolds with boundary. In [DDPSb], we shall use the estimates in Theorem 1.1
and those in [DDPSa] to obtain a min-max construction of free boundary geodesics and geodesic
billiards in compact Riemannian surfaces with boundary, and free boundary minimal hypersurfaces
in compact Riemannian manifolds with boundary of dimensions 3 and 4, entirely based on solutions
of the Allen–Cahn equation. Moreover, we shall obtain a characterisation of curves realising the
(phase-transition) p–widths of the length functional on a Riemannian surface with boundary similar
to the one obtained by Chodosh–Mantoulidis in the closed case [CM23].

The estimates in this paper differ from the interior ones of [WW19b] (and the corresponding
interior estimates in Riemannian 3-manifolds due to Chodosh–Mantoulidis [CM20]) in two key
aspects caused by the geometry of the boundary: a logarithmic loss in the mean curvature decay
and the quantitative separation estimates, and a distinction between the zero level set and the other
level sets in the transition layer. While it is unclear whether the first difference is a feature of our
proof and whether it could potentially be overcome, the second one reflects a genuine boundary
phenomenon, as the stable solutions constructed by Kowalczyk in [Kow05] show (see Section 1.2 for
a careful discussion of these differences). This shows the subtleness of the boundary problem, and
highlights a phenomenon that has no interior counterpart.

1.1. Setup and main result. Let (Mn+1, ∂M, g) be a smooth compact Riemannian manifold with
boundary. We consider solutions u :M → (−1, 1) of Allen–Cahn equation with vanishing Neumann
boundary condition

(1.1)

{
ε2∆gu =W ′(u) in M,

∂νu = 0 on ∂M,

where ν is the inward-pointing unit normal to ∂M . Throughout the paper, W is a smooth even
double-well potential, positive in (−1, 1), with

W (±1) =W ′(±1) = 0, W ′′(±1) = 1,

and with 0 as its unique critical point in (−1, 1), satisfying W ′′(0) < 0. Model examples include

W (t) = (1−t2)2

8 and W (t) = 1+cos(πt)
π2 .

Equation (1.1) is the Euler–Lagrange equation for the Allen–Cahn energy

Eε(u) =

∫
M

(
ε

2
|∇u|2 + W (u)

ε

)
dvolg.

If S ⊂ ∂M is relatively open, stability in M ∪ S means that∫
M

(
ε2|∇ψ|2 +W ′′(u)ψ2

)
dvolg ≥ 0 for every ψ ∈ C1

c (M ∪ S).

In particular, these test functions need not vanish on S.
At a point where ∇u ̸= 0, the enhanced second fundamental form is defined to be

A(u) = ∇
(

∇u
|∇u|

)
.
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Here, we use the conventions and notation of Section 2. Then, we state our main result below.

Theorem 1.1 (Boundary second-order estimates for stable transition layers). Let 2 ≤ n+ 1 ≤ 10
and let (Mn+1, ∂M, g) be a smooth Riemannian manifold with boundary. Let S ⊂ ∂M be relatively
open, and let M ′ ⋐ M ∪ S. Fix θ ∈ (0, 1) and 0 < b < 1. For every Λ > 0, there are constants
ε0 > 0 and C <∞ with the following property.

Suppose that 0 < ε ≤ ε0 and that uε ∈ C∞(M ∪ S, (−1, 1)) is stable in M ∪ S and satisfies

ε2∆guε =W ′(uε) in M, ∂νuε = 0 on S,

together with

(1.2) |A(uε)| ≤ Λ on {|uε| ≤ 1− b} ∩ {|∇uε| ≠ 0}.
Then every component Γ of {uε = 0} meeting S satisfies

(1.3) ∥HΓ∥L∞(Γ∩M ′) ≤ Cε| log ε|2, [HΓ]Cθ(Γ∩M ′) ≤ Cε1−θ| log ε|2,
and

(1.4) ∥IIΓ∥Cθ(Γ∩M ′) ≤ C,

where IIΓ denotes the second fundamental form of the hypersurface Γ, and HΓ its mean curvature.
The constants depend only on M ′, the fixed geometry near M ′, W , b, θ, and Λ, and are independent
of the number of transition layers.

Remark 1.2. Notice that, if n+ 1 = 2, then the level set {uε = 0} is a union of embedded curves,
and the norm of its second fundamental form is simply the absolute value of its geodesic curvature
k{uε=0}, which is clearly the same as the mean curvature of {uε = 0}. Therefore, in ambient
dimension 2, (1.3) gives

∥kΓ∥L∞(Γ∩M ′) ≤ Cε| log ε|2, [kΓ]Cθ(Γ∩M ′) ≤ Cε1−θ| log ε|2,
for every component Γ of {uε = 0} meeting S. On the other hand, unlike in the interior case of
[WW19a, Theorem 3.6] and [CM23, Proposition C.4], it is not possible to obtain decay estimates
(in ε) for the enhanced second fundamental form A(uε). Indeed, at a point p ∈ {uε = 0} ∩ S, by
(2.1),

|A(uε)|2 = |k{uε=0}|2 + |∂ν log |∇uε||2,
and an easy computation (see Remark 11.8) gives |∂ν log |∇uε||2 = |kS |2, where kS denotes the
geodesic curvature of the boundary at p ∈ {uε = 0} ∩ S. In particular, kS is independent of ε. See
also Remark 11.10 for a more detailed discussion of this issue.

Remark 1.3. If S is totally geodesic on a neighbourhood of M ′ ∩ S, the estimates improve and
extend to all transition levels. More precisely, if 0 < b < b′ < 1, then uniformly for t ∈ [−1+b′, 1−b′],
every component Γt of {uε = t} meeting S satisfies, on M ′,

∥IIΓt∥Cθ ≤ C, ∥HΓt∥L∞ ≤ Cε| log ε|, [HΓt ]Cθ ≤ Cε1−θ| log ε|,
where the constant C (in addition to the geometry of M ′, W , b , θ, Λ) also depends on b′. If, in
addition, n+ 1 = 2, then

|A(uε)| ≤ Cε| log ε| on M ′ ∩ {|uε| ≤ 1− b′}.

At regular boundary points, the Neumann condition implies that the nodal set meet S orthogo-
nally. The nodal estimates therefore give local C2,θ control of the second fundamental form of the
nodal set up to the boundary. In ambient dimension two, the norm of the second fundamental form
of a curve equals the absolute value of its geodesic curvature, so (1.3) gives decay (and not simply
boundedness) of curvature.
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Like the main result in [WW19b], Theorem 1.1 is a conditional result, in the sense that it
assumes the initial C2 bound (1.2) and improves it to the C2,θ estimates (1.3) and (1.4). In
order to upgrade this conditional result to a full unconditional curvature estimate on a compact
Riemannian manifold with boundary as in [CM20, Theorem 3.4], two further ingredients are needed:
the boundary-parallel estimates of [DDPSa], and the classification result for entire stable solutions
in Rn+1 with uniform Euclidean energy growth, which is now available in dimensions n+1 = 2, 3, 4
by [GG98, AC00, FSS25]. Notice that in dimensions n+ 1 = 2, 3, by [GG98, LLW+26, CFRF+26],
the same classification result holds without the additional assumption of uniform Euclidean energy
growth.

On the other hand, similarly to [WW19b], no bound on the number of layers is a priori imposed
and the dimensional restriction comes from the stability estimates for the scalar equation (i.e. the
two component Toda system) to which stability is reduced in Section 10. Nonetheless, as far as
geometric applications relying on an unconditional curvature estimate are concerned, one cannot
hope to go beyond ambient dimension 7, since the rigidity result for entire stable solutions in Rn+1

is bound to fail there, as shown in [PW13]. Notice here the analogy with rigidity results for stable
minimal surfaces in Rn+1 with Euclidean area growth [SSY75, Bel25].

1.2. Comparison with the interior estimates. Our analysis builds on the reduction of stable
Allen–Cahn transition layers to an approximately stable Toda system developed by Wang and Wei
in [WW19b]. However the estimates proven in Theorem 1.1 differ from those of [WW19b] in two
important respects:

(i) our estimates yield an O(ε| log ε|2) bound for the zero level mean curvature, instead of the
Euclidean O(ε) rate, or the interior Riemannian o(ε| log ε|) rate (see [WW19b, Remark 10.9]);

(ii) our estimates only show decay of the mean curvature for the zero level set, and not for all level
sets {uε = t} for t ∈ [−1 + b, 1− b].

Let us briefly discuss where these differences come from, and where the theorem could conceivably
be strengthened and where it is essentially sharp.

Let us begin with (i). As noticed in [WW19b, Remark 10.9] (see also [CM20, Corollary 3.3]),
it is not surprising that introducing metric errors into the Wang–Wei reduction machinery would
lead to a loss in the estimates, and, as the mentioned references show, this is already present in the
Riemannian interior theory. It is not known at the moment if the logarithmic loss is a necessary
feature of the general Riemannian (interior or boundary) theory, or simply an artefact of the proof
strategy. On the other hand, it is worth noticing that the decay rates in (1.3) are strictly weaker
than those in Riemannian interior theory of [WW19b] or [CM20]. Even under the (significantly
stronger) assumption that the boundary is totally geodesic, we are not able to recapture the same
rates of decay.

This discrepancy comes from the estimates on quantitative separation of neighbouring sheets,
rather than from the final elliptic estimates. The loss first occurs in the distance-gap comparison
of Claim 10.6, which is used to prove Proposition 10.1. Curvature of the boundary introduces
first-order metric terms when the signed Riemannian distance between sheets is compared with
the difference of their coordinate heights. The decay estimate of Proposition 10.1 can therefore
only be established above the threshold ε2| log ε|2. Its iteration in Corollary 10.12, followed by
the improved Toda equation in Proposition 11.4, gives an O(ε| log ε|2) bound, rather than the
Euclidean interior rate O(ε) of [WW19b, Theorem 1.1]. Nonnegative ambient Ricci curvature does
not remove the boundary condition for the intrinsic separation function in Remark 11.3. On the
other hand, if the boundary is totally geodesic, the first-order metric contribution in the distance
comparison disappears, as explained in Remark 10.2 and the separation estimate then improves by
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one logarithm. Neither this bound nor the general-boundary squared-logarithm bound is claimed
to be optimal.

Let us now discuss (ii). The failure to extend the zero-level decay estimate to all transition
levels has a different origin. Even though the zero sheets meet the boundary orthogonally, their
nearby parallel leaves need not do so. Consequently, a heteroclinic solution depending on signed
distance does not by itself satisfy the Neumann condition, and the approximation constructed in
Section 5 includes the correction Gα. The evenness of the potential makes this correction Gα odd
in its normal variable, so its leading contribution vanishes at the zero level but need not vanish at
s(t) = H−1(t) when t ̸= 0. Proposition 11.7 shows that the horizontal Laplacian of the correction
Gα enters the mean curvature of the actual level graph. This contribution is only controlled at order
ε in the rescaled metric, corresponding to order one in the original metric. When the boundary is
totally geodesic, Gα vanishes identically, and uniform estimates hold for all levels in a fixed compact
subinterval of (−1, 1).

Unlike (i), the failure of mean-curvature decay on nonzero levels is demonstrably a feature of the
problem in question, as the examples in [Kow05] show. Indeed, Kowalczyk [Kow05] constructs so-
lutions of (1.1) in bounded domains of R2 with smooth boundary concentrating near nondegenerate
straight line segments meeting the boundary orthogonally and computes their Morse indices explic-
itly. In the regime where Kowalczyk’s solutions are stable, they illustrate why our estimates must
distinguish the nodal set from the other transition levels. The level-set geometry obtained from his
boundary-layer expansion [Kow05, Section 2.4] shows that, at an endpoint with nonzero boundary
curvature, a fixed nonzero level develops an order-one curvature contribution over distances of order
ε. Thus its mean curvature need not tend to zero, and its Cθ curvature seminorm can grow like ε−θ,
despite a bounded L∞ curvature norm. On the nodal set, on the other hand, the leading boundary
correction vanishes by oddness, and the expansion instead gives an O(ε) bound for the mean cur-
vature. This contrasts with the interior Euclidean estimates of Wang–Wei [WW19b, Theorem 1.1]
and the interior Riemannian estimates of Chodosh–Mantouldis [CM20, Corollary 3.3], which give
uniform bounds for ∥H∥L∞ and ∥II∥Cθ on all transition levels.

1.3. Outline of the proof. We follow the overall strategy of Wang–Wei [WW19b] with a few
important differences.

By using the assumptions in Theorem 1.1, in Section 3 we reduce the theorem to the local
graphical statement in Theorem 3.3. After dilation by ε−1, the curvature of each sheet of the nodal
set becomes O(ε), and neighbouring sheets become uniformly separated as ε → 0. Notice that
ordinary Fermi coordinates with respect to a sheet of the nodal set do not in general parametrise a
collar neighbourhood of the ambient boundary. To obtain coordinates adapted to both the sheets and
the boundary, we use a twisted Fermi coordinates construction inspired by Pacard–Ritoré [PR03,
Section 10]; a closely related construction appears in the work of Kapouleas–Li on free boundary
minimal surfaces [KL21, Definition 2.10 and Lemma 2.12]. The key ingredient in this step is the
construction of a vector field Z which is transverse to the sheets (but not necessarily normal to
them), tangential to the ambient boundary and satisfies the estimates in Lemma 4.15, which are
crucial to control the mixed derivative and commutator terms introduced without destroying the
Toda structure of the leading interaction.

In Section 5, we approximate u by alternating translated heteroclinics together with a boundary
correction, which is necessary because the one-dimensional heteroclinic solution has a leading order
Neumann derivative of order ε. For each sheet Σα of the nodal set, we cancel this O(ε) error by
solving the linear problem (5.4) on Σα × R and then using a cutoff to localise around the sheet.
Evenness of the potential W guarantees that this correction G is odd in the twisted Fermi signed
distance variable. Since the translation mode H′ is even, the correction G is orthogonal to it,
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and vanishes on the central slice {z = 0}. The construction of our correction G is analogous to
the improvement of the approximate solution in del Pino–Kowalczyk–Wei [dPKW08, Section 5]:
in both cases, the O(ε) leading order in the Neumann derivative is cancelled by adding an odd
correction solving a linearized boundary value problem.

For a family of shifts h = (hα), let H(·;h) denote the alternating superposition of shifted, cut-off
heteroclinic profiles, and let G(·;h) denote the corresponding sum of shifted boundary corrections.
Write

H∗ = H(·;h), G∗ = G(·;h), g∗ = H∗ +G∗, ϕ = u− g∗,

so the stars denote the full alternating superposition, evaluated at the selected shifts. As in
[WW19b], we choose optimal shifts hα so that, in twisted Fermi coordinates with respect to each
sheet, ∫

R
ϕ(y, z)H′

α(y, z) dz = 0, H′
α(y, z) = H′

((−1)α(z − hα(y))) .

This orthogonality condition separates the equations for the layer positions from the coercive equa-
tion for the remainder.

Similarly to [WW19b], in Section 6, projection of the Allen–Cahn equation onto the translational
mode H′

α yields a Toda-type relation between the mean curvature, the Laplacian of hα, and the
exponential interactions with the two adjacent sheets.

Hα(y, 0) + ∆α,0hα(y) =
2A2

1

σ0

(
e−|tα−1(y,0)| − e−|tα+1(y,0)|

)
+ E0

α(y),

where, at this stage, the error E0
α has not yet been shown to be .

Section 7 closes these estimates by an inner–outer gluing estimates argument, as in [WW19b,
Section 6]. Near a layer, orthogonality removes the translation kernel and gives coercive estimates
for the model linearised operator. Away from adjacent layers, the solution is close to ±1 andW ′′(u)
has a uniform positive lower bound. Combining the two estimates, together with the Neumann
derivative of ϕ, gives

∥ϕ∥C2,θ +max
α

∥hα∥C2,θ +max
α

∥Hα +∆α,0hα∥Cθ ≲ ε2 +A,

where A measures the largest exponential interaction between neighbouring sheets of the nodal set.
This estimate is still insufficient for the final separation argument of Section 10, as ∆α,0hα could

still be of the same order as the leading interaction. Section 8 therefore repeats the inner–outer
analysis for the horizontal derivatives of ϕ, following [WW19b, Section 7]. Unlike [WW19b], we
need to deal with the boundary conditions, which must be treated separately. Derivatives tangent to
the boundary have controlled Neumann data, while the inward horizontal derivative has controlled
Dirichlet data. As a result the mean curvature is shown to be equal to the difference of the two
adjacent interactions, up to an error O(ε2) + o(A), which is small relative to the interaction scale
used in the decay argument of Proposition 10.1.

The Toda equations alone do not force the sheets to separate. In Section 9, we use Allen–Cahn
stability with test functions

φ =
∑
α

ηα
(
H′

α +G′
α

)
,

where ηα is a function on the sheet Σα. Unlike [WW19b, Section 8], the boundary correction also
enters the linearised equation and we must combine the horizontal and transverse contributions to
the diagonal energy by integration by parts before estimating them, and exploit the cancellations
supplied by the equation defining the correction G. A Robin-type boundary term of order ε still
remains, which is controlled by trace estimates with a small loss in the constant in front of the
Dirichlet energy and controlled L2 errors.
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Section 10 combines the Toda equation with the stability inequality to obtain a quantitative
lower bound for the distances between neighbouring sheets. The height difference (with respect to
the base {z = 0}) satisfies a homogeneous Neumann condition, which allows to perform integration
by parts without producing additional boundary terms. On the other hand, using height difference
rather than sheet separation causes an additional logarithmic loss compared to Wang–Wei, as the
first-order metric error in boundary Fermi coordinates limits the iteration to A ≲ ε2| log ε|2. Wang
andWei manage to improve this bound to A ≲ ε2 in Euclidean space by deriving an equation directly
for the separation function on a sheet; however, extending this improvement to our setting would
require further work, as the intrinsic separation function does not generally satisfy a homogeneous
Neumann boundary condition. Indeed, the normal derivative of this intrinsic separation function
contains a term involving the second fundamental form of the ambient boundary whose contribution
need not be small after rescaling. Therefore, implementing an intrinsic improvement argument in
our setting would require further estimates to control this boundary contribution; these are not
established in the present paper.

The proof of the pointwise estimates also differs from [WW19b, Section 9]. Following Farina
[Far07], we first combine the scalar inequality with stability to obtain Lp estimates for the normalized
exponential interaction, with p > n/2 and then obtain local boundedness by a blowup argument.
This argument replaces the Green-function and Morrey estimates used in [WW19b, Lemma 9.7-
Lemma 9.8] and applies both to interior balls and to boundary half-balls. As stability gives Lp

control of the interaction for exponents p < 5 and local boundedness requires p > n/2, this forces
n ≤ 9, explaining the ambient dimension bound n+ 1 ≤ 10.

Finally, in Section 11, we insert this bound into the improved Toda equation and use the oddness
of the boundary correction to obtain the nodal mean-curvature estimates. On the other hand, as
explained in Section 1.2, for a nonzero transition level, we represent the portion of {u = t} near Σα

as a graph z = ℓα(y, t) by solving u(y, ℓα(y, t)) = t. The boundary correction changes the height
of this graph by a quantity proportional to Gα(y,H−1(t)). Differentiating twice along the sheet
therefore introduces second horizontal derivatives of this correction. These derivatives vanish on the
central profile slice because Gα(·, 0) ≡ 0, but generally contribute to the mean curvature of nonzero
levels, see Lemma 11.6 and Proposition 11.7, giving rise to the difference in behaviour between the
nodal set and the other level sets in the transition region, which is the most relevant difference
between the boundary problem and the interior one. When the boundary is totally geodesic, the
correction vanishes altogether, and the improved separation estimate gives the expected bounds on
every transition level.
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2. Basic definitions and notation

In this section, we present some basic definitions and introduce the notation which we shall use
throughout the paper.

Let W ∈ C∞(R) is an even double-well potential, namely W : R → [0,+∞) has the following
properties

(1) W vanishes precisely at ±1, and W ′(±1) = 0, W ′′(±1) = 1;
(2) 0 is the unique critical point of W in (−1, 1), W ′(0) = 0, and W ′′(0) < 0;
(3) W (t) =W (−t).

The normalisation W ′′(±1) = 1 is responsible for the decay rate e−|t| in Appendix C. Evenness is
used in Section 5 to make the boundary correction odd in the normal variable.

Let (Mn+1, ∂M, g) be a smooth Riemannian manifold with boundary. We shall often use ⟨·, ·, ⟩
to denote the inner product with respect to the Riemannian metric g. Throughout this paper we
shall consider stable critical points u :M → (−1, 1) of the Allen–Cahn energy

Eε(u) =

∫
M

(
ε

2
|∇u|2 + W (u)

ε

)
dvolg.

Any such critical point is a solution of (1.1). If S ⊂ ∂M , then a solution u of (1.1) is stable in
M ∪ S if

d2

dt2

∣∣∣
t=0

Eε(u+ tψ) =

∫
M

(
ε2|∇ψ|2 +W ′′(u)ψ2

)
dvolg ≥ 0

for every ψ ∈ C∞
c (M ∪ S). Notice that test functions ψ need not vanish on S.

For a solution u of (1.1) and x ∈ M such that |∇u(x)| ̸= 0, we define the enhanced second
fundamental form A(u) of the level set {u = u(x)} at x by

A(u) = ∇
(

∇u
|∇u|

)
.

Notice that ∇u(x)/|∇u(x)| is the unit normal of the hypersurface {u = u(x)} at x. We extend A(u)
to the whole of M by setting |A(u)| = 0 on the critical set. It is easy to check that if |∇u(x)| ̸= 0,
then at x, we have

(2.1) |A(u)|2 = |∇2u|2 − |∇|∇u||2

|∇u|2
= |II(u)|2 + |∇T log |∇u||2,

where II(u) denotes the second fundamental form of the regular hypersurface {u = u(x)} at x
and ∇T denotes tangential differentiation along {u = u(x)}. Thus |A(u)| dominates the second
fundamental form of the level sets.

Our sign convention for the second fundamental form II and the mean curvature H of a hyper-
surface is

II(X,Y ) = −⟨∇Xn, Y ⟩, H = tr II,

where n is the chosen unit normal. With this convention, the linearization of mean curvature in
the normal direction ψn is ∆ψ + (|II|2 +Ric(n,n))ψ.

2.1. Balls in Euclidean space. Consider Euclidean coordinates (x1, . . . , xn, xn+1) on Rn+1. We
shall adopt the following notation for various types of balls in Rn+1.

• Br(p) (resp. B̄r(p)) : the open (resp. closed) ball in Rn centered at p with radius r.
• B+

r (p) (resp. B̄+
r (p)) : the open (resp. closed) half-ball Br(p)∩{x1 ≥ 0} (resp. B̄r(p)∩{x1 ≥

0}).
• ∂0B+

r (p)= ∂B+
r (p) ∩ {x1 = 0}, ∂+B+

r (p)= ∂B+
r (p) ∩ {x1 > 0}.
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• Br(p) (resp. B̄r(p)) : the open (resp. closed) ball in Rn+1 centered at p with radius r.
• B+

r (p) (resp. B̄
+
r (p)) : the open (resp. closed) half-ball Br(p)∩{x1 ≥ 0} (resp. B̄r(p)∩{x1 ≥

0})
• ∂0B

+
r (p) = ∂B+

r (p) ∩ {x1 = 0}, ∂+B+
r (p)= ∂B+

r (p) ∩ {x1 = 0}.

2.2. Constants dependence. If a ≤ Cb, for some universal constant C, we will frequently use
the notation a ≲ b, or a = O(b). If we wish to explicit the dependence of the constant C on certain
parameters ℓ1, ℓ2, . . . , ℓj , we will use the symbol ≲ℓ1,ℓ2,...,ℓj , or simply Oℓ1,ℓ2,...,ℓj . When we have the

two-sided bound C−1b ≤ a ≤ Cb, we will write a ∼ b, or a ∼ℓ1,ℓ2,...,ℓj , if the dependence depends on
the parameters ℓ1, ℓ2, . . . , ℓj .

Unless explicitly indicated otherwise, all constants are independent of ε, of the number of layers,
and of the layer index. An estimate containing an unspecified derivative order is understood for each
fixed order, with the constant allowed to depend on that order and on the corresponding smooth
bounds for the fixed geometric data. Finally, every little-o estimate in the paper is uniform in all
layer and level parameters occurring in its statement.

Part 1. Derivation of the Toda system

3. Preliminary setup

In this section, we shall prove some preliminary results about stable solutions of (1.1) satisfying
the vanishing Neumann boundary condition. This preliminary analysis will allow us to reduce
Theorem 1.1 to the local statement of Theorem 3.3.

Throughout this section, let (Mn+1, ∂M, g) be a smooth compact (n+1)-dimensional Riemannian
manifold with non-empty smooth boundary and let ε > 0. Let S ⊂ ∂M be a relatively open domain
in ∂M =M\M , and let uε ∈ C∞(M∪S, (−1, 1)) be a stable solution of (1.1) satisfying the vanishing
Neumann boundary condition along S. Suppose uε satisfies (3.1) and M ′ ⋐M ∪ S. Fix b′ ∈ (b, 1),
Λ > 0 and M ′ ⋐M ∪ S, and assume

(3.1) |A(uε)| ≤ Λ0 on {|uε| ≤ 1− b} ∩ {|∇uε| ≠ 0}.

Lemma 3.1. Under the assumptions of Theorem 1.1, there are constants ε• > 0 and c > 0,
depending only on b, Λ, W , and the fixed geometry near M ′, such that, whenever 0 < ε ≤ ε•,

ε|∇uε| ≥ c in {|uε| ≤ 1− b} ∩M ′.

Proof. The argument is similar to [WW19b, Proof of Lemma 2.1]. Let us assume by contradiction
that there exist sequences (uεi , εi) with εi → 0, pi ∈ {|uεi | ≤ 1 − b} ∩M ′ so that uεi ∈ C∞(M ∪
S, (−1, 1)) is a stable solution of (1.1) with ε = εi satisfying the vanishing Neumann boundary
condition along S and εi|∇uεi(pi)| → 0. Let di = dg(pi, S) = dg(pi, qi), where qi ∈ S is the nearest
point projection of pi to S; we need to consider two cases:

(i) either lim infi→∞ ε−1
i di = ∞,

(ii) or lim infi→∞ ε−1
i di <∞.

Assume first that di/εi → ∞. In geodesic normal coordinates centreed at pi, define

Epi,εi(v) = exppi(εiv), gpi,εi = ε−2
i E∗

pi,εig, ũi = uεi ◦ Epi,εi .

After identifying TpiM
′ with Rn+1 by choosing an orthonormal basis, the domain of Ep,ε can be

identified with Bε−1r(0), where r = injp. Then ũi is a stable solution of (1.1) with ε = 1 on

(Bri(0), gpi,εi), where ri = (2εi)
−1min{di, injpi}, |ũi(0)| ≤ 1 − b, |∇ũi(0)| → 0 and gpi,εi converges

to the Euclidean metric in C∞
loc(Rn+1). Hence, by elliptic estimates, ũi is uniformly bounded in

C3
loc(Rn+1). Therefore, there exists ũ∞, a stable solution of (1.1) with ε = 1 on Rn+1, such that
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up to a subsequence, ũi → ũ∞ in C2
loc(Rn+1). Since |ũ∞(0)| ≤ 1 − b, |∇ũ∞(0)| = 0, ũ∞ is

non-constant. As in [WW19b, Proof of Lemma 2.1], by (3.1), we have |A(ũ∞)| = 0 on {|ũ∞| <
1− b} ∩ {|∇ũ∞| ≠ 0}. By the unique continuation principle (for example see [JK85]) for the linear
equation ∆∂iũ∞ =W ′(ũ∞)∂iũ∞ (i = 1, . . . , n+ 1) and Lebesgue’s density theorem, the critical set
{∇ũ∞ = 0} has zero Lebesgue measure. By (2.1) and |A(ũε)| ≤ Λε (which follows from (3.1)), we
conclude that {ũ∞ = t} is a flat hyperplane for almost every t ∈ [−1 + b, 1− b]. This implies that
ũ∞ = U(x · e), where U : R → [−1, 1] is a nonconstant stable entire solution of the 1-dimensional
Allen–Cahn equation and e is a unit vector. In particular, U must be the 1-dimensional heteroclinic
solution H, which implies that |∇ũ∞(0)| ≠ 0. Thus we arrive at a contradiction.

Assume now lim infi→∞ ε−1
i di < ∞, there exists d ≥ 0 such that, possibly after passing to a

subsequence, limi→∞ ε−1
i di = d. In boundary Fermi coordinates centreed at qi, define

Eqi,εi(x1, x
′) = expMexp∂Mqi (εix′)

(
εix1ν∂M

(
exp∂Mqi (εix

′)
))
, gqi,εi = ε−2

i E∗
qi,εig.

These coordinates map {x1 = 0} exactly to ∂M . Thus ũi = uεi ◦ Eqi,εi satisfies the homogeneous
Neumann condition on the flat boundary, the metrics converge smoothly to the Euclidean metric
on Rn+1

+ , and the preimages of pi remain in a fixed compact set. Then there is a fixed r > 0
such that for all sufficiently large i the normal exponential map of ∂M is a diffeomorphism of
B∂M

r (qi) × [0, r). In particular, ũi is a stable solution of (1.1) with ε = 1 on (B+
ri(0), gqi,εi), where

ri = (2εi)
−1min{d(qi, ∂M \S), r}, and it satisfies the vanishing Neumann boundary condition along

∂0B
+
ri(0). Moreover, if p̃i = E−1

qi,εi(pi), then |ũi(p̃i)| ≤ 1− b and |∇ũi(p̃i)| → 0. Since gpi,εi converges

to the Euclidean metric in C∞
loc(R

n+1
+ ), ũi is uniformly bounded in C3

loc(R
n+1
+ ). Therefore, there

exists ũ∗∞, a stable solution of (1.1) with ε = 1 on Rn+1
+ , such that up to a subsequence, ũi → ũ∗∞

in C2
loc(R

n+1
+ ). Moreover, there exists p̃∞ such that up to a subsequence, p̃i → p̃∞; so |p̃∞| = d,

|ũ∗∞(p̃∞)| ≤ 1− b, |∇ũ∗∞(p̃∞)| = 0. Hence ũ∗∞ is non-constant. We define ũ∞ ∈ C2(Rn+1) by

(3.2) ũ∞(x1, x2, . . . , xn+1) =

{
ũ∗∞(x1, x2, . . . , xn+1) when x1 ≥ 0;

ũ∗∞(−x1, x2, . . . , xn+1) when x1 ≤ 0.

Then ũ∞ is a stable solution of (1.1) with ε = 1 on Rn+1. Since uεi satisfies (3.1), arguing as in
[WW19b, Proof of Lemma 2.1], we conclude that |A(ũ∞)| = 0 on {|ũ∞| < 1 − b} ∩ {|∇ũ∞| ≠ 0}.
Similarly to the previous case, by unique continuation and the Lebesgue differentiation theorem,
this implies ũ∞ is again of the form ũ∞(x) = H(x ·e) for some unit vector e. Hence |∇ũ∞(p̃∞)| ≠ 0.
Thus we arrive again at a contradiction. □

3.1. Fermi coordinates with respect to the boundary and graphical representation of
layers. We shall now discuss the definition and the properties of Fermi coordinates with respect to
S following [LZ21, Appendix A]. Let S′ ⋐ S and p ∈ S′. Let x1 = distg(−, ∂M), which is smooth
in a neighbourhood of p contained in M ′. Suppose (x2, . . . , xn+1) is a normal coordinate system on
S centred at p, which is obtained by fixing an orthonormal basis of TpS. Then (x1, x2, · · · , xn+1) is
a Fermi coordinate system for (M,∂M) near p. The Fermi distance function from p is defined by

r̄p(x) =
√
x21 + x22 + · · ·+ x2n+1. The Fermi coordinate ball Br(p) defined by Br(p) := {r̄p < r} can

be identified with B+
r (0) ⊂ Rn+1.

Lemma 3.2. [LZ21, Lemma A.2] There exist constants r1 and {Cm}∞m=0 depending only on the
metric g and S′ such that the following holds. Let gij, Γ̄k

ij denote the components of g and the
Christoffel symbols in a Fermi coordinate system centreed at p. Then

g11 = 1, g1i = 0, Γ̄1
i1 = Γ̄i

11 = Γ̄1
11 = 0 ∀i ≥ 2
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and for all 1 ≤ i, j ≤ n+ 1,

|gij(x)− δij | ≤ C0r̄p(x) on Br1(p), ∥gij − δij∥Cm(Br1 (p))
≤ Cm ∀ m ≥ 0.

For the current purpose, let S′ = {|uε| < 1 − b} ∩ S ∩ M ′, and let p ∈ S′. By Lemma
3.1, S′ ⋐ {|∇uε| ̸= 0}. Since uε satisfies the vanishing Neumann boundary condition on S,
∇uε/ |∇uε| ∈ TpS. Choose an orthonormal basis {e2, . . . , en+1} of TpS such that en+1 = ∇uε/ |∇uε|.
Let (x1, x2, · · · , xn+1) be the Fermi coordinate system for (M,∂M) centred at p so that for i ≥ 2,
∂xi |p = ei.

Then, for the function F (x) = uε(x1, . . . , xn, xn+1) − t, ∂xn+1F (x) = |∇uε|G(x), where the

function G is defined by G(x) = g
(

∇uε
|∇uε| , ∂xn+1

)
on Br1(p) (where r1 is as in Lemma 3.2). We note

that G(p) = 1 and its derivative on {|uε| < 1− b′}∩Br1(p) is bounded by a constant which depends
only on Λ and g.

By the mean value theorem and the implicit function theorem, there exists a constant r2 =
r2(Λ, g) such that in Br2(p), for all t ∈ (−1 + b′, 1 − b′), {uε = t} is a union of graphs ∪α{xn+1 =
f̄ tα,ε(x1, . . . , xn)}. Moreover, ∂1f̄

t
α,ε = 0 along S (since ∂1uε = 0 along S) and |∇2f̄ tα,ε| ≤ |A| is

bounded by a constant which depends only on Λ and g by (3.1). All of these estimates are uniform
in t and in the graphical component.

3.2. A reduction of curvature estimates. In view of the above discussion in Section 3.1, to
prove Theorem 1.1, it is enough to prove the following Theorem 3.3. Indeed, Theorem 3.3 implies
that Theorem 1.1 holds on the collar neighbourhoodM ′∩Nr2/3(∂M) (where r2 is as in Section 3.1).
On the other hand, on M ′ \ Nr2/4(∂M), the proof of Theorem 1.1 follows from [WW19a, WW19b,
Man21, CM20].

Theorem 3.3. Assume 2 ≤ n+ 1 ≤ 10. Let B+
3 (0) be equipped with a smooth Riemannian metric

ĝ so that the following conditions are satisfied.

• ∂x1 is the inward pointing unit normal along ∂0B
+
3 (0).

• If ĝij, Γ̂
k
ij denote the components of ĝ and its Christoffel symbols, then, for every fixed m,

ĝ11 = 1, ĝ1i = 0, Γ̂1
i1 = Γ̂i

11 = Γ̂1
11 = 0 ∀i ≥ 2,

ĝij(0) = δij ∥ĝij − δij∥Cm(B+
3 (0)) ≤ η0.(3.3)

Fix θ ∈ (0, 1) and 0 < b < 1. There exist constants ε0 > 0 and C0 < ∞, depending only on
n, θ, b,W, c0, η0, and Λ0, such that the following holds. Suppose 0 < ε ≤ ε0, uε : (B

+
3 (0), ĝ) → (−1, 1)

is a stable solution of (1.1) satisfying the following conditions.
(H1) uε satisfies the vanishing Neumann boundary condition ∂x1uε = 0 along ∂0B

+
3 (0) and

(3.4) ε|∇uε| ≥ c0 on {|uε| ≤ 1− b}.

(H2) Let Ξ̂ denote the union of all the connected components of {uε = 0}∩
(
B+
2 (0)× (−2, 2)

)
which

have non-empty intersections with B+
2 (0)× (−1.5, 1.5). Then Ξ̂ can be written as a union of graphs

Ξ̂ =
⋃
α

{xn+1 = f̂α,ε(x
′) : x′ = (x1, . . . , xn) ∈ B+

2 (0)}

where f̂α,ε ∈ C∞(B+
2 (0), (−1.6, 1.6)) with ∂x1 f̂α,ε = 0 along ∂0B+

2 (0),

(3.5) |∇f̂α,ε| ≤ η0, |∇2f̂α,ε| ≤ Λ0 on B+
2 (0).

(H3) We have

(3.6) |A(uε)| ≤ Λ0 in {|uε| ≤ 1− b} ∩ {|∇uε| ≠ 0}.



12 AKASHDEEP DEY, WENKUI DU, DAVIDE PARISE, AND LORENZO SARNATARO

Then every component of Ξ̂ satisfies, on B+
1/2(0),

∥II{uε=0}∥Cθ ≤ C0,

and

∥H{uε=0}∥L∞ ≤ C0ε| log ε|2, [H{uε=0}]Cθ ≤ C0ε
1−θ| log ε|2.

Remark 3.4. The constants η0 and Λ0 in (3.3), (3.4), (3.5) and (3.6) are fixed before ε0 is chosen
and will be assumed to be sufficiently small.

Remark 3.5. If, in addition, ∂0B
+
3 (0) is totally geodesic and 0 < b < b′ < 1, then, uniformly for

t ∈ [−1 + b′, 1− b′], every corresponding graphical component of {uε = t} satisfies

∥II{uε=t}∥Cθ(B+
1/2

(0)) ≤ C0,

and

∥H{uε=t}∥L∞(B+
1/2

(0)) ≤ C0ε| log ε|, [H{uε=t}]Cθ(B+
1/2

(0)) ≤ C0ε
1−θ| log ε|.

where C0 also depends on b′ (in addition to n, θ, b,W, c0, η0, and Λ0).

In the following sections, we shall first prove the mean curvature decay estimates for the zero
level set {uε = 0}.

4. Geometric setup and twisted Fermi coordinates

In this section we define suitable coordinates (which we refer to as twisted Fermi coordinates)
near the boundary which are adapted to the geometry of the components of the zero level set of
the solution uε.

Before introducing this coordinate system, following [WW19b], we rescale distances by ε−1, so
that we work with a stable solution of the Allen–Cahn equation with parameter 1 in ball of radius
of order ε−1.

4.1. Basic geometric setup.

4.1.1. Properties of ε−1-rescaled geometry. Let B+
3 (0) be equipped with a Riemannian metric ĝ

satisfying the conditions of Theorem 3.3. From now on, as in [WW19a, WW19b], we work in the
rescaled domain (B+

3R(0), g) where R = ε−1 and g is the rescaled metric given by

gij(x) = ĝij(εx).

Notice that, by (3.3), the metric g satisfies

(4.1) sup
x∈B+

3R(0)

4∑
ℓ=0

ε−ℓ|∂(ℓ)(gij − δij)(x)| ≤ C(n)η0

for all indices i, j. Therefore, the Christoffel symbols Γk
ij of the metric g satisfy

(4.2) sup
x∈B+

3R(0)

3∑
ℓ=0

ε−(ℓ+1)|∂(ℓ)Γk
ij(x)| ≤ C(n)η0,

and the components Rijkl of the Riemann tensor of g are of order ε2:

(4.3) sup
x∈B+

3R(0)

ε−2|Rijkl(x)| ≤ C(n)η0.
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Finally, the second fundamental form II∂0B+
3R(0) of the boundary and its derivatives also satisfy

similar estimates:

(4.4) ε−(ℓ+1)|∇ℓII∂0B+
3R(0)| ≤ C(n)η0

for ℓ = 0, 1, 2, 3.
If we define u(x) = uε(εx), then u : (B+

3R(0), g) → (−1, 1) satisfies the Allen–Cahn equation with
parameter 1, i.e.

(4.5) −∆u+W ′(u) = 0,

with Neumann boundary condition ∂x1u = 0 on ∂0B
+
3R(0). In the rescaled coordinates, by (3.6) we

have

|A| = O(ε)

on B+
3R−1(0) ∩ {|u| ≤ 1 − b}. In particular, the estimate holds in a fixed neighbourhood of every

component of the zero level set.
Note that in above setup, the following derivative estimates holds (see also [WW19a, Lemma

8.1]).

Proposition 4.1 (Derivative estimates for the enhanced second fundamental form). For every fixed
integer k ≥ 0,

|∇kA| = O(ε)

on B+
3R−1(0)∩{|u| ≤ 1−b} for all k ≥ 0. As a consequence, if x ∈ {|u| ≤ 1−b′} and Σ = {u = u(x)},

then

(4.6) |∇k
ΣIIΣ| = O(ε) on Σ ∩B+

3R−1(0) ∀k ≥ 0.

Proof. See Appendix A for the proof. □

Let Ξ denote the union of all the connected components of {u = 0}∩ (B+
2R(0)× (−2R, 2R)) which

have non-empty intersections with B+
2R(0) × (−1.5R, 1.5R). Then, using the notations of Section

3.2, Ξ can be written as a union of graphs

(4.7) Ξ =
⋃
α

Σα, Σα = {xn+1 = fα(x
′) : x′ = (x1, . . . , xn) ∈ B+

2R(0)},

where fα ∈ C∞(B+
2R(0), (−1.6R, 1.6R)), fα(x

′) = ε−1f̂α,ε(εx
′), ∂1fα = 0 along ∂0B+

2R(0),

(4.8) |∇fα| ≤ η0, |∇2fα| ≤ Λ0ε, |∇kfα| = O(ε) ∀k ≥ 2 on B+
2R(0).

We fix an index α and set f = fα, Σ = {xn+1 = f(x′) : x′ = (x1, . . . , xn) ∈ B+
2R(0)}. Following

[PR03, Page 28], we discuss the definition and the properties of the twisted Fermi coordinates with
respect to Σ.

Applying the standard extension operator in Cm for every fixed m (see [GT83, Lemma 6.37]),

choose smooth extensions f∗ and g∗ to the full balls, equal to f̂α,ε and ĝ on the corresponding
half-balls, such that, for every fixed m used below,

∥f∗∥Cm(B2(0)) ≤ C(n,m)∥f̂α,ε∥Cm(B+
2 (0)),(4.9)

∥δij − g∗ij∥Cm(B3(0)) ≤ C(n,m)∥δij − ĝij∥Cm(B+
3 (0)).(4.10)

Define f̃(x′) = ε−1f∗(εx′) and g̃ij(x) = g∗ij(εx). These extensions are smooth, agree with the
original data on the half-balls, and satisfy the rescaled estimates at every derivative order used
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below. Then f̃ = f on B+
2R(0) and g̃ = g on B+

3R(0). Notice that g̃ satisfies similar estimates to
(4.1), (4.2), and (4.3) (possibly with different dimensional constants) by (4.10).

Subsequently, we will assume that all the metric dependent objects on B3R(0) (e.g. ⟨·, ·⟩, ∇
etc.) are with respect to g̃. Notice that g̃ = g on B+

3R(0). We define Σ̃ = {xn+1 = f̃(x′) : x′ =

(x1, . . . , xn) ∈ B+
2R(0)}.

4.1.2. Properties of the normal exponential map and Fermi coordinates. Let Ω = B2R(0)×(−2R, 2R)
and TΩ denote the tangent bundle of Ω which can be canonically identified with Ω × Rn+1. Let
(x1, . . . , xn+1, v1, . . . , vn+1) be the standard coordinates on TΩ, πx : TΩ → Ω and πv : TΩ → Rn+1

the projection maps. Let Φ(s,−) be the flow of the vector field

X(x, v) =
∑
k

vk∂xk

∣∣
(x,v)

−
∑
i,j,k

Γk
ij(x)vivj∂vk

∣∣
(x,v)

,

Φ1 = πx ◦ Φ, Φ2 = πv ◦ Φ. Then Φ1(s, x, v) = expx(sv) and Φ2(s, x, v) =
d
ds expx(sv),

∂sΦ
k
1 = Φk

2, and ∂sΦ
k
2 = −

∑
ij

Γk
ij(Φ1)Φ

i
2Φ

j
2,(4.11)

for all k. Let S be the set of (x, v) for which |v| ≤ δR and the geodesic s 7→ expx(sv) remains in Ω
for 0 ≤ s ≤ 1, where δ > 0 is fixed and small, and define E : S → Ω by E (x, v) = expx(v). Note
that the coefficients Γk

ij are computed in the xi coordinates.

Lemma 4.2. For all (x, v) ∈ S and indices i, j, there holds

|∂xiE
j(x, v)− δij |+ |∂viE j(x, v)− δij | ≲ ε|v|, |DmE i(x, v)| ≲ ε(1 + |v|) ∀m ≥ 2.

Proof. The proof is similar to [KL21, Proposition A.1]. Since E (x, v) = Φ1(1, x, v), we are going to
restrict Φ on [0, 1]× S in this proof. Differentiating (4.11) we obtain

∂s∂∗Φ
k
1 = ∂∗Φ

k
2, ∂s∂∗Φ

k
2 = −

∑
ijl

∂xl
Γk
ij(Φ1)∂∗Φ

l
1Φ

i
2Φ

j
2 − 2

∑
ij

Γk
ij(Φ1)∂∗Φ

i
2Φ

j
2,(4.12)

where ∂∗ is any element in {∂xi , ∂vi : i = 1, . . . , n+1}. We note that Φ(0, x, v) = (x, v), |Φ2(s, x, v)| =
|v| and (since the metric g̃ is uniformly close to the Euclidean metric) ε|v| = O(1) for all (x, v) ∈ S.
Therefore, using Gronwall’s inequality for vector valued functions [Lee13, Theorem D.2], we conclude
that |∂∗Φ(s, x, v)| is uniformly bounded for (s, x, v) ∈ [0, 1] × S. Using this, one can deduce from
(4.12) that |∂s∂∗Φk

2| ≲ ε|v| and |∂∗Φk
1(1, x, v)−∂∗Φk

1(0, x, v)−∂∗Φk
2(0, x, v)| ≲ ε|v|. This implies the

C1 estimate for E .
Differentiating (4.12) we obtain

∂s∂◦,∗Φ
k
1 = ∂◦,∗Φ

k
2,

∂s∂◦,∗Φ
k
2 = −

∑
ijl

∂xl
Γk
ij(Φ1)∂◦,∗Φ

l
1Φ

i
2Φ

j
2 − 2

∑
ij

Γk
ij(Φ1)∂◦,∗Φ

i
2Φ

j
2 + E(4.13)

where ∂◦ is any element in {∂xi , ∂vi : i = 1, . . . , n + 1} and |E| ≲ ε(1 + |v|). Note that E does
not contain any second order derivatives of Φ. Therefore, using Gronwall’s inequality for vector
valued functions [Lee13, Theorem D.2], we obtain that |∂◦,∗Φ(s, x, v)| is uniformly bounded for

(s, x, v) ∈ [0, 1] × S. Using this, one can deduce from (4.13) that |∂s∂◦,∗Φk
2| ≲ ε(1 + |v|), which

implies |∂◦,∗Φk
1| ≲ ε(1 + |v|). Thus we obtain the C2 estimate for E and the higher order estimates

can be proved in a similar way. □

Let t̃ : B1.8R(0) × (−2R, 2R) → R be the signed distance function from Σ̃ such that ∂xn+1 t̃ > 0

along Σ̃. By (4.8), if η0,Λ0 are sufficiently small
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(i) t̃ is smooth on B1.8R(0)× (−2R, 2R);

(ii) the nearest point projection map Π̃ : B1.8R(0)× (−2R, 2R) → Σ̃ is a well-defined smooth map,

whose image is contained in Σ̃ ∩ (B1.9R(0)× (−2R, 2R)).

Remark 4.3. In what follows, we will denote by ∇ the gradient of a scalar map, while D will be
used for the gradient of vector valued maps, i.e. the gradient of each component. Furthermore,
everything will be computed in the ambient coordinates (x1, x2, . . . , xn+1).

Lemma 4.4. There exists δ̃ > 0, independent of ε, such that the following holds.

(4.14) |DΠ̃| = O(1), |∇mt̃|+ |DmΠ̃| ≲ ε(1 + |t̃|) on {|t̃| ≤ δ̃R} ∀m ≥ 2.

Proof. Let Ẽ : Σ̃ × (−δ̃R, δ̃R) → B1.8R(0) × (−2R, 2R) be defined by Ẽ (y, z̃) = expy(z̃n(y)) =

E (y, z̃n(y)), where n is the unit normal along Σ̃ satisfying ⟨n, ∂xn+1⟩ > 0, and δ̃ > 0 will be

determined later in the proof. We note that if y = (y1, . . . , yn) ∈ Σ̃, then xi(y) = yi if 1 ≤ i ≤ n

and xn+1(y) = f̃(y1, . . . , yn). Hence

∂yj Ẽ
i(y, z̃) = ∂xjE

i(y, z̃n(y)) + ∂xn+1E
i(y, z̃n(y))∂xjf(y1, . . . , yn)

+
∑
k

z̃∂vkE
i(y, z̃n(y))∂yjn

k(y),

∂z̃Ẽ
i(y, z̃) =

∑
k

∂vkE
i(y, z̃n(y))nk(y).

(4.15)

Therefore, by Lemma 4.2 and (4.8), we have

(4.16) |∂yj Ẽ i(y, z̃)− δij | ≲ ε|z̃|+ η0, 1 ≤ i, j ≤ n+ 1,

where ∂yn+1 stands for ∂z̃. This implies that if δ and η0 are sufficiently small, the Jacobian of Ẽ is
greater or equal than 1/2. Differentiating (4.15) and using Lemma 4.2, one can show that

(4.17) |DmẼ (y, z̃)| ≲ ε(1 + |z̃|) ∀m ≥ 2.

Since t̃(Ẽ (y, z̃)) = z̃ and Π̃(Ẽ (y, z̃)) = y, using inverse function theorem, one can deduce from (4.16)

and (4.17) that if δ̃ and η0 are sufficiently small,

|DΠ̃| = O(1), |∇mt̃|+ |DmΠ̃| ≲ ε(1 + |t̃|) on {|t̃| ≤ δ̃R} ∀m ≥ 2.

□

4.2. Definition and properties of twisted Fermi coordinates.

4.2.1. The twisted Fermi vector field and twisted Fermi coordinates. Let F̃ : B2R(0)× (−2R, 2R) →
R be defined by F̃ (x) = xn+1− f̃(x′). We define the following vector fields on B1.8R(0)× (−2R, 2R):

Z̃ = ∇t̃; Z1 =
∇F̃
|∇F̃ |

; Z ′
2 = ∂x1 − ⟨∂x1 , Z1⟩Z1; Z2 =

Z ′
2

|Z ′
2|
; Z =

Z̃ − ⟨Z̃, Z2⟩Z2

1− ⟨Z̃, Z2⟩2
.

Then, |Z ′
2| → 1 and |⟨Z̃, Z2⟩| → 0 uniformly as (η0 + Λ0) → 0. Along Σ, Z̃ = Z1 and is orthogonal

to Σ. Furthermore, Z2 = ∂x1 along ∂0B+
1.8R(0)× (−2R, 2R) and is tangential to Σ.

These facts imply the following lemma.

Lemma 4.5. The vector field Z has the following properties.

(i) Z is tangential to ∂0B+
1.8R(0)× (−2R, 2R).

(ii) Z = Z̃ along Σ and is perpendicular to Σ.

(iii) ⟨Z, Z̃⟩ = 1.
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(iv) (Z − Z̃) is perpendicular to Z̃.
(v) If Z =

∑
i Z

i∂xi then |Zi − δi,n+1| ≲ η0 + Λ0.

Combining (4.6), (4.14), (4.8), (4.9), and (4.10) we infer

(4.18) |∇mZ̃|+ |∇mZ1|+ |∇mZ2|+ |∇mZ| ≲ ε(1 + |t̃|) on {|t̃| ≤ δ̃R} ∀m ≥ 1.

Let Θ(τ,−) = Θτ denote the flow of Z on B1.8R(0)× (−2R, 2R), so Θ(0, x) = x and

(4.19) ∂τΘ = Z(Θ).

Definition 4.6 (Twisted Fermi coordinates). Given a coordinate system y = (y1, . . . , yn) on Σ,
twisted Fermi coordinates on B+

1.8R(0)×(−2R, 2R) with respect to Σ are defined by YΣ(y, z) = Θz(y),
for y ∈ Σ.

By Lemma 4.5 items (i) and (v), and (4.18), if p ∈ B+
1.6R(0)× (−2R, 2R), then

(i) Θτ (p) ∈ B+
1.7R(0)× (−2R, 2R) for all τ belonging to the domain of τ 7→ Θτ (p),

(ii) there exists a unique time τp ∈ R such that Θ−τp(p) ∈ Σ,

provided η0 and Λ0 are sufficiently small.

Definition 4.7 (Twisted Fermi coordinate time function and projection). The twisted Fermi coor-
dinate time function t : B+

1.6R(0)× (−2R, 2R) → R and projection map Π : B+
1.6R(0)× (−2R, 2R) →

Σ ∩ (B+
1.7R(0)× (−2R, 2R)) are defined by t(p) = τp and Π(p) = Θ(−t(p), p).

From now on, (y1, . . . , yn, z) will denote twisted Fermi coordinates with respect to this coordinate
system on Σ.

Remark 4.8. Similar coordinate systems near a boundary point appear in [PR03, Section 10] and
[KL21, Definition 2.10].

Lemma 4.9. Let p ∈ B+
1.6R(0)× (−2R, 2R). Then t̃(p) = t(p).

Proof. Let q = Π(p). We consider the function γ(τ) = t̃(Θ(τ, q)). Then γ(0) = 0 and by Lemma
4.5(iv), γ′(τ) =

〈
∇t̃, Z

〉
(Θ(τ, q)) = 1. Hence, t̃(p) = γ(τp) = τp = t(p). □

Lemma 4.10. Let us fix K > 0. For all (τ, x) satisfying |τ |, |t(x)| ≤ K
√
R and for all indices i, j,

there holds

|∂xiΘ
j(τ, x)− δij | ≲ ε(|τ |+ |τ |2 + |t(x)|2),

|Dm
x Θi(τ, x)| ≲ ε(|τ |+ τ2 + t(x)2), |DmΘi(τ, x)| ≲ ε(1 + |τ |2 + |t(x)|2) ∀m ≥ 2.

Proof. The proof is similar to the proof of Lemma 4.2. Differentiating (4.19) we obtain

(4.20) ∂τ∂xiΘ
k =

∑
p

∂xpZ
k(Θ)∂xiΘ

p.

Furthermore, (4.18) implies |∇mZ(Θ(τ, x))| ≲ ε(1 + |τ | + |t(x)|) for all m ≥ 1. Therefore, using
Gronwall’s inequality for vector valued functions [Lee13, Theorem D.2], we conclude that |∂xiΘ

k| =
O(1). Using this estimate, we deduce from (4.20) that

(4.21) |∂τ∂xiΘ
k(τ, x)| ≲ ε(1 + |τ |+ |t(x)|),

hence

|∂xiΘ
k(τ, x)− ∂xiΘ

k(0, x)| ≲ ε(|τ |+ |τ |2 + |t(x)|2).
This implies the C1 estimate for Θ.
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Differentiating (4.20), we obtain

(4.22) ∂τ∂xixjΘ
k =

∑
p,q

∂xpxqZ
k(Θ)∂xiΘ

p∂xjΘ
q +

∑
p

∂xpZ
k(Θ)∂xixjΘ

p.

Therefore, using Gronwall’s inequality for vector valued functions [Lee13, Theorem D.2], we conclude
that |∂xixjΘ

k| = O(1). Using this estimate, we deduce from (4.22) that

|∂τ∂xixjΘ
k(τ, x)| ≲ ε(1 + |τ |+ |t(x)|);

hence

(4.23) |∂xixjΘ
k(τ, x)| ≲ ε(|τ |+ |τ |2 + |t(x)|2).

Combining (4.21) and (4.23), we obtain the C2 estimates for Θ. Higher order estimates can be
proved in a similar way. □

Lemma 4.11. There exists 0 < δ < δ̃, independent of ε, such that the following holds.

|DΠ| = O(1), |∇mt| ≲ ε(1 + |z|), |DmΠ| ≲ ε(1 + |z|2) on {|z| ≤ δ
√
R} ∀m ≥ 2.

Proof. The estimates for |∇mt| follow from Lemma 4.4 and Lemma 4.9. Let Θ̂ denote the restriction

of Θ on [−δ
√
R, δ

√
R]×Σ, where δ ∈ (0, δ̃) is to be determined. We note that if y = (y1, . . . , yn) ∈ Σ,

then xi(y) = yi if 1 ≤ i ≤ n and xn+1(y) = f(y1, . . . , yn). Hence

∂yiΘ̂
j(z, y) = ∂xiΘ

j(z, y) + ∂xn+1Θ
j(z, y)∂xif(y1, . . . , yn),(4.24)

∂zΘ̂
j(z, y) = Zj(Θ(z, y)).

Therefore, by Lemma 4.10, (4.8) and Lemma 4.5(v), as (δ + η0 + Λ0) → 0 we infer

(4.25) |∂yiΘ̂j(z, y)− δij | = o(1), 1 ≤ i, j ≤ n+ 1,

where ∂yn+1 stands for ∂z. This implies if δ, η0, Λ0 are sufficiently small, the Jacobian of Θ̂ is
greater or equal than 1/2. Differentiating (4.24) and using Lemma 4.10, one can show that

(4.26) |DmΘ̂(z, y)| ≲ ε(1 + |z|2) ∀m ≥ 2.

Since t(Θ̂(z, y)) = z and Π(Θ̂(z, y)) = y, using inverse function theorem, one can deduce from (4.25)
and (4.26) that if δ, η0, Λ0 are sufficiently small,

|DΠ| = O(1), |DmΠ| ≲ ε(1 + |z|2) on {|z| ≤ δ
√
R} ∀m ≥ 2.

□

Notice that by definition of twisted Fermi coordinates, if x ∈ B+
1.6R(0)× (−2R, 2R), then

∂yi |x = DΘt(x)(Π(x))
(
∂yi |Π(x)

)
.

Moreover, for y = (y1, . . . , yn) ∈ Σ, clearly ∂yi |y = ∂xi |y + ∂xif(y1, . . . , yn)∂xn+1 |y, since Σ is the

graph of f over B+
2R(0).

Hence, we obtain

(4.27) ∂yi |(y,z) =
∑
j

∂xiΘ
j(z, y)∂xj |(y,z) +

∑
j

∂xif(y1, . . . , yn)∂xn+1Θ
j(z, y)∂xj |(y,z).

Equation (4.27) has several useful consequences, which we shall record below.
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Lemma 4.12 (Covariant derivative estimates). The following estimates hold for ∂yi and its covari-
ant derivatives

|∂yi | = O(1) on {|z| ≤ δ
√
R},(4.28)

|∇m∂yi | ≲ ε(1 + |z|2) on {|z| ≤ δ
√
R} ∀m ≥ 1.

Proof. The lemma follows from (4.27) and Lemma 4.10. □

Lemma 4.13 (Neumann derivative estimate). The following estimate holds

(4.29) |∂x1φ(y, z)− ∂y1φ(y, z)| ≲ ε|z|(1 + |z|)|∇φ(y, z)| on ∂0B+
1.6R(0)× [−δ

√
R, δ

√
R]

for any smooth function φ on B+
1.6R(0)× (−2R, 2R).

Proof. Notice that along ∂0Σ, ∂x1f = 0 by the setup in 4.1, and ∂x1 = ∂y1 by the definition of

twisted Fermi coordinates. Hence, by (4.27), on ∂0{|z| ≤ K
√
R|}

∂y1 |(y,z) =
∑
j

∂x1Θ
j(z, y)∂xj |(y,z).

Then (4.29) follows directly from Lemma 4.10. □

Lemma 4.14. There exists δ > 0 such that the following holds:

dΣ

(
Π̃(p),Π(p)

)
≲ ε(|t(p)|2 + |t(p)|3) on {|t| ≤ δR}.

Proof. Let q = Π(p). We consider the function G(τ) = (Π̃1(Θ(τ, q)), . . . , Π̃n(Θ(τ, q))), where Π̃i =

yi ◦ Π̃. Then G(0) = (y1(q), . . . , yn(q)),

d

dτ
Π̃(Θ(τ, q)) = DΠ̃(Θ(τ, q))(Z(Θ(τ, q))).

Note that Π̃ is constant along the integral curves of Z̃. Therefore, by Lemma 4.5(ii), G′(0) =
(0, . . . , 0). By Lemma 4.4 and (4.18), |G′′(τ)| ≲ ε(1 + |τ |). Therefore, by Taylor’s theorem,

dΣ

(
Π̃(p),Π(p)

)
≲ |G(t(p))−G(0)| ≲ ε(|t(p)|2 + |t(p)|3).

□

Since Z = Z̃ along Σ, the following lemma follows from (4.18).

Lemma 4.15. There holds

|Z − Z̃| ≲ ε(|z|+ z2), |∇m(Z − Z̃)| ≲ ε(1 + |z|) on {|z| ≤ δR} ∀m ≥ 1.

Remark 4.16. By Lemma 4.5 (iv),

∂z̃ = ∂z − T = ∂z −
n∑

i=1

T i∂yi .

By Lemma 4.15, for each index i, we have estimates

(4.30) |T i| ≲ ε(|z|+ z2), |∇mT i| ≲ ε(1 + |z|) on {|z| ≤ δR} ∀m ≥ 1.

Notice that T i(y, z) = −giz(y, z).
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4.2.2. Boundary behaviour of twisted Fermi coordinates. Finally, we shall carefully look at how these
twisted Fermi coordinates behave at the boundary. The decomposition in the following lemma will
be crucial in the Inverse Function Theorem argument of Section 5.

Lemma 4.17. Let J : ∂0B+
1.6R(0)×(−2R, 2R) → R be defined by J = ∂x1t = dz(ν), w(y) = ∂zJ(y, 0)

and J̃(y, z) = J(y, z)− w(y)z. Then

(4.31) |J | = |∂νz| ≲ ε|z|(1 + |z|+ |z|2) on {|z| ≤ δ
√
R}.

Moreover,

(4.32) |∇kw| = O(ε) on ∂0B+
1.6R(0) ∀k ≥ 0,

and

(4.33) |∇k
y J̃ | ≲ ε2(1 + |z|3)z2 on {|z| ≤ δ

√
R} ∀k ≥ 0.

Proof. By Lemma 4.9, ∇t = Z̃, and hence J = ⟨Z̃, ν⟩. The sheet meets the boundary orthogonally,

so J(y, 0) = 0. Since ∂z = Z and the integral curves of Z̃ are unit-speed geodesics,

(4.34) ∂zJ = ⟨∇
Z−Z̃

Z̃, ν⟩+ ⟨Z̃,∇Zν⟩.

With the sign convention of Section 2, ⟨X,∇Y ν⟩ = −II∂0(Y,X) for vectors tangent to the boundary.

At z = 0, where Z = Z̃, this gives

w(y) = ∂zJ(y, 0) = −II∂0(Z̃, Z̃)(y, 0).

In particular, (4.4) and the tangential derivative bounds for Z̃ imply (4.32).

Differentiating (4.34) once more in the Z-direction, and using ∇
Z̃
Z̃ = 0, expresses ∂zzJ as a sum

of contractions of ∇3t, ∇2t, Z− Z̃, ∇(Z− Z̃), II∂0 , and ∇II∂0 . Lemmas 4.11 and 4.15, together with
(4.4), therefore give

|∇k
y∂zzJ(y, z)| ≲k ε

2(1 + |z|3) (|z| ≤ δ
√
R)

for every fixed k. The same differentiated identity, with one fewer z-derivative, gives |∇k
y∂zJ | ≲k

ε(1 + |z| + |z|2). Taylor’s theorem at z = 0, using J(y, 0) = 0 and the definition of w, now yields
(4.31) and

|∇k
y(J(y, z)− w(y)z)| ≤ |z|2 sup

|s|≤|z|
|∇k

y∂zzJ(y, s)|,

which is exactly (4.33). □

4.3. Geometric approximation. Let Σα be as in (4.7). Σα is parametrized by y 7→ (y, fα(y)),
and twisted Fermi coordinates (y, z) with respect to Σα are defined as in Section 4.2. As in Section
4.2, let tα and Πα denote the twisted Fermi coordinate time function and projection map, and let
Σα,z = {tα = z} be parametrized by y 7→ YΣα(y, z).

We shall identify a point p = YΣα(y, z) with its twisted Fermi coordinates (y, z), and represent
the metric g at p as a matrix

(4.35) g(y, z) =

(gij(y, z))ni,j=1

(
giz(y, z)

)n
i=1(

gzj(y, z)
)n
j=1

gzz(y, z)


where gij(y, z) := ⟨∂yi |(y,z), ∂yj |(y,z)⟩, giz(y, z) := ⟨∂yi |(y,z), ∂z|(y,z)⟩ etc.

Let gα(y, z), Γα(y, z), IIα(y, z), Hα(y, z) respectively denote the induced metric on Σα,z, its
Christoffel symbols, the second fundamental form of Σα,z and the mean curvature of Σα,z at
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(y, z). Since, by definition {∂y1 |(y,z), . . . , ∂yn |(y,z)} are tangent to Σα,z at (y, z), we have gα,ij(y, z) =
gij(y, z). Similarly, by inverting (4.35), we see that

gijα (y, z) = gij(y, z)− gzz(y, z)−1giz(y, z)gzj(y, z)

for all 1 ≤ i, j ≤ n.
Sometimes we shall use the abbreviated notation gα,z, Γα,z, IIα,z, Hα,z to denote the same

quantities, or even gα, Γα, IIα, Hα, when there is no danger of ambiguity. The covariant derivative
and the Laplacian on Σα,z with respect to the induced metric are denoted by ∇α,z and ∆α,z. Finally,

we denote the volume form induced on Σα,z by dAα,z = λα(y, z)dy, where λα =
√
det gα(y, z).

Lemma 4.18. In twisted Fermi coordinates (y, z) with respect to Σα, g
zz(y, z) = 1

Proof. This follows from Lemma 4.9. Indeed, 1 = |∇t̃|2 = |∇t|2 = gzz. □

Proposition 4.19 (Geometric Expansion in Twisted Fermi Coordinates). Let gα(y, z), Γα(y, z),
IIα(y, z), Hα(y, z) respectively denote the induced metric on Σα,z, the second fundamental form of
Σα,z and the mean curvature of Σα,z at (y, z). For each fixed K > 0, if z ∈ (−K| log ε|,K| log ε|),
we have for all 1 ≤ i, j, k, l ≤ n

|gα,ij(y, z)− gα,ij(y, 0)|+ |gijα (y, z)− gijα (y, 0)| ≲ ε|z|(1 + |z|),(4.36)

|∂ylgα,ij(y, z)|+ |∂yk∂ylgα,ij(y, z)|+ |∂ylg
ij
α (y, z)|+ |∂yk∂ylg

ij
α (y, z)| ≲ ε(1 + |z|2),(4.37)

|Γk
α,ij(y, z)− Γk

α,ij(y, 0)| ≲ ε|z|(1 + |z|),(4.38)

|∂ylΓ
k
α,ij(y, z)| ≲ ε(1 + |z|2),(4.39)

|IIα(y, z)− IIα(y, 0)| ≲ ε2|z|(1 + |z|3),(4.40)

|Hα(y, z)−Hα(y, 0)| ≲ ε2|z|(1 + |z|3),(4.41)

|∇α,zIIα(y, z)−∇α,0IIα(y, 0)| ≲ ε2|z|(1 + |z|3)(4.42)

|λα(y, z)− λα(y, 0)| ≲ ε|z|(1 + |z|).

with constants depending on n,K, δ, η0 and Λ0.

Proof. See Appendix B for the proof. □

Recall that in Fermi coordinates (ỹ, z̃) with respect to Σα, we have the following well-known
formula which relates the ambient Laplacian ∆ to the induced Laplacian ∆α,z̃ on Σα,z̃ = {t̃α = z̃}
and the mean curvature Hα,z̃ of Σα,z̃:

∆φ(ỹ, z̃) = ∆α,z̃φ(ỹ, z̃) + ∂z̃z̃φ(ỹ, z̃)−Hα,z̃(ỹ, z̃)∂z̃φ(ỹ, z̃).

Since z̃ = z, we have the following lemma, which establishes an analogous formula for twisted Fermi
coordinates

Lemma 4.20. Let T = (T i) be as in Remark 4.16. Then, if (y, z) denote twisted Fermi coordinates
with respect to Σα, we have

∆φ =∆α,zφ+ ∂zzφ−Hα(y, z)∂zφ+ Eα(y, z)φ

where

Eα(y, z)φ = Hα(y, z)T ∗ ∂yφ+ T ∗ T ∗ ∂2yyφ+ T ∗ ∇T ∗ ∂yφ+∇T ∗ ∂yφ+ T ∗ ∂2y,zφ.(4.43)

In particular, every coefficient in Eα is controlled by (4.30).
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Let φ0 be a C2 function on Σα. we can extend φ0 to a C2 function on B+
1.6R(0) × (−2R, 2R)

(which we will denote by φ) by setting it to be constant along the flowlines of the vector field Z.
Namely, we let

(4.44) φ(y, z) := φ0(y)

in twisted Fermi coordinates with respect to Σα. Notice that by definition ∂zφ = 0, and, since
[∂z, ∂yi ] = 0, we have ∂z∂yiφ = ∂z∂yi∂yjφ = 0. Hence,

(4.45) ∂yiφ(y, z) = ∂yiφ0(y) and ∂yi∂yjφ(y, z) = ∂yi∂yjφ0(y).

Proposition 4.21. Let K > 0 be fixed. For φ0 ∈ C2(Σα), let φ ∈ C2(B+
1.6R(0) × (−2R, 2R)) be

defined as in (4.44). Then, there holds

|∆α,zφ−∆α,0φ| ≲ ε|z|(1 + |z|)(|∇2
α,0φ0|+ |∇α,0φ0|)

for z ∈ (−K| log ε|,K| log ε|), where the constant depends on n,K, δ, η0 and Λ0.

Proof. For a general function φ ∈ C2(B+
1.6R(0)× (−2R, 2R)),

(4.46) ∆α,zφ(y, z) =

n∑
i,j=1

gijα (y, z)∂yiyjφ(y, z)−
n∑

i,j,k=1

gijα (y, z)Γ
k
α,ij(y, z)∂ykφ(y, z).

Thus,

∆α,zφ(y, z)−∆α,0φ(y, 0) =

n∑
i,j=1

(gijα (y, z)− gijα (y, 0))∂yi∂yjφ(y, z)

−
n∑

i,j,k=1

(gijα (y, z)Γ
k
α,ij(y, z)− gijα (y, 0)Γ

k
α,ij(y, 0))∂ykφ(y, z)

+
n∑

i,j=1

gijα (y, 0)(∂yi∂yjφ(y, z)− ∂yi∂yjφ(y, 0))

−
n∑

i,j,k=1

gijα (y, 0)Γ
k
α,ij(y, 0)(∂ykφ(y, z)− ∂ykφ(y, 0)).

In the case where φ is the z-constant extension of φ0 ∈ C2(Σα) as in (4.44), then (4.45) holds, and
(4.45) follows directly from (4.36) and (4.38). □

Finally, we shall record for later use the following expansion for the mean curvature of the graph
of a function φ ∈ C2(Σα). This is analogous to [CM20, Lemma 2.9].

Lemma 4.22. Fix K > 0. Let φ ∈ C2(Σα) satisfy

∥φ∥L∞(Σα) ≤ K| log ε|, |∇α,0φ| ≤ η0, |∇2
α,0φ| ≤ Λ0ε.

Let Σα[φ] denote the graph of φ in twisted Fermi coordinates, parametrized by y 7→ YΣα(y, φ(y)),
and let HΣα[φ] denote its mean curvature. For each fixed φ, define an operator on ψ ∈ C2(Σα) by

LΣα[φ]ψ(y) :=

[
∆Σα[φ](ψ ◦Πα)

⟨nΣα[φ],∇tα⟩

]
(YΣα(y, φ(y))) ,

where ψ ◦ Πα is restricted to the graph before applying its intrinsic Laplacian. For all sufficiently
small ε, this is a linear uniformly elliptic operator in weighted divergence form, and

LΣα[φ]1 = 0, LΣα[0] = ∆α,0.
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Moreover,

HΣα[φ] −HΣα = LΣα[φ]φ+
(
|IIΣα |2 +Ricg(nΣα ,nΣα)

)
φ+Q(y, φ, dφ),

where Q(y, z, p) is a smooth function of the base point, height, and covector p ∈ T ∗
yΣα, and satisfies

|Q(y, φ, dφ)| ≤ Cε|dφ|2 + Cε|φ|2|∇α,0Hα(y, 0)|+ Cε3|φ|2(1 + |φ|2).

The norms on the right are taken with respect to gα,0. The ellipticity constants and C are indepen-
dent of ε and α.

Proof. See Appendix B. □

4.4. Commutator estimates. We shall now record some easy commutator estimates, which will
be used throughout the rest of the paper.

Proposition 4.23. Let K > 0 be fixed. For all φ ∈ C3(B+
1.6R(0)×(−2R, 2R)), we have the following

commutator estimate

(4.47) |∆α,z∂yiφ− ∂yi∆α,zφ| ≲ ε(1 + |z|2)(|∇2
α,zφ|+ |∇α,zφ|)

for z ∈ (−K| log ε|,K| log ε|). The constant depends on n,K, δ, η0 and Λ0.

Proof. Using the formula in (4.46), we see that

∆α,z∂yiφ− ∂yi∆α,zφ = −
n∑

j,k=1

(∂yig
jk
α )∂yj∂ykφ+

n∑
j,k,l=1

(
(∂yig

jk
α )Γl

α,jk + gjkα (∂yiΓ
l
α,jk)

)
∂ylφ

where all terms are evaluated at (y, z). Then (4.47) follows from (4.36), (4.37), (4.38), and (4.39). □

We shall also need some commutator estimates for derivatives along the boundary of the domain.

Proposition 4.24. Let K > 0 be fixed. For all φ ∈ C3(B+
1.6R(0)×(−2R, 2R)), we have the following

commutator estimates

|∂z∂νφ− ∂ν∂zφ| ≲ ε(1 + |z|)|∇φ|,(4.48)

|∂ν∂y1φ− ∂y1∂νφ| ≲ ε(1 + |z|2)|∇φ|,(4.49)

|∂ν∂yiφ− ∂yi∂νφ| ≲ ε|z|(1 + |z|)|∇φ| for all 2 ≤ i ≤ n(4.50)

on ∂0{|z| ≤ K| log ε|}. The constants depend on n,K, δ, η0 and Λ0.

Proof. Recall that ν = ∂x1 on ∂0{|z| ≤ K| log ε|}. Thus, ∂z∂νφ − ∂ν∂zφ = [Z, ∂x1 ]φ. If we write

Z =
∑n+1

k=1 Z
k∂xk

, then [Z, ∂x1 ] = −
∑n+1

k=1(∂x1Z
k)∂xk

, and (4.48) follows directly from (4.18).
Now, let Li := [∂x1 , ∂yi ], so that (4.49) and (4.50) amount to estimating Li for i = 1, 2, . . . , n.

Let Li|(y,z) =
∑n+1

k=1 L
k
i (y, z)∂xk

|(y,z). On ∂0Σα, ∂yi |(y,0) = ∂xi |(y,0) + ∂xif(y)∂xn+1 |(y,0). Therefore,
[∂x1 , ∂yi ]|(y,0) = ∂x1∂xif(y)∂xn+1 |(y,0) = ∂xi∂x1f(y)∂xn+1 |(y,0).

If i = 1, for (y, 0) ∈ ∂0Σα we have

(4.51) |Lk
1(y, 0)| ≲ Λ0ε

for all k = 1, . . . , n+ 1 by (4.8). On the other hand, if 2 ≤ i ≤ n, then by the Neumann condition
for f on ∂0B+

2R(0), if (y, 0) ∈ ∂0Σα.

(4.52) Lk
i (y, 0) = 0

for all k = 1, . . . , n+ 1.
We now want to estimate Lk

i (y, z) by deriving the ODE it satisfies.
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Since ∂yi , ∂z are coordinate vectors [Z, ∂yi ] = 0 everywhere. Moreover, by direct computation
[Z,Li] = [[Z, ∂x1 ], ∂yi ], i.e.

∂zL
k
i = [Z,Li]

k +

n+1∑
j=1

(∂xjZ
k)Lj

i = [[Z, ∂x1 ], ∂yi ]
k +

n+1∑
j=1

(∂xjZ
k)Lj

i .

Let us write ∂yi |(y,z) =
∑n+1

m=1 b
m
i (y, z)∂xm |(y,z), where bmi (y, z) = ∂xiΘm(z, y)+∂xif(y)∂xn+1Θm(z, y)

by (4.27). We have

[[Z, ∂x1 ], ∂yi ]
k =

n+1∑
j=1

bji (∂xj∂x1Z
k)− (∂xjb

k
i )(∂x1Z

j).

Hence, the functions Lk
i satisfy an ODE system of the form

∂zL
k
i (y, z) =

n+1∑
j=1

cj(y, z)L
j
i (y, z) + dji (y, z),

where the coefficients satisfy |cj(y, z)| ≲ ε(1+|z|) and |dji (y, z)| ≲ ε(1+|z|) by (4.18). By Gronwall’s
inequality for vector valued functions [Lee13, Theorem D.2]

|Li(y, z)| ≲ exp(ε|z|(1 + |z|))(|Li(y, 0)|+ ε|z|(1 + |z|)).

Therefore, for |z| < K| log ε|, |Li(y, z)| ≲ |Li(y, 0)| + ε|z|(1 + |z|), which implies (4.49) and (4.50),
by (4.51) and (4.52) respectively. □

4.5. Comparison of twisted Fermi distance functions. As in [WW19a, WW19b], we shall need
to compare distances with respect to different sheets. The following proposition in the analogue of
[WW19b, Lemma 3.4], which is itself [WW19a, Lemma 8.3]. The only difference in our situation is
that we shall use twisted Fermi coordinates as defined in Section 4.2. In particular, given distinct
connected components Σα, Σβ of Ξ, tα and Πα denote the twisted Fermi coordinate time function
and projection map with respect to Σα, and let tβ and Πβ denote the twisted Fermi coordinate time
function and projection map with respect to Σβ. Let dΣα , dΣβ

denote the intrinsic distances on the
hypersurfaces Σα and Σβ respectively, and let d denote the ambient distance, so that d|Σα , d|Σβ

are
the restrictions of the ambient distance to Σα and Σβ respectively.

Proposition 4.25. For any K > 0, there is a constant C(K) so that for α ̸= β, x ∈ B+
2R(0) ×

(−2R, 2R) with |tα(x)|, |tβ(x)| ≤ K| log ε|,

dΣβ
(Πβ ◦Πα(x),Πβ(x)) ≤ C(K)ε1/2| log ε|3/2(4.53)

|tβ(Πα(x)) + tα(Πβ(x))| ≤ C(K)ε1/2| log ε|3/2(4.54)

|tα(x)− tβ(x) + tβ(Πα(x))| ≤ C(K)ε1/2| log ε|3/2(4.55)

|tα(x)− tβ(x)− tα(Πβ(x))| ≤ C(K)ε1/2| log ε|3/2(4.56)

|1− ⟨∇tα(x),∇tβ(x)⟩| ≤ C(K)ε1/2| log ε|3/2(4.57)

Proof. The proof is a simple modification of [WW19a, Lemma 8.3] (or, more precisely, its Rie-
mannian version in [CM20, Lemma B.1]), thanks to Lemma 4.9 and Lemma 4.14, which show that,
under the current assumptions, the twisted Fermi coordinate time functions tα, tβ coincide with the
corresponding Fermi distance functions t̃α, t̃β, and that the twisted Fermi projection maps Πα,Πβ
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are comparable to the corresponding Fermi projection maps Π̃α, Π̃β, up to a small error of order
ε| log ε|3. □

Let us now state a few simple but rather useful consequences of Proposition 4.25.
Let α, β,K be as in Proposition 4.25, and let (y, z) denote twisted Fermi coordinates with respect
to Σα. Assume x ∈ B+

1.5R(0)× (−2R, 2R) is such that tα,Πα and tα,Πα are defined at x, and that
|tα(x)|, |tβ(x)| ≤ K| log ε|, so that the conclusions of Proposition 4.25 apply.

Proposition 4.26. Let x be as above and assume it has twisted Fermi coordinates (y, z) with respect
to Σα. Then the following estimates hold:

tβ(y, z) = tβ(y, 0) + z + o(ε1/3)(4.58)

|∂ztβ − 1| ≲ ε1/3(4.59)

|∇α,ztβ| ≲ ε
1
5(4.60)

|∇2
α,ztβ| ≲ ε(4.61)

Note that the point of this proposition is that in (4.58), (4.59), and (4.60), z and ∂z represent
the twisted Fermi coordinate function and the twisted Fermi coordinate vector field with respect to
Σα. Note that these are different from the twisted Fermi coordinate function and the twisted Fermi
coordinate vector field with respect to Σβ.

Remark 4.27. The exponents appearing in (4.58), (4.59), and (4.60) are not sharp. Indeed, as it
is apparent from the proof, from Proposition 4.25, we can obtain

tβ(y, z) = tβ(y, 0) + z +O(ε1/2| log ε|3/2)

|∂ztβ − 1| ≲ ε1/2| log ε|3/2

|∇α,ztβ| ≲ ε1/4| log ε|3/4

In particular, some of the exponents appearing e.g. in (5.58) and in some other estimates of the
later section could be slightly improved. This however does not seem to significantly affect the final
results.

Proof. First, notice that by (4.56), after swapping α and β, if x has twisted Fermi coordinates
(y, z) with respect to Σα, then by a slight abuse of notation, we can write tβ(y, z) = tβ(y, 0) + z +

O(ε1/2| log ε|3/2). In particular, for all θ ∈ (0, 1/2) and all sufficiently small ε (depending on K and
θ)

tβ(y, z) = tβ(y, 0) + z + o(ε1/2−θ)

provided |tβ(y, z)|, |z| ≤ K| log ε|. This proves (4.58).
Next, notice that at x, since |∇tβ| = 1,

|∂ztβ − 1| = |⟨∇tα + (∂z −∇tα),∇tβ⟩ − 1| = |⟨∇tα,∇tβ⟩ − 1 + ⟨∂z −∇tα,∇tβ⟩|
≤ |⟨∇tα,∇tβ⟩ − 1|+ |⟨∂z −∇tα,∇tβ⟩|

≲ ε1/2| log ε|3/2 + ε(|tα(x)|+ |tα(x)|2)

≲ ε1/2| log ε|3/2 + ε(| log ε|+ | log ε|2)

≲ ε1/2−θ

for any θ ∈ (0, 1/2), by Lemma 4.15 and Proposition 4.25, which implies (4.59).
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Similarly,

|∇α,ztβ| ≲ |∇tβ − ⟨∇tβ,∇tα⟩∇tα|=
√
1− ⟨∇tα,∇tβ⟩2 ≤

√
2(1− ⟨∇tβ,∇tα⟩) ≲ ε1/4| log ε|3/4

by (4.57). In particular, |∇α,ztβ| ≲ ε1/4−θ for any θ ∈ (0, 1/4), thus proving (4.60).
Next, notice that ∇2

α,ztβ = ∇2tβ + ⟨∇tβ,∇tα⟩IIα,z. Since tβ = t̃β, then ∇2tβ is precisely the
second fundamental form of Σβ,tβ . Recall that by (4.8), |IIα,0| = O(ε) and |IIβ,0| = O(ε)|. Since we
are assuming |tα(x)|, |tβ(x)| ≤ K| log ε|, by (4.40),

|IIα,z − IIα,0| = |IIα,tα(x) − IIα,0| ≲ ε2| log ε|4,

so that |IIα,z| = O(ε), and, similarly, |∇2tβ| = |IIβ,tβ(x)| = O(ε). Hence, by (4.57), (4.61) holds. □

As mentioned in the proof of Proposition 4.25, by [WW19b, Lemma 2.2], dΣα , dΣβ
are comparable

to d|Σα , d|Σβ
respectively, up to a universal constant depending on η0 and Λ0. By Lemma 4.11, Πα|Σβ

and Πβ|Σα are uniformly bi-Lipschitz in the regions where |tα|, |tβ| ≤ δ
√
R.

The following lemma is an easy consequence of the results of this section.

Lemma 4.28. Let K > 0 be fixed. Let (y, z) be twisted Fermi coordinates with respect to Σα, and
let Πβ denote the twisted Fermi coordinate projection map with respect to Σβ. Then,

(4.62) |DΠβ(∂yi)| = O(1)

for i = 1, . . . , n, and

(4.63) |DΠβ(∂z)| ≲ ε
1
5

uniformly in the region where |tα|, |tβ| ≤ K| log ε|.

Proof. Equation (4.62) follows from Lemma 4.11. For (4.63), write Zγ and Z̃γ = ∇tγ for the twisted
and ordinary Fermi fields associated with Σγ . The projection Πβ is constant along the flow of Zβ,
and hence DΠβ(Zβ) = 0. Since ∂z = Zα in the α-coordinates,

DΠβ(∂z) = DΠβ(Zα − Zβ).

Moreover,

Zα − Zβ = (Z̃α − Z̃β) + (Zα − Z̃α)− (Zβ − Z̃β).

The first term is O(ε1/4| log ε|3/4) by (4.57), while the last two are O(ε(| log ε|+ | log ε|2)) by Lemma
4.15. Combining these estimates with the uniform bound for DΠβ gives (4.63). □

4.6. Comparison of boundary derivatives. Finally, let us consider how twisted Fermi coordi-
nates with respect to different sheets Σα, Σβ behave along the boundary.

Let K > 0 be fixed, and let x ∈ ∂0B+
1.6R(0)× (−2R, 2R) be such that |tα(x)|, |tβ(x)| ≤ K| log ε|.

Let (y, z) denote twisted Fermi coordinates with respect to Σα.
Recall from Lemma 4.17, Jα : ∂0B+

1.6R × (−2R, 2R) → R is defined by Jα = ∂x1tα. Similarly,
one can define Jβ by Jβ = ∂x1tβ. Now, for β ̸= α, let Jαβ denote the restriction of ∂y1tβ to

∂0B+
1.6R(0)× (−2R, 2R). We have the following estimate.

Lemma 4.29. There holds

|∇mJαβ| ≲ ε(1 + |z|3 + |tβ|+ t2β) on ∂0{x : |tα(x)|, |tβ(x)| ≤ K| log ε|} ∀m ≥ 0.
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Proof. We note that

Jαβ = ⟨∇tβ, ∂y1 − ∂x1⟩+ Jβ

Since ∂x1 = ∂y1 along ∂0Σα, it follows from Lemma 4.12 that

|∇m(∂x1 − ∂y1)| ≲ ε(1 + |z|3) on ∂0{|z| ≤ K| log ε|} ∀m ≥ 0.

Using Lemma 4.17 in the form Jβ = wβtβ + J̃β, the apparently cubic part of the crude bound is
absorbed by ε2|tβ|2(1+ |tβ|3) ≤ CKε in the logarithmic strip. Together with the preceding estimate
and Lemma 4.11, this gives the stated bound for Jαβ. □

4.7. Separation of layers. Analogously to [WW19b, Section 3.2], given a point y ∈ Σα∩(B+
1.6R(0)×

(−2R, 2R)), we let

(4.64) Dα(y) := min
β ̸=α

|tβ(y)|.

Then, for λ ∈ R, define the set

(4.65) Mλ
α :=

{
x ∈ B+

1.6R(0)× (−2R, 2R) : |tα(x)| < min{|tα−1(x)|+ λ, |tα+1(x)|+ λ}
}
.

The following simple lemma will be used throughout the rest of the paper.

Lemma 4.30 (c.f. [WW19b, Lem 3.6]). For any y ∈ Σα and σ > 0, we have

(4.66)
∑
β ̸=α

e−σ|tβ(y)| ≲K,σ e
−σDα(y),

uniformly with respect to y and α. For x ∈ M4
α with |tα(x)| ≤ K| log ε|, we have

(4.67)
∑
β ̸=α

e−σ|tβ(x)| ≲K,σ e
−σ|tα+1(x)| + e−σ|tα−1(x)|

In order to prove Lemma 4.30, we need the following two preliminary results.

Lemma 4.31. Let εi > 0 be a sequence which converges to 0, Ri = ε−1
i , ui(x) := uεi(εix), xi ∈

{ui = 0}∩ (B+
Ri
(0)× (−Ri, Ri)), Σxi be the connected component of {ui = 0} in B+

Ri
(0)× (−Ri, Ri),

which contains xi. Suppose in twisted Fermi coordinates with respect to Σxi, xi = (yi, 0), ũi(y, z) :=
ui(yi + y, z) and ui(y, z) has the same sign as z. Then, up to a subsequence, ũi(y, z) converges to
H(z) in C3

loc.

Proof. The proof is similar to [WW19b, Proof of Lemma 2.1]. Suppose in twisted Fermi coordinates
with respect to Σxi , xi = (yi,1, . . . , yi,n, 0). When lim infi→∞ yi,1 = ∞, ũi is a stable solution of (4.5)
on Byi,1(0), ũi(y1, . . . , yn, 0) = 0 and ∂zũi(y1, . . . , yn, 0) ≥ 0. By the elliptic estimates, ũi is uniformly

bounded in C4
loc(Rn+1). Therefore, there exists ũ∞, a stable solution of (4.5) on Rn+1, such that

up to a subsequence, ũi → ũ∞ in C3
loc(Rn+1), ũ∞(y1, . . . , yn, 0) = 0 and ∂zũ∞(y1, . . . , yn, 0) ≥ 0.

As explained in [WW19b, Proof of Lemma 2.1], since uε satisfies (3.1), there holds |A(ũ∞)| = 0 on
{|ũ∞| < 1− b′} ∩ {|∇ũ∞| ≠ 0}. By the unique continuation principle, this implies ũ∞ is a lift of H;
hence ũ∞(y1, . . . , yn, z) = H(z).

If lim infi→∞ yi,1 < ∞, then, possibly after passing to a subsequence, we can assume that yi,1 is
uniformly bounded. Let x′i = (y′i, 0) = (0, yi,2, . . . , yi,n, 0) (which is a point in ∂0B+

Ri
(0)× (−Ri, Ri)).

We define ûi(y, z) = ui(y
′
i+y, z). Then ûi is a stable solution of (4.5) on B+

Ri
(0) satisfying the vanish-

ing Neumann boundary condition along ∂0B
+
Ri
(0), ûi(y1, . . . , yn, 0) = 0 and ∂zûi(y1, . . . , yn, 0) ≥ 0.

ûi is uniformly bounded in C4
loc(R

n+1
+ ). Hence there exists ũ∞, a stable solution of (4.5) on Rn+1

+

satisfying the vanishing Neumann boundary condition along ∂Rn+1
+ , such that up to a subsequence,



SECOND ORDER ESTIMATES ON TRANSITION LAYERS: PART I 27

ûi → ũ∞ in C3
loc(R

n+1
+ ), ũ∞(y1, . . . , yn, 0) = 0 and ∂zũ∞(y1, . . . , yn, 0) ≥ 0. We extend ũ∞ on Rn+1

by even reflection (as in (3.2)). Then ũ∞ is a stable solution of (4.5). Since uε satisfies (3.1), arguing
as in [WW19b, Proof of Lemma 2.1], we conclude that |A(ũ∞)| = 0 on {|ũ∞| < 1−b′}∩{|∇ũ∞| ≠ 0}.
By the unique continuation principle, this implies ũ∞ is a lift of H; hence ũ∞(y1, . . . , yn, z) = H(z).
Thus ûi(y, z) → H(z) in C3

loc(R
n+1
+ ). Since yi,1 is uniformly bounded, this implies ũi(y, z) → H(z)

in C3
loc. □

The next lemma then follows directly. The proof is the same as [WW19b, proof of eq. (2.1)].

Lemma 4.32. As ε→ 0, inf
α

inf{Dα(y) : y ∈ Σα ∩ (B+
R(0)× (−R,R))} → +∞.

We can finally give the proof of Lemma 4.30.

Proof of Lemma 4.30. The proof of (4.66) is identical to the proof of [WW19b, Lemma 3.6], with
Lemma 4.32 replacing [WW19b, Lemma 2.2], and Proposition 4.25 replacing [WW19b, Lemma 3.4].
Then, (4.67) follows directly from (4.66). □

5. An optimal approximate solution

In this section, we aim to find the optimal approximate solution of u by modifying the sign
alternating heteroclinic approximation H(y, z;h) in (5.2) to vanishing Neumann boundary adapted
sign alternating approximation g(y, z;h) defined in (5.10), and proving the existence of optimal
layer shift h in Proposition 5.7.

5.1. Optimal approximate solution ansatz. We fix a smooth even cut-off function ζ ∈ C∞
c (R)

with ζ = 1 on (−1, 1), 0 ≤ ζ ≤ 1, spt ζ ⊂ (−2, 2), and |ζ ′|+ |ζ ′′| ≤ 16. Define

ζε(t) := ζ

(
t

4| log ε|

)
and, similarly, ζ ′ε(t) := ζ ′((4| log ε|)−1t), ζ ′′ε (t) := ζ ′′((4| log ε|)−1t). Then, let

H(t) = ζε(t)H(t) + [1− ζε(t)]sgn(t), t ∈ R.

Then H = 1 on (8| log ε|,∞) and H = −1 on (−∞,−8| log ε|). Notice that

H′′
=W ′(H) + ξ̄1, H′′′

=W ′′(H)H′
+ ξ̄′1,

where spt(ξ̄1) ⊂ (4| log ε|, 8| log ε|) ∪ (−8| log ε|,−4| log ε|) and

(5.1)
m∑
k=0

|ξ̄(k)1 (t)| ≲m e−
1
4
|t|ε3

Recall the definition of σ0 in Appendix C, and notice that by (5.1) we have∫ ∞

−∞
H′

(t)2dt = σ0 +O(ε3).

We define the approximate solution H(y, z;h) ∈ C3(M) in the following way. First, recall from
Section 4.1 the union Ξ of all the connected components of {u = 0} ∩ (B+

2R(0)× (−2R, 2R)) which

have non-empty intersections with B+
2R(0)×(−1.5R, 1.5R) can be written as a union graphical sheets

Ξ =
⋃
α

Σα,

as in (4.7). Let tα denote the twisted Fermi coordinate time function with respect to Σα as in
Definition 4.7, and consider the sets Mλ

α as defined in (4.65). Without loss of generality, we can
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assume that near Σα, u has the same sign as (−1)αtα. Given a vector of functions h = (hα), where
hα : Σα → R, in each M0

α (which is a neighbourhood of Σα), let H(y, z;h) be defined by

(5.2) H(y, z;h) =
∑
β

(
Hβ(y, z;hβ) + sgn(β − α)(−1)β

)
,

where (y, z) ∈ M0
α denotes the twisted Fermi coordinates with respect to Σα and

(5.3) Hβ(y, z;hβ) = H
(
(−1)β(tβ(y, z)− hβ(Πβ(y, z)))

)
.

In particular Hα(y, z;hα) = H((−1)α(z − hα(y))).
We shall use the following notation about for derivatives of Hβ:

H(k)
β (y, z;hβ) = H(k)

(
(−1)β(tβ(y, z)− hβ(Πβ(y, z)))

)
, k ≥ 1.

To derive the desired curvature estimates, we need to modify the approximate solution H(y, z;h)
so that the corrected approximate solution satisfies good estimates on its Neumann derivative along
the boundary of the domain.

By Proposition F.3, we can define a function Ĝα ∈ C∞(Σα × R) by solving the following mixed
boundary value problem (as the boundary datum is odd in τ):

∆α,0Ĝα(y, τ) + ∂ττ Ĝα(y, τ)−W ′′(H(τ))Ĝα(y, τ) = 0 on Σα × R;
∂y1Ĝα(y, τ) + wα(y)H

′
(τ)τ = 0 along ∂0Σα × R;

Ĝα = 0 along ∂+Σα × R;∫∞
−∞ Ĝα(y, τ)H′(τ)dτ = 0,

(5.4)

where wα is as in Lemma 4.17.
Since, by Lemma F.3, the solution to this problem is unique, it must satisfy the following condition

−Ĝα(y,−z) = Ĝα(y, z),

i.e. Ĝα is odd in the z variable. Also, by (F.2) in Lemma F.3, and, for every σ ∈ (0, 1) and every
fixed non-negative integer m,

(5.5)

m∑
ℓ=0

|∇ℓĜα(y, τ)| ≤ Cm,σεe
−σ|τ |.

The constants are uniform in α and ε.
As we did in the case of the one-dimensional heteroclinic solution, we need to evenly cut off the

correction function Ĝα in order for it to have compact support. Therefore, let

Gα(y, z) = ζε(z)Ĝα(y, z)

for z ∈ R. Since the cut-off function ζ was assumed to be even, it is easy to see that Gα is an odd
function in the z-variable.

Notice that Ĝα satisfies
∆α,0Gα(y, z) + ∂zzGα(y, z)−W ′′(H(z))Gα(y, z) = ξ̄2,α(y, z), on Σα × R;
∂y1Gα(y, z) + wα(y)H

′
(z)z = δα(y, z) along ∂0Σα × R;

Gα = 0 along ∂+Σα × R;∫∞
−∞Gα(y, z)H

′
(z)dz = 0,

(5.6)
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where

ξ̄2,α(y, z) =
1

2| log ε|
ζ ′ε(z)∂zĜα(y, z) +

1

16| log ε|2
ζ ′′ε (z)Ĝα(y, z)

+
(
W ′′(H(z))−W ′′(H(z))

)
Gα(y, z),

and

δα(y, z) = (1− ζε(z))wα(y)H
′
(z)z.

Notice that the last property in (5.6) is a consequence of oddness in the z-variable. By definition of
the cutoff function, ξ̄2 is supported in Σα × ((4| log ε|, 8| log ε|) ∪ (−8| log ε|,−4| log ε|)). Similarly,
δα is supported in ∂0Σα × ((4| log ε|, 8| log ε|) ∪ (−8| log ε|,−4| log ε|)). Moreover, by (5.5)

(5.7)

m∑
k=0

|∇kξ̄2,α(y, z)|+ |∇kδα(y, z)| ≲m e−
1
4
|z|ε3.

Given hα : Σα → R, we define

Gα(y, z;hα) := Ḡα(y, (−1)α(z − hα(y))),

and, given a vector of functions h = (hα), where hα : Σα → R, we define

G(−;h) :=
∑
β

Gβ(−;hβ),

where Gβ(−;hβ) is defined analogously to (5.3). For simplicity, we will use the following notation

G(k)
α (y, z;hα) := (∂(k)z Ḡα)(y, (−1)α(z − hα(y))),(5.8)

Gα,i(y, z;hα) := (∂yiḠα)(y, (−1)α(z − hα(y))),

Gα,ij(y, z;hα) := (∂yiyj Ḡα)(y, (−1)α(z − hα(y))),

for 1 ≤ i, j ≤ n. When k = 1, we shall write G′
α instead of G(1)

α .
These can also be combined, as in G′

α,ij(y, z;hα) = (∂yiyjzḠα)(y, (−1)α(z−hα(y))) etc. Similarly,

let ξ2,α(y, z;hα) := ξ̄2,α(y, (−1)α(z − hα(y))), ξ
′
2,α(y, z;hα) := (∂z ξ̄2,α)(y, (−1)α(z − hα(y))) etc.

Finally, let δ′α(y, z) := (∂zδα)(y, z), δα,i(y, z) := (∂yiδα)(y, z), etc.
For k ≥ 0, we define

(5.9) g
(k)
β (y, z;hβ) = H(k)

β (y, z;hβ) +G(k)
β (y, z;hβ)

and

(5.10) g(y, z;h) = H(y, z;h) +G(y, z;h).

Clearly, an easy computation gives the following.

Lemma 5.1. We have

(∆α,0 + ∂2z −W ′′(Hα))Gα = |∇α,0hα|2G(2)
α − (−1)α(∆α,0hα)G(1)

α

− 2(−1)α
∑
i,j

gijα (y, 0)G′
α,i ∂yjhα + ξ2,α,

(∆α,0 + ∂2z −W ′′(Hα))G(1)
α = |∇α,0hα|2G(3)

α − (−1)α(∆α,0hα)G(2)
α

− 2(−1)α
∑
i,j

gijα (y, 0)G′′
α,i ∂yjhα +W ′′′(Hα)H(1)

α Gα + ξ′2,α.
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∂y1Gα(y, z; 0) + (−1)αwα(y)H′
α(y, z; 0)z = δα

∂y1yiGα(y, z; 0) + (−1)α∂yiwα(y)H′
α(y, z; 0)z = δα,i (2 ≤ i ≤ n).

Finally, we shall need some elementary estimates, which we record below in Lemma 5.2 and
Lemma 5.3. The proofs, which follow more or less directly from the results of Section 4.5 and the
properties of the heteroclinic solution H, are in Appendix D.

Lemma 5.2. Let K > 0 be fixed, let β ̸= α satisfy |tβ(y, 0)| ≤ K| log ε|, and let σ, ς ≥ 0 with
σ + ς > 0. For every k ∈ N,∫ K| log ε|

−K| log ε|
|z|ke−σ|tβ(y,z)|−ς|z| dz ≲ (1 + |tβ(y, 0)|)k+1e−min{σ,ς}|tβ(y,0)|,(5.11) ∫ K| log ε|

−K| log ε|
|tβ(y, z)|ke−σ|tβ(y,z)|−ς|z| dz ≲ (1 + |tβ(y, 0)|)k+1e−min{σ,ς}|tβ(y,0)|.(5.12)

Lemma 5.3. Let K > 0 be fixed. If β ̸= α and |tβ(y, 0)| ≤ K| log ε|, then

(5.13)

∫
R

∣∣H(tβ(y, z)) + sgn(β − α)
∣∣ |H′

(z)| dz ≲ (1 + |tβ(y, 0)|)e−|tβ(y,0)|.

Consequently, for every σ ∈ (0, 1),

(5.14)

∫
R

∣∣H(tβ(y, z)) + sgn(β − α)
∣∣ |H′

(z)| dz ≲σ e
−σ|tβ(y,0)|.

5.2. Notation for Proposition 5.7. We are now going to introduce some notation which will be
used in the statement and the proof of Proposition 5.7.

5.2.1. Coordinate balls. Let us fix an index α. Recall that Σα is the graph of a smooth function
fα : B+

2R(0) → (−1.6R, 1.6R) which satisfies (4.8). Therefore,

Σα = {(y, fα(y)) : y ∈ B+
2R(0)} and ∂0Σα = {(y, fα(y)) : y ∈ ∂0B+

2R(0)}.
Let us now define the following coordinate balls.

Definition 5.4. For x̄ = (ȳ, fα(ȳ)) ∈ Σα set

Bα
r (x̄) = {(y, fα(y)) : y ∈ B+

2R(0), |y − ȳ| < r}.
For x̄ ∈ ∂0Σα set

B0,α
r (x̄) = {(y, fα(y)) : y ∈ ∂0B+

2R(0), |y − ȳ| < r}.
Their relative closures are B̄α

r (x̄) and B̄0,α
r (x̄). The notation with centre ȳ has the same meaning

under the graph parametrization.

Remark 5.5. Notice that, by (4.1) and (4.8), it is easy to see that for all small enough η0 (in-

dependent of ε), the coordinate balls Bα
r (·), B

0,α
r (·) are uniformly comparable to the (intrinsic)

geodesic balls in Σα and ∂0Σα respectively. In particular, it is easy to check that there are con-
stants c0(n), c1(n) such that for all sufficiently small η0,

Bα
(1−c1(n)η0)r

(x) ⊂ BΣα
r (x) ⊂ Bα

(1+c1(n)η0)r
(x) for all x ∈ Σα,

and

B0,α
(1−c0(n)η0)r

(x) ⊂ B∂0Σα
r (x) ⊂ B0,α

(1+c0(n)η0)r
(x) for all x ∈ ∂0Σα,

where BΣα
r (x) (resp. B∂0Σα

r (x)) denotes the open geodesic ball of radius r centred at x in Σα (resp.
∂0Σα).
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5.2.2. Hölder seminorms on coordinate balls. Let k ≥ 0, θ ∈ (0, 1], and let φ ∈ Ck,θ(Σα) (resp.
Ck,θ(∂0Σα)). Let x̄ = (ȳ, f(ȳ)) ∈ Σα (resp. ∂0Σα), and let x = (y, f(y)) denote another point in
Σα (resp. ∂0Σα).

Let j ≤ k, and a multi-index I = (i1, . . . , ij) (where each il ∈ {1, . . . , n}, resp. il ∈ {2, . . . , n})
with |I| = j. Define φI = ∂yi1 ...yijφ, and the following quantities:

|φ|0(x̄) = |φ(x̄)|,

|φ|0,θ(x̄) = sup

{
|φ(x)− φ(x̄)|

|y − ȳ|θ
: x ∈ B̄α

1 (x̄), x ̸= x̄

}
(respectively, B̄0,α

1 (x̄)),

|φ|j(x̄) = max
|I|=j

|φI(x̄)|, |φ|j,θ(x̄) = max
|I|=j

|φI |0,θ(x̄),

|φ|′j(x̄) = sup
{
|φ|j(x) : x ∈ B̄α

1 (x̄)
}

(respectively, B̄0,α
1 (x̄)).

(5.15)

We note the following elementary inequalities

(5.16) |ψ−1|0,θ ≤ |ψ|0,θ|ψ−2|′0, if ψ > 0; |ψ|0,θ ≤ |ψ|′1; |φψ|0,θ ≤ |φ|0|ψ|0,θ + |φ|0,θ|ψ|′0.

and analogous higher order versions.

Remark 5.6. Much like in Remark 5.5, notice that, again by by (4.1) and (4.8), up to a harmless
dimensional constant, for all small enough η0 (independent of ε) and all S ⊂ Σα (resp. S ⊂ ∂0Σα),
supx∈S |φ|0,θ(x) is uniformly comparable to the Hölder seminorm [φ]θ,S defined using the intrinsic
distance on Σα. Similarly for supx∈S |φ|j,θ(x) and [∇jφ]θ,S .

Therefore, after taking η0 sufficiently small (independent of ε), we can use appropriate suprema
of the quantities in (5.15) to define the Hölder seminorms.

5.2.3. The restriction map. For R/2 ≤ r ≤ R, C+
r (0) := B̄+

r (0)× [−r, r]. Let

(5.17) R : Ck,θ(Σα ∩ C+
R (0)) → Ck,θ(Σα ∩ C+

9R/10(0))

denote the restriction map. By [GT83, Lemma 6.37], there exists R−1, which is a continuous
right inverse of R. Moreover if R−1(φ) = φ̃, then φ̃ can be described more concretely as follows.
Since Σα is the graph of fα over B+

2R(0), Σα ∩ C+
r (0) (with r ≤ R) can be identified with B+

r (0)
using the map (y1, . . . , yn) 7→ (y1, . . . , yn, fα(y1, . . . , yn)). If we make this identification and use the
polar coordinate (r, υ) on B̄+

R(0) (where r denotes the radial coordinate), then φ̃(r, υ) = φ(r, υ), if
r ≤ r0 = 9R/10 and

(5.18) φ̃(r, υ) =
k+1∑
i=1

ciφ

(
r0 −

r− r0
i+ 1

, υ

)
, if r ≥ r0,

where the constants ci are chosen in such a way that φ̃ is a Ck,θ function. Further, R̄ : C0(Σα ∩
C+
R (0)) → C0(Σα ∩ C+

R (0)) is defined by R̄(φ) = φ̄, where φ̄(r, υ) = φ(r, υ), if r ≤ r0 = 9R/10 and

(5.19) φ̄(r, υ) =
1

2
φ(r, υ) +

1

2(k + 1)

k+1∑
i=1

φ

(
r0 −

r− r0
i+ 1

, υ

)
, if r ≥ r0.
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5.3. Existence and estimates of optimal layer shift with orthogonality condition. In order
to state Proposition 5.7, let us define

Iα,y = {β : β ̸= α, |tβ(y, 0)| < 17| log ε|},
vα(y, z) = u(y, z)−Hα(y, z; 0),

ω(j)
α (y) =

∫ ∞

−∞

( j∑
i=0

|vα|′i + |vα|i,θ
)
(y, z)(1 + |z|3)e−|z|dz,

w(j)
α (y) = ω(j)

α (y) + max
β∈Iα,y

sup{ω(j)
β (Πβ(y

′, z)) : y′ ∈ B̄α
1 (y), |z| < 9| log ε|},

aα(y) = |e−Dα |′0(y),
aα(y) = aα(y) + max

β∈Iα,y

sup{aβ(Πβ(y
′, z)) : y′ ∈ B̄α

1 (y), |z| < 9| log ε|}.

(5.20)

Proposition 5.7 (Optimal layer shift). There exists hα ∈ Ck,θ(Σα ∩ C+
R (0)) such that for each

index α and y ∈ Σα ∩ C+
9R/10(0), for ϕ(y, z;h) = u(y, z)−H(y, z;h)−G(y, z;h) there holds

(5.21)

∫ ∞

−∞
ϕ(y, z;h)H′

α(y, z;hα)dz =

∫ ∞

−∞
[u(y, z)−H(y, z;h)−G(y, z;h)]H′

α(y, z;hα)dz = 0,

where (y, z) are twisted Fermi coordinates with respect to Σα. Moreover, the following estimates
hold uniformly with respect to the index α. As ε→ 0,
(5.22)

|hα|j + |hα|j,θ ≲ ε+ ω(j)
α + a0.9α , 0 ≤ j ≤ k, on Σα ∩ C+

9R/10(0),

|∂y1hα|(j−1) + |∂y1hα|(j−1),θ ≲ (ε+ ω(j)
α + a0.9α )(ε+w(j)

α + a0.9α ), 1 ≤ j ≤ k, on ∂0Σα ∩ C+
9R/10(0),

Remark 5.8. In later application, we will fix k = 3 and j = 2 in Proposition 5.7, so that hα =
o(1) ∈ C3,θ(Σα ∩ C+

R (0)). In this case, for ease of notation, we write (compare with (5.20))

(5.23) wα = w(2)
α and ωα = ω(2)

α .

In particular, we can simplify the estimate (5.22) satisfied by hα in Proposition 5.7 to

2∑
i=0

|hα|i + |hα|2,θ ≲ ε+wα + a0.9α on Σα ∩ C+
9R/10(0),

1∑
i=0

|∂y1hα|i + |∂y1hα|1,θ ≲ ε2 +w2
α + a1.8α on ∂0Σα ∩ C+

9R/10(0).

Proof of Proposition 5.7. To this end, we shall modify the proof in [WW19b, Proof of Proposition
4.1] as follows. For each k and θ ∈ (0, 1) and α, we define new norms ∥ · ∥∗ and ∥ · ∥⋆ on Ck,θ(Σα ∩
C+
9R/10(0)) and C

k,θ(Σα ∩ C+
R (0)). We introduce ∥h∥∗ :=

∑k
j=0[h]∗;j +

∑k
j=1[h]

′
∗;j , where

[h]∗;j = Λ−1 sup
Σα∩C+

9R/10
(0)

|h|j + |h|j,θ
ε+ ω

(j)
α + a0.9α

,

[h]′∗;j = Λ−2 sup
∂0Σα∩C+

9R/10
(0)

|hν |(j−1) + |hν |(j−1),θ

(ε+ ω
(j)
α + a0.9α )(ε+w

(j)
α + a0.9α )

,

hν denotes the restriction of ∂y1h on ∂0Σα, Λ > 1 is a constant, which will be specified later. Let

us denote R̄(ω
(j)
α ), R̄(aα), R̄(wα), and R̄(aα) by ω̄

(j)
α , āα, w̄α, and āα, where restriction map R̄ is
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defined in (5.17). ∥h∥⋆ :=
∑k

j=0[h]⋆;j +
∑k

j=1[h]
′
⋆;j , where

[h]⋆;j = Λ−1 sup
Σα∩C+

R (0)

|h|j + |h|j,θ
ε+ ω̄

(j)
α + ā0.9α

,

[h]′⋆;j = Λ−2 sup
∂0Σα∩C+

R (0)

|hν |(j−1) + |hν |(j−1),θ

(ε+ ω̄
(j)
α + ā0.9α )(ε+ w̄

(j)
α + ā0.9α )

.

Following [WW19b, Proof of Proposition 4.1], we define

Xα = (Ck,θ(Σα ∩ C+
R (0)), ∥ · ∥⋆), Yα = (Ck,θ(Σα ∩ C+

9R/10(0)), ∥ · ∥∗),

X =
⊕

αXα, Y =
⊕

α Yα. The norm on X is defined by ∥x∥ = supα ∥xα∥⋆, where xα is the Xα

component of x. The norm on Y is defined in a similar way.
Recall the definition of gβ(y, z;hβ) and g(y, z;h) from (5.9) and (5.10). Then we define F : X → Y

by

Fα(h)(y) =

∫ ∞

−∞
[u(y, z)− g(y, z;h)]H′

α(y, z;hα)dz

=

∫ ∞

−∞
[u(y, z)−H(y, z;h)−G(y, z;h)]H′

α(y, z;hα)dz,

where Fα(h) denotes the Yα component of F (h) and (y, z) denotes the twisted Fermi coordinates
with respect to Σα. We restrict F on the closed unit ball in X . We note that, for y ∈ Σα and
y ∈ B̄α

1 (y), (gβ(y, z;hβ) + sgn(β − α)(−1)β)H′
α(y, z;hα) ̸= 0, β ̸= α, implies |z| < 9| log ε| and

β ∈ Iα,y; hence

Fα(h)(y) =

∫ ∞

−∞

[
u(y, z)− gα(y, z;hα)−

∑
β∈Iα,y

(gβ(y, z;hβ) + sgn(β − α)(−1)β)
]
H′

α(y, z;hα)dz.

Notice that F is a C1 map, and its derivative (DFα(h)ξ)(y) is given by

(−1)αξα(y)

∫ ∞

−∞

[
H′

α(y, z;hα)
2 +G′

α(y, z;hα)H′
α(y, z;hα)

]
dz(5.24)

− (−1)αξα(y)

∫ ∞

−∞

[
u(y, z)−H(y, z;h)−G(y, z;h)

]
H′′

α(y, z;hα)dz

+
∑

β∈Iα,y

(−1)β
∫ ∞

−∞
ξβ(Πβ(y, z))H′

β(y, z;hβ)H′
α(y, z;hα)dz

+
∑

β∈Iα,y

(−1)β
∫ ∞

−∞
ξβ(Πβ(y, z))G′

β(y, z;hβ)H′
α(y, z;hα)dz.

Thus, there exist continuous linear maps DβFα(h) : Xβ → Yα such that

DFα(h)ξ = DαFα(h)ξα +
∑

β∈Iα,y

DβFα(h)ξβ.
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Let T = DF (0), Tαα = DαFα(0), Tβα = DβFα(0) for β ̸= α. Then, (Tααξα)(y) = ϑα(y)ξα(y),
where

ϑα(y) =(−1)α
∫ ∞

−∞

[
H′

α(y, z; 0)
2 +G′

α(y, z; 0)H′
α(y, z; 0)

]
dz(5.25)

− (−1)α
∫ ∞

−∞

[
u(y, z)−Hα(y, z; 0)−Gα(y, z; 0)

]
H′′

α(y, z; 0)dz

+ (−1)α
∑

β∈Iα,y

∫ ∞

−∞

[
Hβ(y, z; 0) +Gβ(y, z; 0)

]
H′′

α(y, z; 0)dz.

Claim 5.9. We have the following properties.

(i) There exists DF (0)−1, which is a right inverse of DF (0), such that the operator norm of
DF (0)−1 satisfies ∥DF (0)−1∥ ≤ C(σ0), where σ0 is the energy of the one-dimensional solution,
as in (C.2).

(ii) h 7→ DF (h) is Lipschitz continuous at h = 0 and its Lipschitz constant at 0 is Λcε, where
cε = o(1) as ε→ 0.

(iii) ∥F (0)∥Y ≤ CΛ−1 as ε→ 0.

First, let us assume Claim 5.9 and let us finish the proof of Proposition 5.7. We will show the
existence of h ∈ X satisfying (5.21) and estimates (5.22) by the contraction mapping principle, as
in [Cha05, Theorem 1.2.4].

Note that it is enough to show that there exists h ∈ X such that ∥h∥X ≤ 1 and F (h) = 0. Let

R : BX
1 (0) → Y be defined by R(h) = F (h) −DF (0)h. F (h) = 0 if and only if DF (0)h = −R(h).

Let R̄(h) := −DF (0)−1R(h). If h is a fixed point of R̄, then F (h) = 0.
We note that

R(h)− R(h̃) =

∫ 1

0
(DF (γ(t))−DF (0)) (h− h̃)dt, where γ(t) = th+ (1− t)h̃.

Hence, denoting the Lipschitz constant of DF at 0 by Λcε (cε = o(1) as ε → 0) and using (i) and
(ii) of Claim 5.9,

(5.26) ∥R̄(h)− R̄(h̃)∥ ≤ C(σ0)Λcε∥h− h̃∥,

which implies

(5.27) ∥R̄(h)∥ ≤ C(σ0)Λcε∥h∥+ ∥R̄(0)∥.

By (i) and (iii) of Claim 5.9, we can fix Λ sufficiently large so that

∥R̄(0)∥X ≤ 1/2.

Then, (5.26) and (5.27) imply that if ε is sufficiently small, R̄ : BX
1 (0) → BX

1 (0) is a contraction.

Hence, R̄ has a fixed point h in BX
1 (0) satisfying estimates (5.22) and F (h) = 0. This finishes the

proof of Proposition 5.7.
Let us now prove Claim 5.9.

Proof of (i). As a preliminary to the construction of a right inverse of DF (0) satisfying the
required operator norm estimate, we shall establish the following two facts:

(a): There exists T−1
αα : Yα → Xα, which is a right inverse of Tαα, such that the operator norm of

T−1
αα satisfies ∥T−1

αα∥ ≤ C(σ0).
(b): The operators Tβα : Xβ → Yα for β ̸= α satisfy ∥

∑
β∈Iα,y

Tβαξβ∥∗;3,θ = o(1)∥ξ∥X as ε→ 0.
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Proof of (a). Let R : C3,θ(Σα∩C+
9R/10(0)) → C3,θ(Σα∩C+

7R/8(0)) denote the restriction map. By

[GT83, Lemma 6.37], there exists an extension operator R−1, which is a continuous right inverse
of R.

By Lemmas 4.31, 5.2, 4.32, 4.30 and (5.5),

(5.28) |ϑα(y)| ≥
σ0
2
.

Then we can define the right inverse of Tαα by (T−1
ααηα)(y) := ϑα(y)

−1η̃α(y) where η̃α = R−1ηα.
We need to show that ∥ϑ−1

α η̃α∥⋆ ≤ C(σ0)∥ηα∥∗. Again by Lemmas 4.31, 5.2, 4.32, 4.30 and (5.5),
we also have

(5.29) |ϑα − (−1)ασ0|′0 + |ϑα|0,θ ≲ ε+ ω(0)
α + a0.9α .

Hence, by (5.16),

(5.30) |ϑ−1
α η̃α|0 + |ϑ−1

α η̃α|0,θ ≤ C(σ0)(|η̃α|0 + |η̃α|0,θ).
Differentiating (5.25) with respect to yi, we obtain

∂yiϑα(y) =(−1)α
∫ ∞

−∞
G′

α,i(y, z; 0)H′
α(y, z; 0)dz

− (−1)α
∫ ∞

−∞

[
∂yivα(y, z)−Gα,i(y, z; 0)

]
H′′

α(y, z; 0)dz

+ (−1)α
∑

β∈Iα,y

(−1)β
∫ ∞

−∞

[
H′

β(y, z; 0) +G′
β(y, z; 0)

]
∂yitβ(y, z)H

′′
α(y, z; 0)dz(5.31)

+ (−1)α
∑

β∈Iα,y

n∑
m=1

∫ ∞

−∞
Gβ,m(y, z; 0)∂yiΠ

m
β (y, z)H′′

α(y, z; 0)dz,

which implies

(5.32) |ϑα|′1 + |ϑα|1,θ ≲ ε+ ω(1)
α + a0.9α .

Since

(5.33) ∂yi(ϑ
−1
α η̃α) = ϑ−1

α ∂yi η̃α − ϑ−2
α ∂yiϑαη̃α,

by (5.28), (5.29), (5.32), and (5.16),

(5.34) |ϑ−1
α η̃α|1 + |ϑ−1

α η̃α|1,θ ≤ C(σ0)(|η̃α|0 + |η̃α|0,θ + |η̃α|1 + |η̃α|1,θ).
Using (5.33) and (5.16) we obtain

(5.35) |(ϑ−1
α η̃α)ν |0 + |(ϑ−1

α η̃α)ν |0,θ ≤ C(σ0)
(
|(η̃α)ν |0,θ + |(η̃α)ν |0

+ |η̃α|0,θ|ϑα|′1 + |η̃α|0|ϑα|1,θ + |η̃α|0|ϑα|1
)
.

(5.30), (5.34), (5.35), (5.18), (5.19) imply

[ϑ−1
α η̃α]⋆;0 + [ϑ−1

α η̃α]⋆;1 + [ϑ−1
α η̃α]

′
⋆;1 ≤ C(σ0)([ηα]∗;0 + [ηα]∗;1 + [ηα]

′
∗;1)

Further differentiating (5.31), one can show that

(5.36) |ϑα|′j + |ϑα|j,θ ≲ ε+ ω(j)
α + a0.9α , 1 ≤ j ≤ k.

(5.16), (5.18), (5.19), (5.28), (5.29) and (5.36) imply

∥ϑ−1
α η̃α∥⋆ ≤ C(σ0)∥ηα∥∗,

which is the desired estimate for ∥T−1
αα∥.
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Proof of (b). We recall that

(5.37) (Tβαξβ)(y) = (−1)β
∫ ∞

−∞
ξβ(Πβ(y, z))(H′

β(y, z; 0) +G′
β(y, z; 0))H′

α(y, z; 0)dz.

If y′ ∈ B̄α
1 (y), then

|ξ̂β(Πβ(y, z))− ξ̂β(Πβ(y
′, z))|

|y − y′|θ
(5.38)

≤
[
|ξ̂β|0,θ(Πβ(y, z)) + |ξ̂β(Πβ(y, z))|+ |ξ̂β(Πβ(y

′, z))|
]
∥DΠβ∥θ,

for any ξ̂β ∈ C0,θ(Σβ). Hence (5.5), (5.16), and Lemmas 5.2, 4.30 imply

|λ|0 + |λ|0,θ ≲ (ε+w(0)
α + aα)a

0.95
α max

β ̸=α
[ξβ]⋆;0, where λ =

∑
β ̸=α

Tβαξβ.

Differentiating (5.37) with respect to yi, we obtain

∂yi(Tβαξβ) =(−1)β
n∑

m=1

∫ ∞

−∞
ξβ,m(Πβ)∂yiΠ

m
β (H′

β(−; 0) +G′
β(−; 0))H′

α(−; 0)dz(5.39)

+

∫ ∞

−∞
ξβ(Πβ)(H′′

β(−; 0) +G′′
β(−; 0))∂yitβH

′
α(−; 0)dz

+ (−1)β
n∑

m=1

∫ ∞

−∞
ξβ(Πβ)G′

β,m(−; 0)∂yiΠ
m
β H′

α(−; 0)dz.

Hence (5.38), (5.5), (5.16), and Lemmas 5.2, 4.30 imply

|λ|1 + |λ|1,θ + |λν |0 + |λν |0,θ ≲ (ε+w(1)
α + aα)a

0.95
α max

β ̸=α
([ξβ]⋆;0 + [ξβ]⋆;1) .

Differentiating (5.39), one can show that

|λ|j + |λ|j,θ + |λν |j−1 + |λν |(j−1),θ ≲ (ε+w(j)
α + aα)a

0.95
α max

β ̸=α

(
j∑

i=0

[ξβ]⋆;i

)
∀1 ≤ j ≤ k.

Let us now use (a) and (b) to construct the desired right inverse of DF (0). Given η ∈ Y, as in
[WW19b, page 17] we define Sη : X → X by

Sη(ξ)α = T−1
ααηα −

∑
β∈Iα,y

T−1
ααTβαξβ.

As a consequence of (a) and (b), the map Sη is a contraction for ε > 0 small enough. By the

contraction mapping principle, Sη has a unique fixed point, which we denote by S̃(η) and∥∥S̃(η)∥∥X = lim
k→∞

∥∥Sk
η (0)

∥∥
X ≤ C(σ0)∥η∥Y .

By the definition of Sη, it follows that S̃ = (DF (0))−1 is a right inverse of DF (0). This concludes
the proof of (i) in Claim 5.9.
Proof of (ii). We fix ξ ∈ X with ∥ξ∥X ≤ 1. Since F was restricted to the closed the unit ball in
X , we need to show that

(5.40) ∥DFα(h)ξ −DFα(0)ξ∥∗ ≤ cεΛmax
β

∥hβ∥⋆, ∀h ∈ BX
1 (0),
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where cε > 0 is independent of Λ and cε = o(1) as ε → 0. Let ηα = DFα(h)ξ −DFα(0)ξ. By the
L2-orthogonality condition in the definition of Ḡα,∫ ∞

−∞
Gα(y, z;hα)H′

α(y, z;hα)dz = 0 ∀hα ∈ Xα,

which implies ∫ ∞

−∞
G′

α(y, z;hα)H′
α(y, z;hα)dz +

∫ ∞

−∞
Gα(y, z;hα)H′′

α(y, z;hα)dz = 0.

Hence (using (5.24)) ηα = ηαα +
∑
β ̸=α

ηαβ, where

ηαα =(−1)αξα

∫ ∞

−∞

[
H′

α(−;hα)
2 − (u−Hα(−;h))H′′

α(−;hα)
]
dz

− (−1)αξα

∫ ∞

−∞

[
H′

α(−; 0)2 − (u−Hα(−; 0))H′′
α(−; 0)

]
dz,

ηαβ =(−1)αξα

∫ ∞

−∞
(gβ(−;hβ) + sgn(β − α)(−1)β)H′′

α(−;hα)dz

− (−1)αξα

∫ ∞

−∞
(gβ(−; 0) + sgn(β − α)(−1)β)H′′

α(−; 0)dz

+ (−1)β
∫ ∞

−∞
ξβ(Πβ)

[
g′β(−;hβ)H′

α(−;hα)− g′β(−; 0)H′
α(−; 0)

]
dz.

We note that

ηαα =(−1)αξα

∫ ∞

−∞

[
H′

(z − hα)
2 −H′

(z)2 +
(
H(z − hα)−H(z)

)
H′′

(z − hα)
]
dz

− ξα

∫ ∞

−∞
(u−Hα(−; 0))(H′′

(z − hα)−H′′
(z))dz,

which implies

ηαα =(−1)α+1ξαhα

∫ 1

0

∫ ∞

−∞

[
2H′′

(z − shα)H
′
(z − shα) +H′

(z − shα)H
′′
(z − hα)

]
dzds

+ ξαhα

∫ 1

0

∫ ∞

−∞
vαH

′′′
(z − shα)dzds.

Hence, for all 0 ≤ j ≤ k,

|ηαα|j + |ηαα|j,θ ≲ Λ2(ε+ ω(j)
α + a0.9α )(ε+ |ω(j)

α |′0 + |a0.9α |′0)∥ξα∥⋆∥hα∥⋆,
(5.41)

|(ηαα)ν |j−1 + |(ηαα)ν |(j−1),θ ≲ Λ3(ε+ ω(j)
α + a0.9α )(ε+w(j)

α + a0.9α )(ε+ |ω(j)
α |′0 + |a0.9α |′0)∥ξα∥⋆∥hα∥⋆.
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Similarly,

ηαβ = (−1)αξα

∫
R
(gβ(−;hβ)− gβ(−; 0))H′′

α(−;hα) dz

+ (−1)αξα

∫
R
(gβ(−; 0) + sgn(β − α))(H′′

α(−;hα)−H′′
α(−; 0)) dz

+ (−1)β
∫
R
ξβ(Πβ)(g

′
β(−;hβ)− g′β(−; 0))H′

α(−;hα) dz

+ (−1)β
∫
R
ξβ(Πβ)g

′
β(−; 0)(H′

α(−;hα)−H′
α(−; 0)) dz.

which implies, by Taylor’s theorem, that

ηαβ = (−1)α+β+1ξα

∫ 1

0

∫
R
hβ(Πβ)g

′
β(−; thβ)H′′

α(−;hα) dz dt

− ξαhα

∫ 1

0

∫
R
(gβ(−; 0) + sgn(β − α))H(3)

α (−; thα) dz dt

−
∫ 1

0

∫
R
ξβ(Πβ)hβ(Πβ)g

′′
β(−; thβ)H′

α(−;hα) dz dt

+ (−1)α+β+1hα

∫ 1

0

∫
R
ξβ(Πβ)g

′
β(−; 0)H′′

α(−; thα) dz dt.

Hence, (similar to Step 2) if η̄α =
∑

β ̸=α ηαβ, 0 ≤ j ≤ k,

|η̄α|j + |η̄α|j,θ + |(η̄α)ν |j−1 + |(η̄α)ν |(j−1),θ(5.42)

≲ Λ2(ε+ |w(j)
α |′0 + |a0.9α |′0)(ε+w(j)

α + a0.9α )a0.9α ∥ξ∥∥h∥.

Hence, (5.41) and (5.42) imply that the constant cε = o(1) in (5.40). This concludes the proof of
(ii) in Claim 5.9.
Proof of (iii). Let fα = Fα(0). Then

fα(y) =

∫ ∞

−∞

[
u(y, z)−Hα(y, z; 0)−Gα(y, z; 0)

]
H′

α(y, z; 0)dz(5.43)

−
∑

β∈Iα,y

∫ ∞

−∞

[
Hβ(y, z; 0) +Gβ(y, z; 0) + sgn(β − α)(−1)β

]
H′

α(y, z; 0)dz.

Hence, using Lemmas 5.2, 4.32, 4.30 and (5.5), we obtain

|fα|0 + |fα|0,θ ≲ ε+ ω(0)
α + a0.9α .

Differentiating (5.43) with respect to yi we obtain

∂yifα(y) =

∫ ∞

−∞

[
∂yivα(y, z)−Gα,i(y, z; 0)

]
H′

α(y, z; 0)dz(5.44)

−
∑

β∈Iα,y

(−1)β
∫ ∞

−∞

[
H′

β(y, z; 0) +G′
β(y, z; 0)

]
∂yitβ(y, z)H

′
α(y, z; 0)dz

−
∑

β∈Iα,y

n∑
m=1

∫ ∞

−∞
Gβ,m(y, z; 0)∂yiΠ

m
β (y, z)H′

α(y, z; 0)dz.
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Hence (using (5.16))

|fα|1 + |fα|1,θ ≲ ε+ ω(1)
α + a0.9α .

By further differentiating (5.44), one can show that

(5.45) |fα|j + |fα|j,θ ≲ ε+ ω(j)
α + a0.9α , 0 ≤ j ≤ k.

On ∂0C
+
R (0), the Neumann condition for u, the definition of vα, and (5.6) give

∂y1vα −Gα,1(−; 0) = ⟨∇vα, ∂y1 − ∂x1⟩ − (−1)αH(1)
α (y, z; 0)J̃α(y, z)− δα(y, (−1)αz).(5.46)

Indeed, ∂x1vα = −(−1)αH(1)
α Jα, whereas the boundary condition forGα gives−Gα,1 = (−1)αwαH

(1)
α z−

δα(y, (−1)αz); now use J̃α = Jα − wαz. We also recall that

|δα|3 ≲ ε3

by (5.7).
Let ϱ : ∂0Σα ∩ C9R/10 → R be defined by

ϱ(y) =

∫ ∞

−∞

[
∂y1vα(y, z)−Gα,1(y, z; 0)

]
H′

α(y, z; 0)dz

(5.46), (5.16), (4.29) and Lemma 4.17 imply

(5.47) |ϱ|(j−1) + |ϱ|(j−1),θ ≲ εω(j)
α + ε2 ∀1 ≤ j ≤ k.

Therefore, using (5.44), (5.47), (5.5), (5.16) and Lemmas 5.2, 4.13, 4.29 we obtain

(5.48) |(fα)ν |j−1 + |(fα)ν |j−1,θ ≲ ε2 + εω(j)
α + εa0.9α ∀1 ≤ j ≤ k.

(5.45) and (5.48) imply ∥fα∥∗ = O(Λ−1).
This finishes the proof (iii), and therefore the proof of Claim 5.9. Hence we finish the proof of

Proposition 5.7. □

From now on, let h = (hα) be the optimal layer shift function given by Proposition 5.7. We shall
use the following notation:

H(k)
α (y, z) = H(k)

α (y, z;hα), Gα(y, z) = Gα(y, z;hα),

G(k)
α (y, z) = G(k)

α (y, z;hα) Gα,i(y, z) = Gα,i(y, z;hα)

G(k)
α,ij(y, z) = G(k)

α,ij(y, z;hα) ∂Gα = (Gα,1, . . . ,Gα,n,G′
α)

H∗(y, z) = H(y, z;h) G∗(y, z) = G(y, z;h)

g∗(y, z) = H∗(y, z) +G∗(y, z)

Finally, we denote by

(5.49) ϕ = u− g∗ = u− (H∗ +G∗)

the difference between the real solution and the approximate one.

Corollary 5.10. Let K > 0. For any polynomial p(z) in |z|, k ≥ 0 and σ ∈ (0, 1), we have

(5.50) ∥p(z)eσ|z|Gα(y, z)∥C2,θ
loc (Σα×(−2R,2R))

≲k,p,σ ε

and

(5.51) ∥G∗(y, z)∥C2,θ
loc (Σα×(−2R,2R))

≲ ε
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as well as

∥G(y, z;h)−G(y, z; 0)∥
C2,θ

loc (Σα×(−2R,2R))

≲ ε∥e−σ|tα+1(y,z)| + e−σ|tα−1(y,z)|∥C0
loc(Σα×(−2R,2R)) + ε∥hα∥C2,θ

loc (Σα)
.

(5.52)

Proof. Note first that since the pointwise estimates in (5.5) for Ĝα(y, z) are valid for every σ ∈ (0, 1),
then the same holds for Ḡα(y, z) (it is useful to note here that derivatives of the cut-off ζε are
supported in the annulus (−8| log ε|,−4| log ε|) ∪ (4| log ε|, 8| log ε|)). In particular, the size of the
interval in the z-direction does not affect the estimates.

To prove (5.50), fix σ > 0, and choose σ′ ∈ (0, 1) in (5.5) satisfying σ′ > σ, so that the term

p(z)eσ|z| can be absorbed by e−σ′|z|, leaving only the bound ε. The bound in (5.51) follows from
(5.5). Lastly, (5.52) follows by expressing everything in twisted Fermi coordinates (y, z) with respect
to Σα and combining (4.67) with the higher order version of the estimate (5.5). □

To better estimate the terms wα and aα from Proposition 5.7 we need to introduce the following
quantity (cf. [WW19b, Subsection 3.2])

(5.53) A(r;x) := max
α

max
y∈Σα∩Br(x)

e−Dα(y),

where the setup is an in Section 4, while Dα(·) has been defined in (4.64).

Lemma 5.11. For wα and aα defined in (5.23) and (5.20), we have the following estimate

(5.54)

wα(y) ≲ ε+ ∥ϕ∥C2,θ(Bα
2 (y)×[−25| log ε|,25| log ε|]) +A(40| log ε|; (y, 0))3/4

+ sup
β:|tβ(y,0)|<17| log ε|

∥hβ∥C2,θ(Bβ
3 (Πβ(y,0)))

aα(y) ≲ A(40| log ε|; (y, 0))

Proof. In order to prove the lemma, we start by establishing the following pointwise estimate

|ωα(y)| ≲ ∥ϕ∥C2,θ(Bα
2 (y)×[−10| log ε|,10| log ε|]) + ∥hα∥C2,θ(Bα

2 (y))
+ max

Bα
2 (y)

e−
3
4
Dα(y) + ε,(5.55)

where we recall from (5.20) the definition of ωα(y) = ω
(2)
α (y). To do so, we expand vα as follows

vα(y, z) = ϕ(y, z) +
(
Hα(y, z;hα)−Hα(y, z; 0)

)
+G∗(y, z)

+
∑
β ̸=α

(
Hβ(y, z;hβ) + sgn(β − α)(−1)β

)
.(5.56)

where the second equality follows from the definition of ϕ in (5.49). To infer the desired bound, we

need to estimate the terms |vα|0, |vα|1, |vα|2, and |vα|2,θ multiplied by (1+ |z|3)e−|z|. The first order
term |vα|0 can be dealt with by appealing to Lemma 5.2 and Lemma 5.3 directly. In particular, the
first term on the right-hand side of (5.55) arises from estimating the first term on the right-hand side
of (5.56). Similarly, by Lemma 4.30, Remark 5.8, the estimates of G∗ in Corollary 5.10 the second,
third, and fourth terms in (5.55) come from (in order of appearance) from estimating the second,
third, and fourth terms of (5.56). Note that we used the estimate hα = o(1) from Proposition 5.7,
see Remark 5.8.

The higher order estimates on vα can be estimated in a similar fashion, after differentiating the
above expression for vα. Hence we obtain (5.55).
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To conclude, recall the definition of wα(y) and Iα,y in (5.20). Combining them with (5.55), we
obtain

wα(y) = w(2)
α (y) ≲ ε+ ∥ϕ∥C2,θ(Bα

2 (y)×[−25| log ε|,25| log ε|])

+ sup
β:|tβ(y,0)|<17| log ε|

(
∥hβ∥C2,θ(Bβ

2 (Πβ(y,0)))
+ max

Bβ
2 (Πβ(y,0))

e−
3
4
Dβ

)
.

Using this, the definition of aα(y) and the definition of A(r;x) in (5.53), we obtain the two estimates
in (5.54). □

5.4. Controlling h by ϕ. In order to derive the Toda system, we prove the following estimates
on hα. Compare them with the ones in Remark 5.8. In later sections, we will further improve on
these.

Lemma 5.12 (First improved estimates). For each α and for y ∈ Σα ∩B+
7
8
R−2

(0), we have

(5.57) ∥hα∥C2,θ(Bα
1 (y))

≤ C∥ϕ(·, 0)∥C2,θ(Bα
1 (y,0))

+ C max
Bα

1 (y)
e−Dα + Cε2

and

∥∇α,0hα∥C1,θ(Bα
1 (y))

≤ Cε2 + C∥∇α,0ϕ(·, 0)∥C1,θ(Bα
1 (y,0))

+ Cε1/6 max
Bα

1 (y)
e−Dα

+ C

(
max

β:|tβ(y,0)|≤9| log ε|
∥∇β,0hβ∥C1,θ(Bβ

2 (Π
β(y,0)))

)
max
Bα

1 (y)
e−Dα .

(5.58)

If, in addition, y ∈ ∂0Σα, then

(5.59) ∥∂y1hα∥C1,θ(B0,α
1 (y))

≤ C∥ϕ∥2C2,θ(Bα
4 (y,0)×[−50| log ε|,50| log ε|]) + CA(50| log ε|; (y, 0))3/2 + Cε2

where the constants C in the above estimates are uniform in α and y.

Proof. In twisted Fermi coordinates with respect to Σα we have ϕ(y, 0) = −H∗(y, 0) − G∗(y, 0).
Since ∥hβ∥C2,θ = o(1), arguing as in [WW19b, Lemma 4.6], we obtain

∥hα∥C2,θ(Bα
1 (y))

≲ ∥ϕ∥C2,θ(Bα
1 (y,0))

+ max
Bα

1 (y)
e−Dα(·) + ∥G∗∥C2,θ(Bα

1 (y))
.

Combining now (5.52) (from Corollary 5.10) with Gα(y, 0; 0) = 0, which in turn follows from Gα

being odd, we have

∥G∗∥C2,θ(Bα
1 (y))

≲ ε∥hα∥C2,θ(Bα
1 (y))

+ ε max
Bα

1 (y)
e−σDα where σ ∈ (1/2, 1).

The two inequalities above, together with Cauchy’s inequality, imply the desired bound (5.57).
Differentiating the expression ϕ(y, 0) = −H∗(y, 0) − G∗(y, 0), appealing to Proposition 4.26 to
handle the terms ∇α,0tβ and to Lemma 4.11 to have uniform boundedness of |∇α,0Πβ|, and arguing
in a similar fashion, we obtain (5.58) as well. Second derivatives ∇2

α,0hα are handled in the exact

same way, while for the Hölder terms we need to use the bound |∇2
α,0tβ| ≲ ε.

To obtain (5.59), recall the estimate on the Neumann derivative of hα from Remark 5.8. This,
together with the estimates for wα, aα in (5.54) of Lemma 5.11, and the improved estimates on hα
just shown in (5.57), give (5.59). □

Remark 5.13. Compared with [WW19b, (4.13) in Lemma 4.6], the influence of the error term of

order Cε2 in (5.57) on our final curvature estimates is negligible. Furthermore, the ε1/6 appearing

in estimate (5.58) and later sections can be improved to ε1/4| log ε|3/4 by appealing to Proposition
4.26.
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6. Equation for the error and mean curvature approximation by Toda system

We derive the equation satisfied by the error function ϕ defined in (5.49), and then project this
equation onto H′

α to obtain the Toda system. We use the geometric estimates of Section 4, the
heteroclinic estimates in Section 5, and the optimal shifts of Proposition 5.7. In particular, the
shifts are o(1) in C3,θ as in Remark 5.8.
B+

s (y, z) denotes the ambient coordinate ball B+
s (YΣα(y, z)), intersected with the half-domain. A

sheet ball Bα
s (y) is the coordinate ball on Σα defined in Section 5. We identify a base point y ∈ Σα

with the ambient point YΣα(y, 0).

6.1. Equation for the error ϕ. The following computation is the counterpart of [WW19b, (4.11)],
with the boundary correction and the twisted-coordinate terms retained.

Proposition 6.1. In the α-coordinates, the error satisfies

∆α,zϕ−Hα(y, z)∂zϕ+ ∂zzϕ+ Eαϕ

=W ′(H∗ +G∗ + ϕ)−
∑
β

W ′(Hβ)−
∑
β

W ′′(Hβ)Gβ

+ (−1)αH′
α

(
Hα(y, z) + ∆α,zhα

)
−H′′

α|∇α,zhα|2

+
∑
β ̸=α

[
(−1)βH′

βRβ,1 −H′′
βRβ,2

]
−
∑
β

ξβ −
∑
β

EβHβ +
∑
β

Gβ,

(6.1)

where Eα(y, z) is the second order linear differential operator defined in (4.43), Hα(y, z) is the mean
curvature of Σα,z (cf. Proposition 4.19), and

ξβ(y, z) = ξ̄1
(
(−1)β(z − hβ(y))

)
+ ξ̄2,β

(
y, (−1)β(z − hβ(y))

)
,

Rβ,1(y, z) = Hβ(y, z) + ∆β,zhβ(y),

Rβ,2(y, z) = |∇β,zhβ(y)|2,

Rβ,3(y, z) = − 2(−1)β
n∑

i,j=1

gijβ (y, z)G
′
β,i(y, z)∂yjhβ(y),

Rβ,4(y, z) =

n∑
i,j=1

(
gijβ (y, z)− gijβ (y, 0)

)
Gβ,ij(y, z)

−
n∑

i,j,k=1

(
gijβ (y, z)Γ

k
β,ij(y, z)− gijβ (y, 0)Γ

k
β,ij(y, 0)

)
Gβ,k(y, z).

(6.2)

The correction terms are

Gβ = Gβ,1 + Gβ,2 + Gβ,3 + Gβ,4 + Gβ,5,

Gβ,1 = (−1)βG′
βRβ,1,

Gβ,2 = −G′′
βRβ,2,

Gβ,3 = −Rβ,3,

Gβ,4 = −Rβ,4,

Gβ,5 = −EβGβ.

(6.3)
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At every base point to which Proposition 5.7 applies, one also has

(6.4)

∫
R
ϕ(y, z)H′

α(y, z) dz = 0.

Proof. In twisted Fermi coordinates with respect to Σβ, one has Z̃ = ∂z −
∑

i T
i∂yi . Expanding

∆ = ∆β,z + Z̃2 −HβZ̃ gives

Eβϕ = − 2
∑
i

T i∂yizϕ+
∑
i,j

T iT j∂yiyjϕ+
∑
j

(∑
i

T i∂yiT
j − ∂zT

j +HβT
j
)
∂yjϕ.(6.5)

and the coefficients can be estimated by (4.30). The chain rule gives

∂yiGβ = Gβ,i − (−1)βG′
β∂yihβ,

∂yiyjGβ = Gβ,ij − (−1)β
(
G′

β,i∂yjhβ +G′
β,j∂yihβ +G′

β∂yiyjhβ
)

+G′′
β∂yihβ∂yjhβ,

∂zGβ = (−1)βG′
β, ∂zzGβ = G′′

β.

(6.6)

After contraction with gijβ (y, z), the two terms containing G′
β,i∂yjhβ give Rβ,3, while the difference

between the first-argument Laplacians at heights z and 0 is Rβ,4. Hence the equation for Ḡβ in
(5.6) becomes

∆Gβ =W ′′(Hβ)Gβ + ξ2,β − (−1)βG′
βRβ,1 +G′′

βRβ,2

+Rβ,3 +Rβ,4 + EβGβ.
(6.7)

For the heteroclinic, we have

∂yiHβ = −(−1)βH′
β∂yihβ, ∂yiyjHβ = H′′

β∂yihβ∂yjhβ − (−1)βH′
β∂yiyjhβ.

Since ∂zHβ = (−1)βH′
β and ∂zzHβ = H′′

β, we obtain

∆Hβ =W ′(Hβ) + ξ̄1
(
(−1)β(z − hβ(y))

)
− (−1)βH′

βRβ,1 +H′′
βRβ,2 + EβHβ.

(6.8)

Finally, by the Allen–Cahn equation

(6.9) ∆u =W ′(H∗ +G∗ + ϕ).

Subtracting the sum of (6.8) and (6.7) from (6.9) gives (6.1). Finally, (6.4) is (5.21). □

The nonlinear terms admit the following exact decomposition

W ′(u)−
∑
β

W ′(Hβ)−
∑
β

W ′′(Hβ)Gβ =W ′′(H∗)ϕ+R(G∗ + ϕ) + I1 + I2,(6.10)

where

R(G∗ + ϕ) =W ′(H∗ +G∗ + ϕ)−W ′(H∗)−W ′′(H∗)(G∗ + ϕ),

I1 =W ′(H∗)−
∑
β

W ′(Hβ),

and

I2 =
∑
β

I2,β =
∑
β

(
W ′′(H∗)−W ′′(Hβ)

)
Gβ.
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Moreover, by Taylor’s formula

R(G∗ + ϕ) = (G∗ + ϕ)2
∫ 1

0
(1− t)W ′′′(H∗ + t(G∗ + ϕ)

)
dt.

The sums H∗ and G∗ have uniform C2,θ(B+
1 (p)) bounds for p ∈ B+

7R/8−2(0), by exponential decay

and separation of the sheets. Interior and Neumann estimates for u on B+
2 (p) give the same bound

for u, and hence for ϕ, on B+
1 (p). Hence,

(6.11) ∥R(G∗ + ϕ)∥Ck,θ(Ω) ≤ C
(
∥G∗∥2Ck,θ(Ω) + ∥ϕ∥2Ck,θ(Ω)

)
, k = 0, 1, 2.

Constants in these estimates do not depend on the number of sheets.

Lemma 6.2 (Interaction terms). For (y, z) ∈ M4
α ∩B+

7R/8−2(0),

(6.12) |I1(y, z)| ≤ C
(
e−Dα(y) + ε2

)
,

(6.13) |I2(y, z)| ≤ C
(
e−3Dα(y)/2 + ε2

)
.

For (y, z) ∈ M3
α ∩B+

7R/8−2(0), the corresponding norm estimates are

∥I1∥Cθ(B+
1 (y,z)) ≤ C∥I1∥Lip(B+

1 (y,z)) ≲ sup
Bα

2 (y)
e−Dα + ε2,(6.14)

∥I2∥Cθ(B+
1 (y,z)) ≤ C∥I2∥Lip(B+

1 (y,z)) ≲ sup
Bα

2 (y)
e−3Dα/2 + ε2.(6.15)

Proof. The proof follows the interaction estimates in [WW19b, Section 4.2]. By Proposition 4.25,
separation, and Lemma 4.30, we have

(6.16)
∑

β: |tβ(x)|≤10| log ε|

e−σ|tβ(x)| ≤ Cσ (σ > 0).

The same geometric-series argument bounds the sum over |tβ(x)| > s by Cσe
−σs. On Mλ

α, the sum

over all the sheets β ̸= α is bounded by Cσe
−σ|z|.

Let us begin with the term I1 =W ′(H∗)−
∑

βW
′(Hβ). For β ̸= α, exponential decay gives

|Hβ − sgn(α− β)(−1)β|+ |∇Hβ| ≤ Ce−|tβ |,

|W ′′(Hα)− 1|+ |∇W ′′(Hα)| ≤ Ce−|z|.(6.17)

Hence, Taylor expansion using W ′(±1) = 0 and W ′′(±1) = 1 yields

I1 = [W ′′(Hα)− 1]
∑
β ̸=α

[Hβ − sgn(α− β)(−1)β] +O
((∑

β ̸=α

e−|tβ |
)2)

.

Differentiating the integral Taylor remainder and using (6.17) gives the same quadratic bound for
the first derivatives. Hence

|I1|+ |∇I1| ≤ Ce−|z|
∑
β ̸=α

e−|tβ |.

The terms with |tβ| > 2| log ε| sum to O(ε2). For the other indices, Proposition 4.25 gives |z| +
|tβ(y, z)| ≥ |tβ(y, 0)| − o(1). Summing these contributions proves (6.12).

For I2 =
∑

β[W
′′(H∗) − W ′′(Hβ)]Gβ, let us first separate the α-sheet contribution from the

contributions of the other sheets.
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For the α sheet, by Taylor expansion,

|W ′′(H∗)−W ′′(Hα)|+ |∇(W ′′(H∗)−W ′′(Hα))| ≤ C
∑
β ̸=α

e−|tβ |,

while for β ̸= α,

|W ′′(Hβ)− 1|+ |∇W ′′(Hβ)| ≤ Ce−|tβ |.

Combining these inequalities with Corollary 5.10, for any fixed σ ∈ [3/4, 1),

|I2|+ |∇I2| ≤ Cσε
∑
β ̸=α

(
e−σ|z|−|tβ | + e−|z|−σ|tβ |

)
≤ Cσε

∑
β ̸=α

e−σ(|z|+|tβ |).

The second inequality uses the preceding distance splitting; the last is Young’s inequality. This
proves (6.13).

If either distance is larger than 2| log ε|, then

Cσεe
−2σ| log ε| = Cσε

1+2σ ≤ Cσε
2.

Otherwise the distance comparison and Lemma 4.30 give

Cσε
∑
β ̸=α

e−σ|tβ(y,0)| ≤ Cσεe
−σDα(y) ≤ Cσ

(
ε2 + e−2σDα(y)

)
.

Taking σ = 3/4 proves (6.13) and its first-derivative analogue.
Fix p = YΣα(y, z) ∈ M3

α ∩B+
7R/8−2(0). Then B

+
1 (p) ⊂ M6

α and Πα(B
+
1 (p)) ⊂ Bα

2 (y). Apply the

preceding pointwise and first-derivative estimates at the points of B+
1 (p), taking the supremum of

e−Dα and e−3Dα/2 on Bα
2 (y). The Lipschitz bound on B+

1 (p) controls its C
θ norm and proves (6.14)

and (6.15). □

Lemma 6.3. Let (y, z) ∈ B+
7R/8−2(0). Then

(6.18)
∥∥∥∑

β

ξβ

∥∥∥
Cθ(B+

1 (y,z))
≤ Cε3.

For |z| ≤ 9| log ε| one has

∥Eαϕ∥Cθ(B+
1 (y,z)) ≤ Cε(1 + |z|2)∥ϕ∥C2,θ(B+

1 (y,z))

≤ Cε2(1 + |z|4) + C∥ϕ∥2
C2,θ(B+

1 (y,z))
.(6.19)

The other geometric and correction terms satisfy∥∥∥∑
β

EβHβ

∥∥∥
Cθ(B+

1 (y,z))
≤ Cε max

β: |tβ(y,z)|≤10| log ε|
∥hβ∥C2,θ(Bβ

2 (Πβ(y,z)))
+ Cε2,(6.20) ∥∥∥∑

β

Gβ

∥∥∥
Cθ(B+

1 (y,z))
≤ Cε max

β: |tβ(y,z)|≤10| log ε|
∥hβ∥C2,θ(Bβ

2 (Πβ(y,z)))
+ Cε2.(6.21)

Proof. We estimate the four expressions in the order in which they occur in the statement.
First, by (5.1) and (5.7), we have

∥ξβ∥Cθ(B+
1 (y,z)) ≤ Cε3e−|tβ(y,z)|/4,

and summing with (6.16) proves (6.18).
Next, on |z| ≤ 9| log ε|, the coefficients in (6.5), together with their local Cθ norms, are bounded

by Cε(1 + |z|2), so the product estimate gives the first line of (6.19); Young’s inequality gives the
second line.
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For (6.20), the proof proceeds as in the previous paragraph. We compute∣∣∣∑
β

Eα(y, z)(Hβ)
∣∣∣ ≲∑

β

e−|tβ(y,z)|[ε|z|(|∇2
βhβ|+ |∇βhβ|)]

≲ ε max
β:|tβ(y,0)|<8| log ε|

(|∇2
βhβ|+ |∇βhβ|) + ε2,

where we appealed to (4.62) and (4.67) to estimate DΠβ and to control the exponential sum. The

Cθ-Hölder norm estimate follows in a similar way.
Finally, to prove (6.21), we estimate the five terms in (6.3) before summing them. Notice that

their Cθ norms are bounded respectively by

∥Gβ,1∥Cθ ≤ Cσεe
−σ|z|(ε+ ∥hβ∥C2,θ

)
,

∥Gβ,2∥Cθ ≤ Cσεe
−σ|z|∥hβ∥2C2,θ ,

∥Gβ,3∥Cθ ≤ Cσεe
−σ|z|∥hβ∥C1,θ ,

∥Gβ,4∥Cθ + ∥Gβ,5∥Cθ ≤ Cσε
2e−σ|z|,

(6.22)

where the first line uses Hβ = O(ε); the second uses Rβ,2 = |∇β,zhβ|2; and the third is the explicit

term Rβ,3 in (6.2). For the fourth line, the coefficients in Rβ,4 are O(ε(1 + |z|2)) in Cθ
loc, while the

derivatives of Ḡβ are O(εe−σ|z|). The same reasoning applies to EβGβ, using (6.6). Summing (6.22)
by (6.16) proves (6.21). □

6.2. Mean curvature and the Toda system with rough error. Substituting (6.10) into (6.1)
gives

∆α,zϕ−Hα∂zϕ+ ∂zzϕ =W ′′(H∗)ϕ+ I1 + I2 +R(G∗ + ϕ)

+ (−1)αH′
α(Hα +∆α,zhα)−H′′

α|∇α,zhα|2

+
∑
β ̸=α

[
(−1)βH′

βRβ,1 −H′′
βRβ,2

]
−
∑
β

ξβ

− Eαϕ−
∑
β

EβHβ +
∑
β

Gβ,

(6.23)

where the estimates for R(G∗), I1, I2 and the last four terms are given in (6.11), Lemma 6.2 and
Lemma 6.3.

We can now derive the Toda system satisfied by the layer distances.

Proposition 6.4 (Toda system). For sufficiently small ε, on Σα ∩B+
7R/8−2(0),

(6.24) Hα(y, 0) + ∆α,0hα(y) =
2

σ0

(
A2

(−1)α−1e
−|tα−1(y,0)| −A2

(−1)αe
−|tα+1(y,0)|)+ E0

α(y).

Here A±1 are defined in (C.1). For every x ∈ B+
6R/7(0) and 0 < r < R/60, the remainder satisfies

max
α

∥E0
α∥Cθ(Σα∩B+

r (x)) ≲ ε2 + ε1/3A(r + 25| log ε|;x) +A(r + 25| log ε|;x)3/2

+max
α

∥Hα +∆α,0hα∥2Cθ(Σα∩B+
r+25| log ε|(x))

+ ∥ϕ∥2
C2,θ(B+

r+25| log ε|(x))
.

(6.25)
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Proof. Fix x ∈ B+
6R/7(0) and 0 < r < R/60. Differentiating (6.4) twice and taking the horizontal

trace gives ∫
R
∆α,0ϕH′

α dz = (−1)α∆α,0hα

∫
R
ϕH′′

α dz − |∇α,0hα|2
∫
R
ϕH′′′

α dz

+ 2(−1)α
∫
R
⟨∇α,0ϕ,∇α,0hα⟩H′′

α dz.

Multiply (6.23) by H′
α and integrate in z with respect to dz. The identity H̄′′′ = W ′′(H̄)H̄′ + ξ̄′1

cancels the principal normal term, up to the cutoff error.
Now set

Eα(y) =

∫
R

[
I2 +R(G∗ + ϕ)− Eαϕ−

∑
β

EβHβ +
∑
β

Gβ

]
H′

α dz.

Lemmas 6.2 and 6.3, (6.11), and the correction bounds in Corollary 5.10 give

(6.26) max
α

∥Eα∥Cθ(Σα∩B+
r (x)) ≤ Cε2 + CA(r + 25| log ε|;x)3/2 + C∥ϕ∥2

C2,θ(B+
r+25| log ε|(x))

.

Then, we estimate the remaining terms as in [WW19b, proof of Lemma 5.1], using Proposition 4.19
and Lemma 5.12 . In particular, for the β ̸= α curvature terms, retain Hβ(·, 0)+∆β,0hβ as a single

Cθ factor and bound the overlap using∫
R
e−|z|−|z+t| dz = (1 + |t|)e−|t| ≤ Ce−3|t|/4.

Together with the distance comparison and exponential summability, this bounds their contribution
by a constant times A(r + 25| log ε|;x)3/4 multiplied by maxβ ∥Hβ + ∆β,0hβ∥Cθ . The potential-
difference term is bounded in the same way, with the curvature norm replaced by ∥ϕ∥C2,θ . Young’s
inequality, the cutoff estimates, and (6.26) therefore give

max
α

∥∥∥(−1)α(Hα(·, 0) + ∆α,0hα)

∫
R
(H′

α)
2 dz +

∫
R
I1H′

α dz
∥∥∥
Cθ

≤ Cε2 + CA(r + 25| log ε|;x)3/2 + Cmax
β

∥Hβ +∆β,0hβ∥2Cθ + C∥ϕ∥2C2,θ .(6.27)

All these estimates hold in Cθ.
In order to estimate the leading interaction, we use the decomposition in [WW19b, Lemma B.1],

where only the two adjacent linear tails contribute at leading order. The quadratic tails contribute
CA(r + 25| log ε|;x)3/2, while nonadjacent tails contribute CA(r + 25| log ε|;x)2. On the common

logarithmic strips, the estimates of Section 4 give tβ(·, z)−tβ(·, 0)−z = OC1(ε1/3); the first-derivative
bound follows by differentiating along the twisted flow. We can then proceed as in [WW19b, Lemma
5.1]. Using (C.1) gives

max
α

∥∥∥∥∫
R
I1H′

α dz + 2(−1)α
(
A2

(−1)α−1e
−|tα−1(·,0)| −A2

(−1)αe
−|tα+1(·,0)|

)∥∥∥∥
Cθ

≤ Cε2 + Cε1/3A(r + 25| log ε|;x) + CA(r + 25| log ε|;x)3/2 + C∥ϕ∥2C2,θ .(6.28)

Finally,
∫
R(H

′
α)

2 dz =
∫
R(H̄

′)2 dz = σ0 +O(ε3), independently of y and α. Combining (6.27) and

(6.28), dividing by this positive mass and by (−1)α, and using A2 ≤ A3/2 for 0 ≤ A ≤ 1, proves
(6.24) with the remainder estimate (6.25). □



48 AKASHDEEP DEY, WENKUI DU, DAVIDE PARISE, AND LORENZO SARNATARO

Corollary 6.5. For sufficiently small ε, every x ∈ B+
6R/7(0) and 0 < r < R/60 satisfy

max
α

∥Hα +∆α,0hα∥Cθ(Σα∩B+
r (x))

≤ 1

4

[
max
α

∥Hα +∆α,0hα∥Cθ(Σα∩B+
r+25| log ε|(x))

+ ∥ϕ∥C2,θ(B+
r+25| log ε|(x))

]
+ Cε2 + CA(r + 25| log ε|;x).

(6.29)

Proof. The mean value theorem and the uniform bound for the tangential derivatives of the distance
functions give

∥e−|tα±1(·,0)|∥Cθ(Σα∩B+
r (x)) ≤ CA(r + 25| log ε|;x).

Combining this with (6.24)-(6.25) gives

max
α

∥Hα +∆α,0hα∥Cθ(Σα∩B+
r (x)) ≤ Cε2 + CA(r + 25| log ε|;x)

+ Cmax
α

∥Hα +∆α,0hα∥2Cθ(Σα∩B+
r+25| log ε|(x))

+ C∥ϕ∥2
C2,θ(B+

r+25| log ε|(x))
.

(6.30)

Since Hα = O(ε) in Cθ and hα = o(1) in C3,θ, the Cθ norm of Hα + ∆α,0hα on B+
r+25| log ε|(x)) is

o(1) uniformly, therefore we can absorb it and obtain (6.29). □

7. Inner-outer gluing estimates for the error function ϕ

We estimate the error ϕ = u−H∗−G∗ by combining the equation and the orthogonality condition
obtained in Section 6. The argument follows the inner–outer decomposition of [WW19b, Section
6]. At the boundary, however, the approximate solution has nonzero Neumann derivative, which
we shall estimate in Section 7.1.

Proposition 7.1 (C2,θ estimates). For every fixed θ ∈ (0, 1) there are ε0 > 0 and C <∞, depending
only on the standing data and θ, such that, whenever 0 < ε < ε0, x ∈ B+

6R/7(0) and 0 < r < R/60,

∥ϕ∥C2,θ(B+
r (x)) +max

α
∥hα∥C2,θ(Σα∩B+

r (x))

+max
α

∥Hα(·, 0) + ∆α,0hα∥Cθ(Σα∩B+
r (x)) ≤ Cε2 + CA(r + 100| log ε|2;x).

(7.1)

The constants are independent of the number of sheets.

We shall use the following qualitative smallness statement

∥φ∥C2,θ(B+
7R/8−2

(0)) +max
α

∥Hα(·, 0) + ∆α,0hα∥Cθ(Σα∩B+
7R/8−2

(0)) = o(1) as ε→ 0,

which follows from Lemma 4.30, Lemma 4.31, (5.51), and the fact that Hα = O(ε) in Cθ and
hα = o(1) in C3,θ (see [WW19b, Remark 4.2]).

7.1. Neumann derivative estimates for ϕ.

Proposition 7.2 (Neumann derivative estimate). For each ambient ball B+
r (x) used in this section,

with B+
r+80| log ε|(x) ⊂ B+

7R/8−2(0),

∥∂νϕ∥C1,θ(∂0B
+
r (x)) ≲ ε2 + ∥ϕ∥2

C2,θ(B+
r+80| log ε|(x))

+A(r + 80| log ε|;x)3/2.(7.2)

Proof. We first compute the contribution of one sheet in its own coordinates. Set

(7.3) Nβ = ∂ν(Hβ +Gβ), −∂νϕ =
∑
β

Nβ.
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By (5.8), we have the exact formula

Nβ(y, z) = (−1)β(H′
β +G′

β)
(
Jβ −

n∑
j=1

(∂yjhβ) ∂νyj
)
+

n∑
j=1

Gβ,j ∂νyj .(7.4)

By definition of Gβ,1 and (5.6), we have

Gβ,1(y, z) = −(−1)βwβ(y)(z − hβ(y))H′
β(y, z) + δβ

(
y, (−1)β(z − hβ(y))

)
.

Substituting this and Jβ = wβz + J̃β into (7.4) yields

Nβ = (−1)βH′
β

(
J̃β + wβhβ − ∂y1hβ

)
+ δβ

(
y, (−1)β(z − hβ)

)
+ (−1)βG′

β

(
Jβ − ∂y1hβ

)
+

n∑
j=1

(∂νyj − δ1j)
[
Gβ,j − (−1)β(H′

β +G′
β)∂yjhβ

]
.

(7.5)

This provides the cancellation of the order ε term zH̄′. We estimate the four displayed contributions
separately. First,

∥∂νyj − δ1j∥C1,θ ≤ Cε(1 + |z|3), ∥J̃β∥C1,θ ≤ Cε2(1 + |z|6)

by the flow estimates and Lemma 4.17.
Moreover,

δβ(y, z) = (1− ζε(z))wβ(y)zH̄′(z)

is supported where |z| ≥ 4| log ε| and has local C1,θ norm at most Cε2e−|z|/2. Finally, Corollary

5.10 bounds G′
β and Gβ,j by Cεe−σ|z| for any fixed σ ∈ (1/2, 1). Absorbing the polynomial factors

in z into this exponential decay and applying the product inequality to (7.5) gives

∥Nβ∥
C1,θ(B0,β

1 (y)×(z−1,z+1))
≤ Ce−|z|/2(ε2 + ∥hβ∥2C2,θ(Bβ

2 (y))

+ ∥∂y1hβ∥C1,θ(B0,β
2 (y))

)
.

(7.6)

Apply (5.57) and (5.59) to the two norms of hβ in (7.6). Their right-hand sides are bounded by

Cε2, the squared ambient C2,θ norm of ϕ, and the corresponding A3/2 term, since the A2 produced
by squaring (5.57) is smaller than A3/2. Lastly,∑

β: |tβ |≤9| log ε|

e−|tβ |/2 ≤ C

by (6.16). Summing (7.6) in (7.3) proves (7.2). □

Fix L > 1, to be chosen large before ε is chosen small, and retain the notation

Ω1
α = {|tα| < L} ∩M0

α,

Ω2
α = {|tα| > L/2} ∩M0

α,

Ω3
α = {|tα| ≤ L/2} ∩M0

α.

(7.7)

By separation, after L is fixed we may assume that the strips |tα| ≤ 2L are contained in M0
α on

every neighbourhood used below.
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7.2. C1,θ-estimates for ϕ.

Proposition 7.3 (C1,θ estimates). There are constants c, C > 0 independent of L such that, for
each sufficiently large fixed L and all sufficiently small ε depending on L,

∥ϕ∥C1,θ(B+
r (x)) ≤ Ce−cL

(
∥ϕ∥C2,θ(B+

r+95| log ε|(x))
+max

α
∥Hα +∆α,0hα∥Cθ(Σα∩B+

r+95| log ε|(x))

)
+ C(L)ε2 + C(L)A(r + 95| log ε|;x).

(7.8)

The proof will follow from combining Lemma 7.4 and Lemma 7.5 below.

7.2.1. C1,θ-outer estimates for ϕ.

Lemma 7.4. For each fixed sufficiently large L and sufficiently small ε,

∥ϕ∥C1,θ(B+
r (x)∩Ω2

α)
≤ Ce−cL

(
∥ϕ∥C2,θ(B+

r+85| log ε|(x))
+max

β
∥Hβ +∆β,0hβ∥Cθ(Σβ∩B+

r+85| log ε|(x))

)
+ Cε2 + CA(r + 85| log ε|;x) + C∥ϕ∥2

C2,θ(B+
r+85| log ε|(x))

.
(7.9)

The constants in this estimate are independent of L once L is sufficiently large.

Proof. We follow [WW19b, Lemma 6.2 and (6.2)]. On {minβ |tβ| > L/4} set UL = W ′′(H∗ + G∗).
The exponential estimates and (6.16) give UL ≥ 1/2 and UL + |∇UL| ≤ C, uniformly for large L
and small ε. Equation (6.1) can therefore be written as

∆ϕ = ULϕ+ E2
α,

where we claim

(7.10)

∥E2
α∥L∞(B+

r (x)∩{minβ |tβ |>L/4})

≤ Cε2 + CA(r + 80| log ε|;x) + C∥ϕ∥2
C2,θ(B+

r+80| log ε|(x))

+ Ce−cLmax
β

∥Hβ +∆β,0hβ∥Cθ(Σβ∩B+
r+80| log ε|(x))

.

Let us verify this estimate term by term at points p ∈ B+
r (x) ∩ {minβ |tβ| > L/4}. In the bounds

below, the norms of hβ are on Bβ
2 (Πβ(p)). The norms of ϕ and the quantity A refer to B+

r+80| log ε|(x)

and A(r + 80| log ε|;x), respectively; norms of Hβ +∆β,0hβ are on Σβ ∩B+
r+80| log ε|(x).

• The difference

W ′(H∗ +G∗ + ϕ)−W ′(H∗ +G∗)− ULϕ

is O(ϕ2). The expression

I1 + I2 +W ′(H∗ +G∗)−W ′(H∗)−W ′′(H∗)G∗

is bounded by Lemma 6.2, (6.11), and Corollary 5.10. These estimates give Cε2 + CA +
C∥ϕ∥2

C2,θ .
• For every β, Propositions 4.19 and 4.21 give

H′
βRβ,1 = H′

β(Hβ(·, 0) + ∆β,0hβ) +O
(
e−|z|/2(ε2 + ε∥hβ∥C2,θ)

)
,

|H′′
βRβ,2| ≤ Ce−|z|/2∥hβ∥2C2,θ .

Polynomial factors are absorbed by exponential decay. Summation using (6.16) gives e−cL

in the outer region; (5.57), and Young’s inequality give the last line of (7.10) and the stated
Cε2 + CA+ C∥ϕ∥2 error.
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• Lemma 6.3 gives

(7.11)
∥∥−∑

β

ξβ −
∑
β

EβHβ +
∑
β

Gβ

∥∥
Cθ ≤ Cε2 + Cεmax ∥hβ∥C2,θ .

After (5.57) and Young’s inequality, the right-hand side of (7.11) is bounded by the first
three terms on the right of (7.10).

This proves (7.10) uniformly in the number of sheets.
For p ∈ B+

r (x)∩Ω2
α, every sheet distance exceeds L/4 on B+

L/32(p), so we can apply Lemma F.4(i)

iteratively on the concentric balls B+
1+jρ(p) with Neumann condition on ∂0B

+
1+jρ(p). Choose ρ > 1,

independently of L, so that C/ρ ≤ 1/2 in (F.9), and iterate for ⌊L/(64ρ)⌋ steps. The remaining
norm is ∥ϕ∥C1,θ(B+

1+ρ⌊L/(64ρ)⌋(p))
, multiplied by at most Ce−cL. All these balls lie in B+

L/32(p) for

sufficiently large L. The contributions of E2
α and ∂νϕ form a bounded geometric sum. Use (7.10)

and Proposition 7.2 on these balls. The largest data ball is contained in B+
r+1+L/64+80| log ε|(x) ⊂

B+
r+85| log ε|(x) for fixed L and small ε. This estimates ϕ on every B+

1 (p); restricting to B+
r (x) ∩Ω2

α

proves (7.9). □

7.2.2. C1,θ-inner estimates for ϕ.

Lemma 7.5. For each sufficiently large fixed L and all sufficiently small ε,

∥ϕ∥C1,θ(B+
r (x)∩Ω1

α)
≤ Ce−cL

(
∥ϕ∥C2,θ(B+

r+95| log ε|(x))

+max
β

∥Hβ +∆β,0hβ∥Cθ(Σβ∩B+
r+95| log ε|(x))

)
+ C(L)

(
ε2 +A(r + 95| log ε|;x) + ∥ϕ∥2

C2,θ(B+
r+95| log ε|(x))

)
.

(7.12)

We follow the cutoff–projection argument of [WW19b, Section 6.2], and keep track the extra
terms coming from the Neumann derivative at the boundary and the twisted coordinates. Fix
p ∈ B+

r (x) ∩ Ω1
α and put y = Πα(p). We estimate ϕ on B+

1 (p) ∩ Ω1
α by estimating its pullback to

the α-coordinates. The base of Y −1
Σα

(B+
1 (p)) is contained in Bα

2 (y).

Claim 7.6 (Equation before projection). In Ω1
α

(7.13) (∆α,0 + ∂zz −W ′′(Hα))ϕ = (−1)αH′
α(Hα(·, 0) + ∆α,0hα) + E1

α.

For B+
r (x) with B

+
r+30| log ε|(x) ⊂ B+

7R/8−2(0)

∥E1
α∥L∞(B+

r (x)∩{|tα|<2L}) ≤ C(L)
(
ε2 +A(r + 30| log ε|;x) + ∥ϕ∥2

C2,θ(B+
r+30| log ε|(x))

)
.

Proof. We follow [WW19b, Lemma 6.3] and estimate the additional correction and boundary terms.
Using (6.23), the exact error in (7.13) is

E1
α = I1 + I2 +R(G∗ + ϕ) + (W ′′(H∗)−W ′′(Hα))ϕ

+ (∆α,0 −∆α,z)ϕ+Hα(·, z)∂zϕ− Eαϕ

+ (−1)αH′
α

(
Hα(·, z)−Hα(·, 0) + (∆α,z −∆α,0)hα

)
−H′′

α|∇α,zhα|2

+
∑
β ̸=α

(
(−1)βH′

βRβ,1 −H′′
βRβ,2

)
−
∑
β

ξβ −
∑
β

EβHβ +
∑
β

Gβ.

For fixed L, separation places B+
r (x) ∩ {|tα| < 2L} in M0

α once ε is small. To obtain the pointwise
estimates below, take p ∈ B+

r (x) ∩ {|tα| < 2L}. Norms of ϕ are taken on B+
1 (p), and norms of hβ
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on Bβ
2 (Πβ(p)); their bounds are then replaced by those on B+

r+30| log ε|(x) and its sheet intersections.

In these bounds A means A(r + 30| log ε|;x).
• The sum

I1 + I2 +R(G∗ + ϕ) + (W ′′(H∗)−W ′′(Hα))ϕ

is bounded by C(L)(ε2 +A+ ∥ϕ∥2C0), by Lemma 6.2, (6.11), and |H∗ −Hα| ≤ C(L)e−Dα .
• The terms

(∆α,0 −∆α,z)ϕ+Hα(·, z)∂zϕ− Eαϕ

and
(−1)αH′

α

(
Hα(·, z)−Hα(·, 0) + (∆α,z −∆α,0)hα

)
−H′′

α|∇α,zhα|2

are bounded by
C(L)

(
ε∥ϕ∥C2 + ε2 + ε∥hα∥C2 + ∥hα∥2C1

)
.

Use Propositions 4.19 and 4.21, (6.5), then (5.57) and Young’s inequality.
• The sum ∑

β ̸=α

(
(−1)βH′

βRβ,1 −H′′
βRβ,2

)
is bounded by C(L)A: its coefficients are uniformly bounded and the exponentially decaying
factors sum to at most C(L)e−Dα . Finally,

−
∑
β

ξβ −
∑
β

EβHβ +
∑
β

Gβ

is controlled by Lemma 6.3 and (7.11), followed by (5.57) and Young’s inequality.

□

7.2.3. Cut-off and project. Choose ξ̃ ∈ C∞
c ((−2L, 2L)) with 0 ≤ ξ̃ ≤ 1, ξ̃ = 1 on [−L,L], and

|ξ̃′| ≤ C∗/L, |ξ̃′′| ≤ C∗/L
2. Define

(7.14) ϕα(y, z) = ξ̃(z)ϕ(y, z)− cα(y)H′
α(y, z),

where

(7.15) cα(y) =

∫
R ϕ(y, z)(ξ̃(z)− 1)H′

α(y, z) dz∫
R(H′

α(y, z))
2 dz

,

so that

(7.16)

∫
R
ϕα(y, z)H′

α(y, z) dz = 0.

Claim 7.7 (Estimates for the projection coefficient). For any y ∈ Σα, we have

|cα(y)| ≤ Ce−L sup
L<|z|<9| log ε|

|ϕ(y, z)|,(7.17)

|∇α,0cα(y)| ≤ Ce−L sup
L<|z|<9| log ε|

(
|ϕ(y, z)|+ |∇α,0ϕ(y, z)|

)
,(7.18)

∥cα∥C1,θ(Bα
1 (y))

≤ Ce−L∥ϕ∥C1,θ(Bα
2 (y)×[−9| log ε|,9| log ε|]).(7.19)

For y ∈ ∂0Σα,

(∂y1cα)

∫
R
(H′

α)
2 dz =

∫
R
(∂y1ϕ)(ξ̃ − 1)H′

α dz

− (−1)α(∂y1hα)

∫
R
ϕ(ξ̃ − 1)H′′

α dz.

(7.20)
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In particular,

∥∂y1cα∥Cθ(B0,α
1 (y))

≤ Ce−L
(
∥∂y1ϕ∥Cθ(B0,α

2 (y)×[−9| log ε|,9| log ε|])

+ ∥∂y1hα∥Cθ(B0,α
2 (y))

∥ϕ∥
Cθ(B0,α

2 (y)×[−9| log ε|,9| log ε|])
)
.

(7.21)

Proof. The factor ξ̃ − 1 vanishes for |z| ≤ L, while |H′
α| + |H′′

α| + |H′′′
α | ≤ Ce−|z|. Integrating this

bound gives (7.17). For any i = 1, . . . , n, differentiation of (7.15) under the integral gives

(∂yicα)

∫
R
(H′

α)
2 dz =

∫
R
(∂yiϕ)(ξ̃ − 1)H′

α dz

− (−1)α(∂yihα)

∫
R
ϕ(ξ̃ − 1)H′′

α dz.

(7.22)

This proves (7.18) and (7.20). Now subtract (7.22) at two points y, ȳ and use the Hölder product

inequality. The differences of the correction factors are bounded by Ce−|z||hα(y)− hα(ȳ)|, and the
differences of the other factors are estimated by their Cθ seminorms. Integration over |z| > L, using
the bounded C2,θ norm of hα, proves (7.19) and (7.21). □

Claim 7.8 (Equation after projection). For base points y ∈ Σα on which cα is defined as above,
and for every z ∈ R,

(7.23) (∆α,0 + ∂zz −W ′′(Hα))ϕα = pαH′
α + Fα,

where

(7.24) pα = (−1)α(Hα(·, 0) + ∆α,0hα)−∆α,0cα

and

Fα = 2(−1)αH′′
α⟨∇α,0cα,∇α,0hα⟩+ (−1)αcα(∆α,0hα)H′′

α

− cα|∇α,0hα|2H′′′
α − cαξ̄

′
1

(
(−1)α(z − hα)

)
+ 2ξ̃′∂zϕ+ ξ̃′′ϕ+ ξ̃E1

α

+ (−1)α(Hα(·, 0) + ∆α,0hα)(ξ̃ − 1)H′
α.

(7.25)

Moreover,

pα

∫
R
(H′

α)
2 dz = −

∫
R
FαH′

α dz +

∫
R
ϕαξ̄

′
1

(
(−1)α(z − hα)

)
dz

+ 2(−1)α
〈
∇α,0hα,

∫
R
∇α,0ϕαH′′

α dz

〉
+ (−1)α(∆α,0hα)

∫
R
ϕαH′′

α dz − |∇α,0hα|2
∫
R
ϕαH′′′

α dz.

(7.26)

On the boundary we have

(7.27) ∂y1ϕα = ξ̃∂y1ϕ− (∂y1cα)H′
α + (−1)αcα(∂y1hα)H′′

α.

Proof. Recall that

(7.28)
∂yiH

′
α = −(−1)αhα,iH′′

α, ∆α,0H′
α = −(−1)α(∆α,0hα)H′′

α + |∇α,0hα|2H′′′
α ,

(∂zz −W ′′(Hα))H′
α = ξ̄′1((−1)α(z − hα)).

Apply these identities to (7.14), grouping −(∆α,0cα)H′
α into pαH′

α according to (7.24). This gives
(7.23)-(7.25).
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To compute its projection, differentiate (7.16) twice and apply (7.28) to obtain∫
R
(∆α,0ϕα)H′

α dz = 2(−1)α
〈
∇α,0hα,

∫
R
∇α,0ϕαH′′

α dz

〉
+ (−1)α(∆α,0hα)

∫
R
ϕαH′′

α dz − |∇α,0hα|2
∫
R
ϕαH′′′

α dz.

Integration by parts in z contributes
∫
ϕαξ̄

′
1((−1)α(z − hα)) dz, and there are no endpoint terms

because of the cutoffs. Combining these computations proves (7.26). In particular, the horizontal
integral is not zero: the orthogonality vector depends on y. Finally, differentiating (7.14) in y1 gives
(7.27). □

Proof of Lemma 7.5. In the following estimates, the norms of ϕ on the right are on B+
r+95| log ε|(x),

and sheet norms are on its intersections with Σβ.
First, we estimate (7.25). Notice that

• the first two lines of (7.25), by (7.17)-(7.19) and hα = o(1) in C2, on Bα
s (y) × R by

Ce−L∥ϕ∥C1,θ(B+
r+95| log ε|(x))

;

• the last line of (7.25) is bounded by Ce−L∥Hα(·, 0) + ∆α,0hα∥C0 ;
• by (7.9), we have

∥2ξ̃′∂zϕ+ ξ̃′′ϕ∥L∞ ≤ Ce−cL
(
∥ϕ∥C2,θ +max

β
∥Hβ +∆β,0hβ∥Cθ

)
+ C

(
ε2 +A+ ∥ϕ∥2C2,θ

)
;

• the remaining term ξ̃E1
α is controlled by Claim 7.6.

Therefore, for every s ≥ 2 with s ≤ 2 + L/64, take the norm of Fα below on Bα
s (y)×R and obtain

∥Fα∥L∞ ≤ Ce−cL
(
∥ϕ∥C2,θ +max

β
∥Hβ +∆β,0hβ∥Cθ

)
+ C(L)

(
ε2 +A(r + 95| log ε|;x) + ∥ϕ∥2C2,θ

)
.

(7.29)

We now estimate the Neumann derivative. First, let us rewrite (7.27) as

∂y1ϕα = ξ̃ ∂νϕ+ ξ̃(∂y1 − ∂ν)ϕ− (∂y1cα)H′
α + (−1)αcα(∂y1hα)H′′

α.

The first term is controlled by Proposition 7.2. On the support of ξ̃, the second term on the
right-hand side has Cθ norm at most C(L)ε∥ϕ∥C1,θ by (4.29). Hence, Young’s inequality bounds
it by C(L)(ε2 + ∥ϕ∥2

C1,θ). Finally, (7.19) bounds the last two terms in Cθ((Bα
s (y) ∩ ∂0Σα)× R) by

Ce−L∥ϕ∥C1,θ(B+
r+95| log ε|(x))

.

Therefore,

∥∂y1ϕα∥Cθ ≤ Ce−L∥ϕ∥C2,θ

+ C(L)
(
ε2 +A(r + 95| log ε|;x)3/2 + ∥ϕ∥2C2,θ

)
.

(7.30)

We also note that by the definition of ϕα in (7.14) ϕα has uniform exponential decay in z for
all y. By choosing L sufficiently large, we can conclude the proof by arguing as in [WW19b, page
26, (6.6)] using the inner gluing estimates for the linearized operator in Appendix F. Indeed, the
equation in Claim 7.8 and the orthogonality (7.16) allow us to use Proposition F.3.

Fix ρ > 1, independently of L, so that C/ρ ≤ 1/2 and repeat the fixed-step iteration used
in Lemma 7.4, starting at radius 2. After ⌊L/(64ρ)⌋ steps, the norm ∥ϕ∥C1,θ has coefficient

2−⌊L/(64ρ)⌋ ≤ Ce−cL, while the Fα and boundary terms on the right-hand side only have a bounded
factor coming from summing a geometric series. By (7.14) and (7.19),

∥ϕα∥C1,θ(Bα
2+kρ(y)×R) ≤ C∥ϕ∥C1,θ(B+

r+95| log ε|(x))
.
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Substituting (7.29)-(7.30) and using A3/2 ≤ A gives the required estimate for ϕα on Bα
2 (y)×R. On

Y −1
Σα

(B+
1 (p) ∩ Ω1

α) we have |z| < L, hence ϕ = ϕα + cαH′
α. Equation (7.19) bounds the added term

there by Ce−L∥ϕ∥C1,θ(B+
r+95| log ε|(x))

. Taking the supremum over p ∈ B+
r (x) ∩ Ω1

α proves (7.12) □

Proof of Proposition 7.3. Notice that the inner and outer regions overlap and cover the domain.
Use (7.9) and (7.12) after enlarging all domains in the right-hand side to B+

r+95| log ε|(x). Their sum

gives (7.8) with the additional term C(L)∥ϕ∥2
C2,θ(B+

r+95| log ε|(x))
. After fixing L, choose ε so small

that this term is at most e−cL∥ϕ∥C2,θ(B+
r+95| log ε|(x))

. This proves (7.8). □

7.3. C2,θ-estimates for ϕ. Let us begin by recording the following estimate which will be needed
later to apply Schauder theory.

Claim 7.9. For each ball B+
r (x) with B

+
r+80| log ε|(x) ⊂ B+

7R/8−2(0),

∥∆ϕ−W ′′(H∗)ϕ∥Cθ(B+
r (x)) ≲ ε2 +A(r + 80| log ε|;x) + ∥ϕ∥2

C2,θ(B+
r+80| log ε|(x))

+max
α

∥Hα +∆α,0hα∥2Cθ(Σα∩B+
r+80| log ε|(x))

.
(7.31)

Proof. We follow [WW19b, Appendix C, (2)–(6)] for the terms already present in the ordinary Fermi-
coordinate calculation, and estimate the boundary-correction and twisted-coordinate contributions
separately.

By (6.23), we have

∆ϕ−W ′′(H∗)ϕ = I1 + I2 +R(G∗ + ϕ) +
∑
β

(
(−1)βH′

βRβ,1 −H′′
βRβ,2

)
−
∑
β

ξβ −
∑
β

EβHβ +
∑
β

Gβ.
(7.32)

Split Rβ,1 into

Rβ,1(y, z) = Hβ(y, 0) + ∆β,0hβ(y)

+ [Hβ(y, z)−Hβ(y, 0)] + (∆β,z −∆β,0)hβ(y).(7.33)

The estimates in [WW19b, Appendix C, (2)–(6)] apply to I1 and the sums in β of

H′
β[Hβ(y, z)−Hβ(y, 0)], H′

β(∆β,z −∆β,0)hβ, H′′
β|∇β,zhβ|2,

using here Lemma 6.2, Propositions 4.19 and 4.21, and (5.57). Their Cθ(B+
r (x)) norms are bounded

by

C
(
ε2 +A(r + 80| log ε|;x) + ∥ϕ∥2

C2,θ(B+
r+80| log ε|(x))

)
.

For Hβ(y, z) −Hβ(y, 0), Proposition 4.19 controls the tangential derivatives; the Riccati equation

and ∂z = Z̃β+T control its normal derivative. Multiplication by H′
β absorbs the polynomial factors

in z. All sums are controlled uniformly by (6.16).
For p ∈ B+

r (x) and each index with |tβ(p)| < 9| log ε|, put (y, z) = (Πβ(p), tβ(p)). For the first
line of (7.33), use

∥H′
β(Hβ(·, 0) + ∆β,0hβ)∥Cθ(B+

1 (y,z)) ≤ Ce−|z|/2∥Hβ(·, 0) + ∆β,0hβ∥Cθ(Bβ
2 (y))

.
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Apply (6.30), including both terms on its last line, to the norm on the right, and sum using (6.16).
This bounds ∥∥∥∑

β

(−1)βH′
β(Hβ(·, 0) + ∆β,0hβ)

∥∥∥
Cθ(B+

r (x))

by the right-hand side of (7.31). Here Πβ(p) is joined to p by a twisted flow segment with time

length less than 9| log ε|. The sheet ball Bβ
2 (Πβ(p)) and the balls required when applying (6.30) on

that set, with its additional 25| log ε| radius, lie in B+
r+80| log ε|(x).

Finally, (6.11), Lemma 6.2, Corollary 5.10, and (7.11), combined with (5.57) and Young’s in-
equality, give ∥∥∥R(G∗ + ϕ) + I2 −

∑
β

ξβ −
∑
β

EβHβ +
∑
β

Gβ

∥∥∥
Cθ(B+

r (x))

≤ Cε2 + CA(r + 80| log ε|;x)3/2 + C∥ϕ∥2
C2,θ(B+

r+80| log ε|(x))
.

Combining these bounds in (7.32), using A3/2 ≤ A, proves (7.31). □

Lemma 7.10 (C2,θ estimates). For sufficiently small ε, the estimate (7.1) holds. Equivalently, for
x ∈ B+

6R/7(0) and 0 < r < R/60,

∥ϕ∥C2,θ(B+
r (x)) +max

α
∥Hα +∆α,0hα∥Cθ(Σα∩B+

r (x)) +max
α

∥hα∥C2,θ(Σα∩B+
r (x))

≤ Cε2 + CA(r + 100| log ε|2;x).
(7.34)

Proof. The argument follows the proof of [WW19b, Section 6.3, especially (6.8)]. For each p ∈
B+

r (x), apply the interior or Neumann Schauder estimate in Proposition E.1 on B+
2 (p), with data

on ∂0B
+
2 (p) when that set is nonempty, to estimate ϕ on B+

1 (p). Since B+
2 (p) ⊂ B+

r+2(x), taking
the supremum over p gives

∥ϕ∥C2,θ(B+
r (x)) ≤ C

(
∥ϕ∥C0(B+

r+2(x))
+ ∥∆ϕ−W ′′(H∗)ϕ∥Cθ(B+

r+2(x))

+ ∥∂νϕ∥C1,θ(∂0B
+
r+2(x))

)
.

(7.35)

The coefficient W ′′(H∗) has a uniform Cθ(B+
2 (p)) bound for these centres p.

Fix L so large that the coefficient Ce−cL in (7.8), after multiplication by the Schauder constant,
is less than 1/128. The qualitative convergence supplied by Lemmas 4.31-4.32, Proposition 5.7, and
Corollary 5.10 implies that, after decreasing ε with this L fixed,

C∥ϕ∥C2,θ(B+
r+100| log ε|(x))

+ Cmax
α

∥Hα +∆α,0hα∥Cθ(Σα∩B+
r+100| log ε|(x))

≤ 1

128
.

Now apply (7.8) to ∥ϕ∥C0 in (7.35), Claim 7.9 to ∆ϕ −W ′′(H∗)ϕ, and Proposition 7.2 to ∂νϕ.
Then enlarge the right-hand domains to B+

r+100| log ε|(x). We have

(7.36) C∥ϕ∥2C2,θ ≤ 1

128
∥ϕ∥C2,θ , Cmax

α
∥Hα +∆α,0hα∥2Cθ ≤ 1

128
max
α

∥Hα +∆α,0hα∥Cθ ,

with the norms of ϕ on B+
r+100| log ε|(x) and the norms of Hα+∆α,0hα on Σα∩B+

r+100| log ε|(x). Since

A3/2 ≤ A, we obtain

∥ϕ∥C2,θ(B+
r (x)) ≤

1

32

(
∥ϕ∥C2,θ(B+

r+100| log ε|(x))

+max
α

∥Hα +∆α,0hα∥Cθ(Σα∩B+
r+100| log ε|(x))

)
+ Cε2 + CA(r + 100| log ε|;x).

(7.37)
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Next apply (6.30) and consider

Cmax
α

∥Hα +∆α,0hα∥2Cθ and C∥ϕ∥2C2,θ

where the norms are taken, respectively, on Σα ∩ B+
r+100| log ε|(x) and B+

r+100| log ε|(x). By (7.36),

followed by adding the resulting estimate to (7.37), we obtain

∥ϕ∥C2,θ(B+
r (x)) +max

α
∥Hα +∆α,0hα∥Cθ(Σα∩B+

r (x))

≤ 1

16

(
∥ϕ∥C2,θ(B+

r+100| log ε|(x))
+max

α
∥Hα +∆α,0hα∥Cθ(Σα∩B+

r+100| log ε|(x))

)
+ Cε2 + CA(r + 100| log ε|;x).

(7.38)

This is the analogue of [WW19b, (6.8)].
Iterate (7.38) k = ⌈3| log ε|/4⌉ times, increasing the radius by 100| log ε| at each step. For suffi-

ciently small ε,

16−k ≤ ε2, 2 + 100k| log ε| ≤ 50| log ε|2.
Start the iteration at radius r + 2. After k steps, the remaining norms are ∥ϕ∥C2,θ(B+

r+2+100k| log ε|(x))

and maxα ∥Hα+∆α,0hα∥Cθ(Σα∩B+
r+2+100k| log ε|(x))

, both uniformly bounded, while A is nondecreasing

in its radius and
∑

j≥0 16
−j = 16/15. Hence

∥ϕ∥C2,θ(B+
r+2(x))

+max
α

∥Hα +∆α,0hα∥Cθ(Σα∩B+
r+2(x))

≤ Cε2 + CA(r + 100| log ε|2;x).
(7.39)

The intermediate balls B+
r+2+100j| log ε|(x), 0 ≤ j ≤ k, remain in B+

7R/8−2(0) by the fixed outer

margin. Finally, apply (5.57) on Bα
1 (y) for each y ∈ Σα ∩B+

r (x). Equation (7.39), followed by the
supremum over y, gives the C2,θ bound for hα and proves (7.34). □

Corollary 7.11 (Toda system with the first error improvement). For x ∈ B+
6R/7(0) and 0 < r <

R/60, the Toda system is

Hα(y, 0) + ∆α,0hα(y) =
2

σ0

(
A2

(−1)α−1e
−|tα−1(y,0)| −A2

(−1)αe
−|tα+1(y,0)|

)
+ E0

α(y),(7.40)

where

max
α

∥E0
α∥Cθ(Σα∩B+

r (x)) ≲ ε2 +A(r + 120| log ε|2;x)3/2 + ε1/3A(r + 120| log ε|2;x).(7.41)

Proof. Equation (7.40) is the rough Toda equation (6.24). It remains to improve the estimate for
E0

α. From (6.25),

max
α

∥E0
α∥Cθ(Σα∩B+

r (x)) ≤ C
(
ε2 + ε1/3A(r + 25| log ε|;x) +A(r + 25| log ε|;x)3/2

+max
α

∥Hα +∆α,0hα∥2Cθ(Σα∩B+
r+25| log ε|(x))

+ ∥ϕ∥2
C2,θ(B+

r+25| log ε|(x))

)
.

Apply Lemma 7.10 with centre radius r + 25| log ε|. The sum of the two displayed squared norms
is estimated on a ball contained in the one below, since

r + 25| log ε|+ 100| log ε|2 ≤ r + 120| log ε|2
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for small ε. Lemma 7.10 then gives

max
α

∥Hα +∆α,0hα∥2Cθ(Σα∩B+
r+25| log ε|(x))

+ ∥ϕ∥2
C2,θ(B+

r+25| log ε|(x))

≤ C
(
ε2 +A(r + 120| log ε|2;x)

)2 ≤ Cε2 + CA(r + 120| log ε|2;x)3/2.

Monotonicity of A in the radius now gives (7.41). □

For the differentiated form of the Toda system, restrict to the already defined logarithmic strip
by setting

M̃0
α = M0

α ∩ {|tα| < 10| log ε|}.
This does not change the definition of M0

α. As usual, write hα,i = ∂yihα and Hα,i(y, 0) =
∂yiHα(y, 0).

Corollary 7.12 (Differentiated Toda system). For i = 1, . . . , n, in M̃0
α one has

(7.42) H′
α

(
Hα,i(y, 0) + ∆α,0hα,i(y)

)
= ∂yiEα,1,i + Eα,2,i,

where

∥Eα,1,i∥Cθ(M̃0
α∩B

+
r (x))

+ ∥Eα,2,i∥C0(M̃0
α∩B

+
r (x))

≤ C
(
ε2 +A(r + 120| log ε|2;x)3/2 + ε1/6A(r + 120| log ε|2;x)

)
.

(7.43)

Proof. The graphical ordering gives tα−1(y, 0) > 0 and tα+1(y, 0) < 0. Differentiating (7.40) in yi
gives

Hα,i +∆α,0hα,i = − 2

σ0

[
A2

(−1)α−1(∂yitα−1)e
−tα−1 +A2

(−1)α(∂yitα+1)e
tα+1

]
+ ∂yiE

0
α +∆α,0hα,i − ∂yi∆α,0hα.

(7.44)

Set

Eα,1,i = H′
αE

0
α,

Eα,2,i = − 2

σ0
H′

α

[
A2

(−1)α−1(∂yitα−1)e
−tα−1 +A2

(−1)α(∂yitα+1)e
tα+1

]
+H′

α

(
∆α,0hα,i − ∂yi∆α,0hα

)
+ (−1)αH′′

αhα,iE
0
α.

Since ∂yiH′
α = −(−1)αhα,iH′′

α, the product rule in ∂yi(H′
αE

0
α) and (7.44) prove (7.42).

In the estimates that follow, ambient norms are on M̃0
α ∩ B+

r (x) and sheet norms on Πα(M̃0
α ∩

B+
r (x)). We estimate separately the exponential-distance expression in the first line of Eα,2,i, the

commutator ∆α,0hα,i − ∂yi∆α,0hα, and the factors H′
αE

0
α and H′′

αhα,iE
0
α.

• If |tα±1(y, 0)| ≤ 10| log ε|, Proposition 4.26 gives |∂yitα±1(y, 0)| ≤ Cε1/6. If |tα±1(y, 0)| >
10| log ε|, then e−|tα±1(y,0)| ≤ ε10 and |∂yitα±1| ≤ C. Hence

(7.45)
∑

β=α−1,α+1

|∂yitβ|e−|tβ | ≤ Cε2 + Cε1/6A(r + 120| log ε|2;x).

• By the commutator estimate (4.47),

|∆α,0hα,i − ∂yi∆α,0hα| ≤ Cε
(
|∇α,0hα|+ |∇2

α,0hα|
)
.

Lemma 7.10 therefore gives

(7.46) |∆α,0hα,i − ∂yi∆α,0hα| ≤ Cε3 +CεA(r+ 120| log ε|2;x) ≤ Cε2 +Cε1/6A(r+ 120| log ε|2;x).
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• Corollary 7.11 and the bounded Cθ norms of H′
α and H′′

α give

∥H′
αE

0
α∥Cθ ≤ C

(
ε2 +A3/2 + ε1/3A

)
,

where A = A(r + 120| log ε|2;x).
Moreover, Proposition 5.7 gives ∥hα,i∥C0 = o(1) uniformly, so

∥(−1)αH′′
αhα,iE

0
α∥C0 ≤ C

(
ε2 +A3/2 + ε1/3A

)
.

Combining (7.45), (7.46), and the two displayed estimates for H′
αE

0
α and H′′

αhα,iE
0
α, and using

ε1/3 ≤ ε1/6, proves (7.43). □

8. Improved horizontal estimates for ϕyi and improved Toda system

We improve the C1,θ estimates for the horizontal derivatives of the error. Throughout this
section, ϕyi = ∂yiϕ, 1 ≤ i ≤ n, in the twisted Fermi coordinates with respect to the sheet under
consideration. The argument follows the inner–outer decomposition of [WW19b, Section 7], with
the addition of the boundary terms and the twisted-coordinate errors.

Let K ≥ 10 be fixed. The constants may depend on K and θ, but not on the number of sheets.
By decreasing ε0, the same estimates hold on every fixed larger logarithmic strip.

Proposition 8.1 (Improved horizontal derivative estimates). For x ∈ B+
5R/6(0), 0 < r < R/70,

and all sufficiently small ε,

max
α

1≤i≤n

∥ϕyi∥C1,θ(B+
r (x)∩M0

α∩{|tα|≤K| log ε|}) ≲ ε2 +A(r + 200| log ε|2;x)3/2

+ ε1/6A(r + 200| log ε|2;x).(8.1)

In particular, (8.1) controls every second derivative of ϕ containing at least one horizontal derivative.

Corollary 8.2 (Horizontal derivatives of the shifts). Under the hypotheses of Proposition 8.1,

max
α

∥∇α,0hα∥C1,θ(Σα∩B+
r (x)) ≲ ε2 +A(r + 200| log ε|2;x)3/2

+ ε1/6A(r + 200| log ε|2;x).(8.2)

Corollary 8.3 (Toda system with improved error). Under the same hypotheses,

Hα(y, 0) =
2

σ0

(
A2

(−1)α−1e
−|tα−1(y,0)| −A2

(−1)αe
−|tα+1(y,0)|

)
+ E0

α(y)−∆α,0hα(y),(8.3)

where

max
α

∥E0
α −∆α,0hα∥Cθ(Σα∩B+

r (x)) ≲ ε2 +A(r + 200| log ε|2;x)3/2

+ ε1/6A(r + 200| log ε|2;x).(8.4)

The proofs are completed after we obtain the inner estimate Lemma 8.8. Until then, let x ∈
B+

5R/6(0) and 0 < r < R/65; the smaller range r < R/70 in the conclusions leaves room for

iteration.
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8.1. Boundary estimates and the equation for ϕyi.

Proposition 8.4 (Boundary data for horizontal derivatives). For every p ∈ ∂0B
+
r (x)∩M0

α∩{|tα| ≤
K| log ε|},

∥∂νϕyi∥Cθ(∂0B
+
1 (p)) + ∥∂y1ϕyi∥Cθ(∂0B

+
1 (p)) ≲ ε2 +A(r + 120| log ε|2;x)3/2

+ ε1/6A(r + 120| log ε|2;x), 2 ≤ i ≤ n,(8.5)

and

∥ϕy1∥C1,θ(∂0B
+
1 (p)) ≲ ε2 +A(r + 120| log ε|2;x)3/2

+ ε1/6A(r + 120| log ε|2;x).(8.6)

These are boundary norms: derivatives are taken only in the variables tangent to the boundary. If
n = 1, only (8.6) is needed.

Proof. Proposition 7.2 and Proposition 7.1, applied on the enlarged balls occurring in (7.2), give

(8.7) ∥∂νϕ∥C1,θ(∂0B
+
r+2(x))

≤ C
(
ε2 +A(r + 120| log ε|2;x)3/2

)
.

Indeed, since 0 < A ≤ 1 by definition, the square in (7.2) is bounded by C(ε2+A)2 ≤ C(ε2+A3/2),
with A evaluated at the radius in (8.7). On the boundary, the differentiated flow estimates and
(4.48)-(4.50) yield

(8.8) ∥∂y1 − ∂ν∥C1,θ(∂0B
+
1 (p)) +

n∑
j=2

∥[∂ν , ∂yj ]∥Cθ(∂0B
+
1 (p)) + ∥[∂ν , ∂z]∥Cθ(∂0B

+
1 (p)) ≤ Cε(1 + |z|2).

Here a norm of a vector field means the corresponding norm of its coefficients. At z = 0, the
coefficients of ∂y1 − ∂ν vanish. Their C0 bound follows by integrating in z; the first and second
derivatives of all coefficients in (8.8) follow from Lemmas 4.10 and 4.12, together with the rescaled
metric bounds. The mean value theorem gives the stated Hölder seminorms.

For later use, on |z| ≤ K| log ε|+ 2,

(8.9) ε3(1 + | log ε|6) ≤ Cε2, ε(1 + | log ε|6) ≤ Cε1/6.

If i ≥ 2, then ∂yi is tangent to the boundary and

∂νϕyi = ∂yi(∂νϕ) + [∂ν , ∂yi ]ϕ.

The first term is bounded by (8.7); the second is bounded by (8.8), Proposition 7.1, and (8.9). This
proves the estimate for ∂νϕyi in (8.5). Since

∂y1ϕyi = ∂νϕyi + (∂y1 − ∂ν)ϕyi ,

the same estimates prove the second term in (8.5).
For i = 1 we do not differentiate the Neumann condition in the transverse direction. Instead, on

the boundary,

(8.10) ϕy1 = ∂νϕ+ (∂y1 − ∂ν)ϕ.

For 2 ≤ j ≤ n,
∂yj
(
(∂y1 − ∂ν)ϕ

)
= (∂y1 − ∂ν)ϕyj + [∂ν , ∂yj ]ϕ,

and
∂z
(
(∂y1 − ∂ν)ϕ

)
= (∂y1 − ∂ν)∂zϕ+ [∂ν , ∂z]ϕ.

Thus (8.7)-(8.9) control the full boundary C1,θ norm of the right-hand side of (8.10), proving
(8.6). □
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We next isolate the derivative of a Cθ remainder, as in the interior calculation of [WW19b,
Lemma 7.2].

Lemma 8.5 (Equation for the horizontal derivatives). Write Hα,i(y, 0) = ∂yiHα(y, 0) and hα,i =
∂yihα. Set

Ẽα = Ẽ0,α + Ẽe,α,

Ẽ0,α = Hα(y, z)∂zϕ+ (−1)αH′
α

(
Hα(y, z)−Hα(y, 0) + (∆α,z −∆α,0)hα

)
−H′′

α|∇α,zhα|2 +
∑
β ̸=α

(
(−1)βH′

βRβ,1 −H′′
βRβ,2

)
−
∑
β

ξβ,(8.11)

where, in the sum over β ̸= α, Rβ,1 and Rβ,2 are those in (6.2), and

Ẽe,α = (∆α,0 −∆α,z)ϕ− Eαϕ+R(G∗ + ϕ) + I2 −
∑
β

EβHβ +
∑
β

Gβ.(8.12)

Then

(8.13) (∆α,0 + ∂zz)ϕ =W ′′(H∗)ϕ+ (−1)αH′
α

(
Hα(y, 0) + ∆α,0hα

)
+ I1 + Ẽα,

and, in the distributional sense,

(8.14) (∆α,0 + ∂zz −W ′′(Hα))ϕyi = (−1)αH′
α

(
Hα,i(y, 0) + ∆α,0hα,i

)
+ ∂yiẼα + Ei + ∂yiI1,

where

Ei = [∆α,0, ∂yi ]ϕ+
(
W ′′(H∗)−W ′′(Hα)

)
ϕyi

+W ′′′(H∗)ϕ
∑
β

(−1)βH′
β

(
∂yitβ −

n∑
j=1

(hβ,j ◦Πβ)∂yiΠ
j
β

)
+ (−1)αH′

α

(
∂yi∆α,0hα −∆α,0hα,i

)
−H′′

αhα,i
(
Hα(y, 0) + ∆α,0hα

)
.(8.15)

The sum in the second line of (8.15) includes β = α.

Proof. Move the mean-curvature term and the difference ∆α,z −∆α,0 in (6.1) to the right, and use
(6.10). The coefficient of (−1)αH′

α at height zero is Hα(y, 0) + ∆α,0hα; the remaining terms are
exactly (8.11) and (8.12). This proves (8.13).

Differentiating (8.13) gives

∂yi
(
W ′′(H∗)ϕ

)
=W ′′(H∗)ϕyi +W ′′′(H∗)ϕ∂yiH∗,

with

∂yiH∗ =
∑
β

(−1)βH′
β

(
∂yitβ −

n∑
j=1

(hβ,j ◦Πβ)∂yiΠ
j
β

)
.

Moreover,

∂yi

[
(−1)αH′

α

(
Hα(y, 0) + ∆α,0hα

)]
= (−1)αH′

α

(
Hα,i(y, 0) + ∆α,0hα,i

)
+ (−1)αH′

α

(
∂yi∆α,0hα −∆α,0hα,i

)
−H′′

αhα,i
(
Hα(y, 0) + ∆α,0hα

)
.

Here ∂yitα = 0, ∂yiΠ
j
α = δji , and ∂yiH′

α = −(−1)αhα,iH′′
α. Commuting ∂yi past ∆α,0 and subtracting

W ′′(Hα)ϕyi proves (8.14)-(8.15). □
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Lemma 8.6 (Bounds for the differentiated equation). On B+
r (x) ∩M0

α ∩ {|tα| ≤ K| log ε|},

(8.16) ∥Ẽα∥Cθ(M0
α∩B

+
r (x)) ≲ ε2 +A(r + 120| log ε|2;x)3/2,

∥Ei∥C0(M0
α∩B

+
r (x)) ≲ ε2 +A(r + 120| log ε|2;x)3/2 + ε1/6A(r + 120| log ε|2;x),(8.17)

and

∥∂yiI1∥C0(M0
α∩B

+
r (x)) ≲ ε2 +A(r + 120| log ε|2;x)2 + ε1/6A(r + 120| log ε|2;x).(8.18)

The same estimates hold on every fixed enlargement Mλ
α, with constants also depending on λ.

Proof. Fix p ∈ B+
r (x) ∩ M0

α ∩ {|tα| ≤ K| log ε|}. We estimate the expressions below on B+
1 (p).

Notice that Proposition 7.1 gives bounds for ϕ, hβ, and Hβ(·, 0)+∆β,0hβ, respectively in C2,θ, C2,θ,

and Cθ, by

(8.19) Cε2 + CA(r + 120| log ε|2;x).
For the first three linear expressions in (8.11)-(8.12),

Hα(y, z)∂zϕ, (∆α,0 −∆α,z)ϕ, −Eαϕ,

Proposition 4.19 and (6.5) give the bound Cε(1 + |z|2)∥ϕ∥C2,θ . Substitution of (8.19) uses

(8.20) ε(1 + | log ε|2)A(r + 120| log ε|2;x) ≤ 2

3
A(r + 120| log ε|2;x)3/2 + 1

3
ε3(1 + | log ε|2)3,

whose last term is O(ε2).
The two expressions

(−1)αH′
α

(
Hα(y, z)−Hα(y, 0) + (∆α,z −∆α,0)hα

)
, −H′′

α|∇α,zhα|2,

have local Cθ norm at most Cε2+Cε∥hα∥C2,θ +C∥hα∥2C2,θ ; the polynomial factors in z are absorbed
by the exponential decay of H′

α and H′′
α.

For β ̸= α, write in the β-coordinates

Rβ,1 = Hβ(y, 0) + ∆β,0hβ +Hβ(y, z)−Hβ(y, 0) + (∆β,z −∆β,0)hβ.

On M0
α, separation and the closest-sheet property give∑

β ̸=α

(
∥H′

β∥Cθ + ∥H′′
β∥Cθ

)
≤ CA(r + 120| log ε|2;x)1/2 + Cε2.

The contribution ∑
β ̸=α

H′
β

(
Hβ(·, 0) + ∆β,0hβ

)
is bounded by the product of (8.19) and the sum above. The terms containing Hβ(y, z)−Hβ(y, 0),
(∆β,z −∆β,0)hβ, and H′′

βRβ,2 are estimated as for the two α-sheet expressions above. Their sum is

C(ε2 +A3/2) at the radius in (8.16).
Finally,

∥R(G∗ + ϕ)∥Cθ ≤ C(ε+ ∥ϕ∥C2,θ)2, ∥I2∥Cθ ≤ C(ε2 +A3/2),

while Lemma 6.3 gives∥∥∥∑
β

EβHβ

∥∥∥
Cθ

+
∥∥∥∑

β

Gβ

∥∥∥
Cθ

≤ Cε2 + Cεmax
β

∥hβ∥C2,θ ,
∥∥∥∑

β

ξβ

∥∥∥
Cθ

≤ Cε2.

Together with (8.19)-(8.20), these estimates prove (8.16).
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We next estimate the five expressions in (8.15). The commutator estimate (4.47) gives

∥[∆α,0, ∂yi ]ϕ∥C0 ≤ Cε∥ϕ∥C2,θ .

The closest-sheet estimate and Taylor expansion give

∥W ′′(H∗)−W ′′(Hα)∥C0 ≤ CA(r + 120| log ε|2;x)1/2 + Cε2.

In

W ′′′(H∗)ϕ
∑
β

(−1)βH′
β

(
∂yitβ −

∑
j

(hβ,j ◦Πβ)∂yiΠ
j
β

)
,

the β = α summand in parentheses is −hα,i, so the corresponding heteroclinic factor is −H′
αhα,i.

The sum over β ̸= α is controlled by separation and, when both sheets lie in the logarithmic strip,
Proposition 4.26. Thus this expression is bounded by C(ε2 +A3/2 + ε1/6A). Moreover,

|∂yi∆α,0hα −∆α,0hα,i| ≤ Cε
(
|∇α,0hα|+ |∇2

α,0hα|
)

by (4.47), while H′′
αhα,i(Hα(y, 0) + ∆α,0hα) is bounded by the product of the two corresponding

norms in (8.19). This proves (8.17).
It remains to differentiate I1. On M0

α, the expansion used in the proof of Lemma 6.2 is

I1 =
(
W ′′(Hα)− 1

)∑
β ̸=α

(
Hβ − sgn(α− β)(−1)β

)
+O

((∑
β ̸=α

e−|tβ |
)2)

.

If ∂yi hits hα, hβ, or the quadratic remainder, the result is bounded by CA(r+ 120| log ε|2;x)(ε2 +
A(r+120| log ε|2;x)). If it hits tβ or Πβ, Proposition 4.26 gives Cε1/6A(r+120| log ε|2;x); the part
outside the common logarithmic strip is O(ε2). This proves (8.18). This is the analogue of the
interaction differentiation in [WW19b, Section 7]. □

On |tα| < 10| log ε|, use Corollary 7.12 in (8.14). On its complement in the fixed K| log ε| strip,
the factors H′

α and H′′
α, and so do both terms in (7.42). Hence the same substitution is valid

throughout the strip. Define, for the fixed index i,

Ẽ◦
α = Ẽα + (−1)αEα,1,i,

Ei,◦ = Ei + ∂yiI1 + (−1)αEα,2,i.

Then

(8.21) (∆α,0 + ∂zz −W ′′(Hα))ϕyi = ∂yiẼ
◦
α + Ei,◦,

Since 0 < A ≤ 1, Lemma 8.6 and (7.43) imply

∥Ẽ◦
α∥Cθ + ∥Ei,◦∥C0 ≲ ε2 +A(r + 140| log ε|2;x)3/2

+ ε1/6A(r + 140| log ε|2;x).(8.22)

The 20| log ε|2 increase absorbs the displacement between the ambient point and the base points
used in (7.43).

We record two points needed in both the inner and outer estimates. First, at a point written in
the α-coordinates and then in the β-coordinates,

(8.23) ϕyi(y, z) =

n∑
j=1

(∂yiΠ
j
β)(y, z)ϕyj (Πβ(y, z), tβ(y, z)) + (∂yitβ)(y, z)∂zϕ(Πβ(y, z), tβ(y, z)).
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Fix a ball B+
1 (p) on which |tα|+ |tβ| ≤ C| log ε|. Then, on B+

1 (p), Proposition 4.26 and the higher

derivative bounds in Lemma 4.11 give ∥∂yitβ∥C1,θ ≤ Cε1/6, while ∥DΠβ∥C1,θ ≤ C. Proposition 7.1
therefore gives

(8.24) C∥∂yitβ∥C1,θ(B+
1 (p))∥ϕ∥C2,θ(B+

2 (p)) ≤ C
(
ε2 + ε1/6A(r + 120| log ε|2;x)

)
.

For each centre p, choose β with p ∈ M0
β and keep this β in (8.23) on all of B+

1 (p).

Second, with λα(y, 0) denoting the volume density of gα,0,

(8.25) λα(y, 0)∂yiẼ
◦
α = ∂yi

(
λα(y, 0)Ẽ

◦
α

)
− (∂yiλα(y, 0))Ẽ

◦
α.

For i ≥ 2, the flux in (8.25) is tangent to y1 = 0. Apply Proposition E.1(a) in the interior, (b) for
i = 1 at the boundary, and (c) for i ≥ 2, with the traces in Proposition 8.4. These estimates use

∥Ei,◦∥C0 and ∥Ẽ◦
α∥Cθ , not a norm of ∂yiẼ

◦
α.

8.2. Improved horizontal outer estimates. Let Ω2
α be the outer region in (7.7).

Lemma 8.7 (Outer localization). Fix ρ > 1, and then take L > 8ρ. For every p ∈ B+
r (x) ∩ Ω2

α ∩
{|tα| ≤ K| log ε|},

∥ϕyi∥C1,θ(B+
1 (p)) ≤ C

(
ε2 +A(r + 140| log ε|2;x)3/2 + ε1/6A(r + 140| log ε|2;x)

)
(8.26)

+ C∗(ρ
−1 + e−c∗L) max

β, 1≤j≤n
sup

q∈B+
r+C∗ρ(x)∩M

0
β

|tβ(q)|≤K| log ε|+C∗ρ

∥ϕyj∥C1,θ(B+
1 (q)).

The constants C∗, c∗ in the coefficient C∗(ρ
−1 + e−c∗L) are independent of L and ρ. The constant

C multiplying the right-hand side of (8.22) may depend on L and ρ; once these are fixed, it is
independent of ε, the layer indices, and the admissible centres and radii.

Proof. The argument is the outer gluing argument used in [WW19b, Section 7]. Fix p ∈ B+
r (x) ∩

Ω2
α ∩ {|tα| ≤ K| log ε|} and write p = YΣα(y, z). Fix p as in the statement. Choose a cutoff χ in the

α-coordinates such that χ = 1 on Y −1
Σα

(B+
1 (p)), its support is contained in the product-coordinate

ball of radius 2ρ centred at (Πα(p), tα(p)), and

|Dχ| ≤ C∗ρ
−1, |D2χ| ≤ C∗ρ

−2, ∂y1χ = 0 on {y1 = 0}.
Since p ∈ Ω2

α and L > 8ρ, one has |z| > L/4 on sptχ. Hence

∥W ′′(Hα)− 1∥Cθ(sptχ) ≤ C∗e
−c∗L.

We use the outer gluing estimate (see Appendix F)

(8.27) ∥u∥C1,θ ≤ C∗
(
∥f∥C0 + ∥G∥Cθ + ∥ψ∥C1,θ

)
,

for (∆α,0 + ∂zz − 1)u = f + ∂yiG
i. For i ≥ 2, the last norm in (8.27) is replaced by ∥∂y1u∥Cθ .

The constant C∗ in (8.27) is independent of L and ρ. This is the corresponding consequence of
Lemma F.4 for the product metric gα,0 + dz2. Identity (8.25) gives the required divergence-form
interpretation at y1 = 0.

Apply (8.27) to u = χϕyi . From (8.21),

(∆α,0 + ∂zz − 1)(χϕyi) = ∂yi(χẼ
◦
α) + χEi,◦ − (∂yiχ)Ẽ

◦
α

+ χ
(
W ′′(Hα)− 1

)
ϕyi + 2⟨∇χ,∇ϕyi⟩+ (∆α,0 + ∂zz)χϕyi .

By (8.22), the first line and the corresponding boundary data contribute at most

CL,ρ

(
ε2 +A(r + 140| log ε|2;x)3/2 + ε1/6A(r + 140| log ε|2;x)

)
.
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The second line is bounded by

C∗
(
ρ−1 + e−c∗L

)
∥ϕyi∥C1,θ(YΣα (sptχ)).

On y1 = 0, Proposition 8.4 controls χϕy1 when i = 1 and

∂y1(χϕyi) = χ∂y1ϕyi , i ≥ 2.

Finally, YΣα(sptχ) ⊂ B+
C∗ρ

(p). For each q in this set, choose a sheet Σβ closest to q and use its

coordinates throughout B+
1 (q). Equations (8.23)-(8.24) give

∥ϕyi∥C1,θ(YΣα (sptχ))

≤ C∗ max
β

1≤j≤n

sup
q∈B+

r+C∗ρ(x)∩M
0
β

|tβ(q)|≤K| log ε|+C∗ρ

∥ϕyj∥C1,θ(B+
1 (q))

+ CL,ρ

(
ε2 +A(r + 140| log ε|2;x)3/2 + ε1/6A(r + 140| log ε|2;x)

)
.

Substitution in (8.27) proves (8.26). □

8.3. Improved horizontal inner estimates. By taking derivatives of the orthogonality condition
(6.4) is not zero we get

(8.28)

∫
R
ϕyiH

′
α dz = (−1)αhα,i

∫
R
ϕH′′

α dz,

∫
R
ϕyiyjH

′
α dz = (−1)αhα,i

∫
R
ϕyjH

′′
α dz + (−1)αhα,j

∫
R
ϕyiH

′′
α dz

+ (−1)αhα,ij

∫
R
ϕH′′

α dz − hα,ihα,j

∫
R
ϕH′′′

α dz.(8.29)

They follow by differentiating (6.4) once and twice and using ∂yiH′
α = −(−1)αhα,iH′′

α and ∂yjH′′
α =

−(−1)αhα,jH′′′
α . The integrals are supported in |z| ≤ 8| log ε| + 1. For each y ∈ Σα ∩ B+

r (x), the
norms are taken on Bα

1 (y). Proposition 7.1, the product rule, and exponential decay give∥∥∥∫
R
ϕyiH

′
α dz

∥∥∥
C1,θ

+
∥∥∥∫

R
ϕyiyjH

′
α dz

∥∥∥
Cθ

≤ C
(
ε2 +A(r + 120| log ε|2;x)2

)
.(8.30)

Indeed, every term in (8.28)-(8.29) is bounded by C∥hα∥C2,θ∥ϕ∥C2,θ , except the last term in (8.29),
which has an additional factor ∥∇hα∥C0 .

Let Ω3
α be the inner region in (7.7).

Lemma 8.8 (Inner localization). After ρ and L have been fixed and ε is sufficiently small, for every
p ∈ B+

r (x) ∩ Ω3
α

∥ϕyi∥C1,θ(B+
1 (p)) ≤C

(
ε2 +A(r + 140| log ε|2;x)3/2 + ε1/6A(r + 140| log ε|2;x)

)
(8.31)

+ C∗(ρ
−1 + L−1 + e−L) max

β, 1≤j≤n
sup

q∈B+
r+12| log ε|(x)∩M

0
β

|tβ(q)|≤K| log ε|+Cρ

∥ϕyj∥C1,θ(B+
1 (p)),

where C∗ is independent of L and ρ.

Proof. We use the following inner gluing estimate: if

(∆α,0 + ∂zz −W ′′(Hα))u = f + ∂yiG
i,
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then

(8.32) ∥u∥C1,θ ≤ C∗

(
∥f∥C0 + ∥G∥Cθ + ∥ψ∥C1,θ +

∥∥∥∥∫
R
uH′

α dz

∥∥∥∥
C0

)
,

where ψ is the Dirichlet trace when i = 1; for i ≥ 2, replace its norm by ∥∂y1u∥Cθ . The constant
C∗ in (8.32) is independent of L, ρ, and the size of the normal support. This is the standard inner
gluing estimate obtained from Proposition E.1 and Lemmas F.1-F.2.

Fix p as in the statement and put y = Πα(p). Let ξ̃ be the normal cutoff used in Section 7.2.3 ,
with

ξ̃ = 1 on [−L,L], ξ̃ = 0 outside [−2L, 2L],

|ξ̃′| ≤ C∗L
−1, |ξ̃′′| ≤ C∗L

−2.

Choose a base cutoff χ equal to one on Πα(B
+
1 (p)), with sptχ ⊂ Bα

C∗ρ
(y) and

|Dχ| ≤ C∗ρ
−1, |D2χ| ≤ C∗ρ

−2, ∂y1χ = 0 on {y1 = 0}.

For sufficiently large fixed L, the condition |tα(p)| ≤ L/2 implies that χξ̃ = 1 on Y −1
Σα

(B+
1 (p)). Set

u = χξ̃ϕyi .

Then

(∆α,0 + ∂zz −W ′′(Hα))u = ∂yi(χξ̃Ẽ
◦
α) + χξ̃Ei,◦ − (∂yiχ)ξ̃Ẽ

◦
α

+ 2ξ̃⟨∇α,0χ,∇α,0ϕyi⟩+ (∆α,0χ)ξ̃ϕyi + χ
(
2ξ̃′∂zϕyi + ξ̃′′ϕyi

)
.

By (8.22), the first line on the right and the required boundary data contribute at most

C
(
ε2 +A(r + 140| log ε|2;x)3/2 + ε1/6A(r + 140| log ε|2;x)

)
.

The remaining terms are bounded by

C∗(ρ
−1 + L−1)∥ϕyi∥C1,θ(Bα

C∗ρ(y)×[−2L,2L]).

It remains to estimate the integral in (8.32). Since χ is independent of z,∫
R
uH′

α dz = χ

∫
R
ϕyiH

′
α dz + χ

∫
R
(ξ̃ − 1)ϕyiH

′
α dz.

By (8.30), the first term is bounded by

C∗
(
ε2 +A(r + 120| log ε|2;x)2

)
,

and hence by the expression in (8.31), since A2 ≤ A3/2. By exponential decay of H′
α, the second

term is bounded by C∗e
−L times the supremum of |ϕyi | on Bα

C∗ρ
(y) × R. At each point, choose a

closest sheet and use (8.23)-(8.24). This gives∥∥∥∥∫
R
(ξ̃ − 1)ϕyiH

′
α dz

∥∥∥∥
C0

≤ C∗e
−L max

β
1≤j≤n

sup
q∈B+

r+12| log ε|(x)∩M
0
β

|tβ(q)|≤K| log ε|+C∗ρ

∥ϕyj∥C1,θ(B+
1 (q))

+ C
(
ε2 +A(r + 140| log ε|2;x)3/2 + ε1/6A(r + 140| log ε|2;x)

)
.

On y1 = 0,

∂y1u = χξ̃ ∂y1ϕyi (i ≥ 2), u = χξ̃ϕy1 (i = 1),
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because ∂y1χ = 0. Proposition 8.4 therefore supplies exactly the Neumann and Dirichlet norms
required in (8.32). Applying (8.32) with the preceding estimates proves (8.31). □

Proof of Proposition 8.1. Choose ρ sufficiently large and then L sufficiently large so that the coef-
ficients in Lemmas 8.7 and 8.8 are at most 1/16. Since Ω2

α ∪ Ω3
α = M0

α, those lemmas give

max
α, 1≤i≤n

sup
p∈B+

r (x)∩M0
α

|tα(p)|≤K| log ε|

∥ϕyi∥C1,θ(B+
1 (p))

≤ 1

16
max

β, 1≤j≤n
sup

p∈B+
r+12| log ε|(x)∩M

0
β

|tβ(p)|≤K| log ε|+Cρ

∥ϕyj∥C1,θ(B+
1 (p))

+ C
(
ε2 +A(r + 140| log ε|2;x)3/2 + ε1/6A(r + 140| log ε|2;x)

)
.

The same iteration argument as in the proof of Lemma 7.5 concludes the proof. □

Proof of Corollary 8.2. Fix y ∈ Σα ∩ B+
r (x) and apply (5.58) on Bα

1 (y). Proposition 8.1 controls
∥∇α,0ϕ(·, 0)∥C1,θ(Bα

1 (y))
.

In the product
max

β: |tβ(y,0)|≤9| log ε|
∥∇β,0hβ∥C1,θ

(
max
Bα

1 (y)
e−Dα

)
from (5.58) the norm indexed by β is taken on Bβ

2 (Πβ(y, 0)). Use the rough bound of Proposition
7.1 to conclude that this product is at most

C
(
ε2 +A(r + 200| log ε|2;x)

)
A(r + 200| log ε|2;x) ≤ C

(
ε2 +A(r + 200| log ε|2;x)3/2

)
.

The explicit term ε1/6e−Dα in (5.58) gives the last term in (8.2). Taking the supremum proves the
corollary. □

Proof of Corollary 8.3. Subtract ∆α,0hα from (7.40). The coefficient 2/σ0 is the coefficient estab-
lished by the projected interaction calculation in the proof of Proposition 6.4; it is unchanged by
the shift estimate. Uniform coordinate bounds give

∥∆α,0hα∥Cθ ≤ C∥∇α,0hα∥C1,θ .

Use (8.2) for this term and (7.41) for E0
α. Since ε1/3A ≤ ε1/6A, and the radius in (7.41) is smaller

than the radius in (8.4), we obtain (8.3)-(8.4). □

Part 2. Stability of Toda system implies curvature estimates

9. Stability inequality for Toda system

We transfer the stability inequality for u to the Toda system governing the sheet distances. As
in Section 8 of [WW19b], the test function associated with Σα is the product of a function on Σα

and the full translation derivative
g′α = H′

α +G′
α

introduced in Section 5. Since Gα depends also on its first argument, horizontal derivatives of G′
α

occur in the equation for g′α. We therefore combine the horizontal and normal parts of the diagonal
energy by the divergence theorem before estimating either part. The interaction integrals and the
ordered cross terms are then treated as in Sections 8.3–8.4 of [WW19b], with the additional terms
produced by the twisted Fermi coordinates and by the boundary.

Fix
x ∈ B+

5R/6(0), 0 < r ≤ R/80, 1 < τ < 2.
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All functions on a sheet are smooth up to ∂0Σα, compactly supported in Σα ∩ B+
r+8| log ε|(x), and

extended by zero outside that support. They need not vanish on ∂0Σα. Unless another measure is
displayed, an integral over Σα is taken with respect to dAα,0.

Proposition 9.1 (Stability inequality). Let ηα ∈ C∞
c (Σα ∩ B+

r (x)). For all sufficiently small ε,
there is a nonnegative quadratic form Q such that∑

α

∫
Σα

|∇α,0ηα|2 +Q(η) ≥
∑
α

2A2
(−1)α−1

τσ0

∫
Σα

e−|tα−1(y,0)|[ηα(y) + ηα−1(Πα−1(y, 0))
]2
.(9.1)

Moreover,

0 ≤ Q(η) ≤ C(N, τ)
(
ε1/4 +A(r + 240| log ε|2;x)1/2

)∑
α

∫
Σα

|∇α,0ηα|2

+ C(N, τ)
(
ε2 +A(r + 240| log ε|2;x)7/6 + ε1/7A(r + 240| log ε|2;x)

)∑
α

∫
Σα

η2α,(9.2)

where N is the number of non-vanishing ηα.

9.1. The diagonal terms. Set

(9.3) φ =
∑
α

φα, φα = ηαg
′
α, g′α = H′

α +G′
α,

so that each φα is supported in B+
r+20| log ε|(x). Here hα and ηα are extended constantly along the

α-fibres. Every quantity carrying an index β is first calculated in the twisted Fermi coordinates of
Σβ and then evaluated at the ambient point through (Πβ, tβ).

For k ≥ 0 we retain the conventions of Section 5:

H(k)
α = H(k)

α (y, z) = H̄(k)((−1)α(z − hα(y))) G(k)
α = G(k)

α (y, z) = Ḡ(k)((−1)α(z − hα(y)))

The cut-offs introduced in Section 5 imply that all differentiated one-dimensional factors vanish at
the endpoints of every z-integration below. Thus integrations by parts in z have no endpoint terms.

For every fixed k, every fixed polynomial factor, and every 0 < σ < 1,

(9.4) |H(k)
α | ≤ Cke

−|z−hα| (k ≥ 1), |G(k)
α |+ |∇α,0G(k)

α | ≤ Ck,σεe
−σ|z−hα| (k ≥ 0).

Taking σ = 31/32 and decreasing ε0 gives, on the support of the differentiated factors,

|G(k)
α |+ |∇α,0G(k)

α | ≤ Ckε
3/4e−|z−hα|.

for k ≥ 0. Indeed, |z − hα| ≤ 8| log ε| + 1 there and εe|z−hα|/32 ≤ Cε3/4. Consequently, for every
fixed m ≥ 0,

(9.5)

∫
R
(g′α)

2 dz = σ0 +O(ε),

∫
R
(1 + |z|)m

(
|g′α|2 + |∂zg′α|2 + |∂zzg′α|2

)
dz ≤ Cm.

Proposition 7.1, applied on the enlarged domains used below, gives

∥ϕ∥C2,θ +max
α

∥hα∥C2,θ +max
α

∥Hα(·, 0) + ∆α,0hα∥Cθ ≤ C
(
ε2 +A(r + 240| log ε|2;x)

)
,

where each norm is taken on the corresponding portion of the enlarged ball. The improved horizontal
estimates proved in the preceding section yield

max
α,i

∥ϕyi∥C1,θ+max
α

∥∇α,0hα∥C1,θ

≤ C
(
ε2 +A(r + 240| log ε|2;x)3/2 + ε1/6A(r + 240| log ε|2;x)

)
.(9.6)
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Throughout the remainder of this section, the two scalar functions produced by differentiating the
equations for Hα and Gα are denoted by

Eα(H, h), Eα(G, h).

Lemma 9.2. We have the following

(9.7) H′′′
α = −∆α,0H′

α +W ′′(Hα)H′
α + Eα(H, h),

(9.8) G′′′
α = −∆α,0G′

α +W ′′(Hα)G′
α +W ′′′(Hα)H′

αGα + Eα(G, h),

where

Eα(H, h) = |∇α,0hα|2H′′′
α − (−1)α(∆α,0hα)H′′

α + ξ̄′1
(
(−1)α(z − hα)

)
,

Eα(G, h) = |∇α,0hα|2G′′′
α − (−1)α(∆α,0hα)G′′

α

− 2(−1)α
∑
i,j

gijα (y, 0)G′′
α,i ∂yjhα + ξ′2,α.(9.9)

Hence

(9.10) (∆α,0 + ∂zz −W ′′(Hα))g
′
α =W ′′′(Hα)H′

αGα + Eα(H, h) + Eα(G, h).

If ∆ is the ambient Laplacian, then

(−∆+W ′′(u))g′α =
(
W ′′(u)−W ′′(Hα)

)
g′α −W ′′′(Hα)H′

αGα

− Eα(H, h)− Eα(G, h)− (∆α,z −∆α,0)g
′
α +Hα∂zg

′
α − Eαg

′
α.(9.11)

Proof. Fix an arbitrary base point and choose geodesic coordinates for gα,0 at that point. There
the Christoffel symbols vanish, so differentiating the equations defining Hα and Gα and applying
the chain rule to z − hα(y) gives

∂yig
′
α = G′

α,i − (−1)αg′′αhα,i,

∂yiyjg
′
α = G′

α,ij − (−1)α
(
G′′

α,ihα,j +G′′
α,jhα,i + g′′αhα,ij

)
+ g′′′α hα,ihα,j .

Contracting the second identity with gijα (y, 0) proves (9.7)-(9.9); adding (9.7) and (9.8) proves (9.10).
This is the analogue of differentiating [WW19b, (4.1), p. 15] and applying the resulting identity as
in [WW19b, Section 8.2, p. 34]; unlike in that Euclidean calculation, the first-argument derivatives
of Gα and the term Eαg

′
α must also be retained. □

Recall that by the definition of twisted Fermi coordinates and the geometric approximation
identities of Section 4, in twisted Fermi coordinate with respect to Σα, we have

(9.12) |∇f |2 = |∇α,zf |2 +
(
∂zf −

∑
i

T i∂yif
)2
, d volg = λα(y, z) dy dz,

and

∆f = ∆α,zf + ∂zzf −Hα(y, z)∂zf + Eαf,

Eαf = λ−1
α ∂yi

(
λαT

i
αT

j
α∂yjf

)
− T i

α∂yizf − λ−1
α ∂z

(
λαT

j
α∂yjf

)
.

Moreover,

∂zλα =
(
−Hα(y, z) + divα,z T

)
λα,

and, for a fixed integer m,

(9.13)
∣∣∂z(Hα(y, z)λα(y, z)

)∣∣ ≤ Cε2(1 + |z|m)λα(y, 0).
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Finally, ∫
∂0Σα

η2α dσα,0 ≤ C

(∫
Σα

η2α dAα,0

)1/2(∫
Σα

|∇α,0ηα|2 dAα,0

)1/2

+ Cε

∫
Σα

η2α dAα,0.(9.14)

To prove this, integrate divα,0(η
2
α∂y1) over Σα, and use |divα,0∂y1 | ≤ Cε.

Lemma 9.3 (Flux through the boundary). For every δ > 0, the sum of the absolute values of all
diagonal and cross boundary integrals∫

∂0B
+
r+8| log ε|(x)

ηαηβg
′
α∂νg

′
β dσg

that arise from (9.3) is bounded by

δ
∑
α

∫
Σα

|∇α,0ηα|2 dAα,0

+ C(N, δ)
(
ε2 +A(r + 240| log ε|2;x)7/6 + ε1/7A(r + 240| log ε|2;x)

)∑
α

∫
Σα

η2α dAα,0.(9.15)

Proof. The following identity holds on ∂0Σα.

(9.16) ∂νg
′
α =

∑
i

(∂νyi)
(
G′

α,i − (−1)αg′′α∂yihα
)
+ (−1)αJαg

′′
α.

Differentiating the boundary equation for Gα gives

G′
α,1 = −wα

(
H′

α + (−1)α(z − hα)H′′
α

)
+ δ′α

(
y, (−1)α(z − hα)

)
.

Using Jα = wαz + (Jα − wαz) in (9.16), we obtain

∂νg
′
α = − wαH′

α + (−1)α
(
wαhα + Jα − wαz

)
H′′

α + (−1)αJαG′′
α

− (−1)αg′′α∂νhα +
∑
i

(∂νyi − δ1i)G′
α,i + δ′α

(
y, (−1)α(z − hα)

)
.(9.17)

The first term is O(ε). Moreover,

∂νhα = ∂y1hα +
∑
i

(∂νyi − δ1i)∂yihα, |∂νyi − δ1i| ≤ Cε(1 + |z|3).

Equations (9.4), (9.6), and (9.17) show that the z-integral of each boundary product is bounded by

C
(
ε+ ε2 +A(r + 240| log ε|2;x)3/2 + ε1/6A(r + 240| log ε|2;x)

)
times the corresponding squared boundary test functions. For a cross product, use 2|ηαηβ| ≤ η2α+η

2
β.

The boundary area measure is uniformly comparable to dσα,0 dz.
Apply (9.14) and Young’s inequality, choosing the coefficient of |∇α,0ηα|2 to be δ. Since 0 ≤

A(·; ·) ≤ 1,

(ε+ ε2 +A3/2 + ε1/6A)2 + ε(ε+ ε2 +A3/2 + ε1/6A) ≤ C(ε2 +A7/6 + ε1/7A).

Here every A in the numerical inequality is evaluated at r+240| log ε|2 and x. This proves (9.15). □

Lemma 9.4 (Combined diagonal contribution). For every δ > 0, the difference between∫
B+

r+20| log ε|(x)

(
|∇φα|2 +W ′′(u)φ2

α

)
d volg
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and

σ0

∫
Σα

|∇α,0ηα|2 dAα,0

+

∫
Σα

η2α

∫
R

[(
W ′′(u)−W ′′(Hα)

)
(g′α)

2 −W ′′′(Hα)H′
αGαg

′
α

]
λα(y, z) dz dy(9.18)

is bounded in absolute value by

(Cε1/4 + δ)

∫
Σα

|∇α,0ηα|2 dAα,0

+ C(δ)
(
ε2 +A(r + 240| log ε|2;x)7/6 + ε1/7A(r + 240| log ε|2;x)

) ∫
Σα

η2α dAα,0.

Proof. Green’s identity, with ν the inward normal to the boundary, gives∫
B+

r+8| log ε|(x)

(
|∇(ηαg

′
α)|2 +W ′′(u)η2α(g

′
α)

2
)
d volg =

∫
B+

r+8| log ε|(x)
(g′α)

2|∇ηα|2 d volg

+

∫
B+

r+8| log ε|(x)
η2αg

′
α(−∆+W ′′(u))g′α d volg

−
∫
∂0B

+
r+8| log ε|(x)

η2αg
′
α∂νg

′
α dσg.(9.19)

Since ηα is constant along the coordinate fibres, (9.12), (9.5), and the coefficient estimates give∫
B+

r+8| log ε|(x)
(g′α)

2|∇ηα|2 d volg = σ0

∫
Σα

|∇α,0ηα|2 dAα,0 +O(ε)

∫
Σα

|∇α,0ηα|2 dAα,0.

The terms containing the tangential component T obey the same bound.
Substitution of (9.11) in the second line of (9.19) leaves the two terms in (9.18) and the four

integrals

−
∫
B+

r+8| log ε|(x)
η2αg

′
α

(
Eα(H, h) + Eα(G, h)

)
d volg,

−
∫
B+

r+8| log ε|(x)
η2αg

′
α(∆α,z −∆α,0)g

′
α d volg,∫

B+
r+8| log ε|(x)

η2αHαg
′
α∂zg

′
α d volg, −

∫
B+

r+8| log ε|(x)
η2αg

′
αEαg

′
α d volg .

The first, second and fourth lines are estimated by (9.4)-(9.6) and the geometric coefficient bounds.
In the third line, integrate in z before estimating:∫

R
Hαg

′
α∂zg

′
αλα dz = −1

2

∫
R
(g′α)

2∂z(Hαλα) dz = O(ε2)λα(y, 0),

where (9.13) is used. Finally apply Lemma 9.3 to the last line of (9.19). This proves the lemma. □

9.2. Interaction estimates.
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Lemma 9.5 (Overlap and projection estimates). For β ̸= α and every fixed nonnegative integer
m, ∫

R
(1 + |z|+ |tβ(y, z)|)me−|z|−|tβ(y,z)| dz

≤ Cm(1 + |tβ(y, 0)|)m+1e−|tβ(y,0)|.(9.20)

The sum of the right-hand side over β ̸= α is bounded by CmA(r + 240| log ε|2;x)11/12, while the
sum over |β − α| ≥ 2 is bounded by

CmA(r + 240| log ε|2;x)3/2 + Cmε
2.

For β = α± 1 and |tβ(y, 0)| ≤ 100| log ε|,

|tα(Πβ(y, 0), 0) + tβ(y, 0)| ≤ Cε1/3,

(Πβ|Σα)
∗dAβ,0 = (1 +O(ε1/3))dAα,0,

|Πα(Πβ(y, 0), 0)− y| ≤ Cε1/3.(9.21)

Proof. The signed-distance comparison of Proposition 4.25 gives

|tβ(y, z)− tβ(y, 0)− z| ≤ Cε1/2|z|(1 + |z|).

The two estimates of Lemma 5.2, applied with σ = ς = 1, therefore give (9.20). Exponential

separation of the ordered sheets and (1 + s)me−s/12 ≤ Cm give the two asserted sums.
The first and third lines of (9.21) follow from the signed-distance and projection comparison in

Proposition 4.25. Differentiating

YΣβ
(Πβ(y, 0), tβ(y, 0)) = y

along Σα gives the area-form comparison. Indeed, the derivative of the normal flow changes the
base metric by O(ε(1+ | log ε|2)), whereas the tangential component of ∇tβ along Σα is bounded by

Cε1/4| log ε|3/4. The pulled-back metric therefore changes by O(ε1/3) for small ε. If the separation
exceeds 100| log ε|, the exponential factor is O(ε2), and the coarse bounded-Jacobian estimates
suffice. □

By the one-dimensional computation used in Section 8.3 of [WW19b], we have the following
lemma.

Lemma 9.6 (Adjacent one-dimensional interaction). For β = α± 1,∫
R

(
W ′′(H∗)−W ′′(Hβ)

)
H′

αH′
β dz

= −2A2
(−1)min{α,β}e

−|tβ(y,0)| +O
(
ε2 +A(r + 240| log ε|2;x)7/6 + ε1/7A(r + 240| log ε|2;x)

)
.

The sum of the absolute values of the same integrals over |β − α| ≥ 2 is bounded by C(ε2 + A(r +

240| log ε|2;x)3/2).
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Lemma 9.7 (Corrected diagonal interaction). We have∣∣∣∫
Σα

η2α

∫
R

[(
W ′′(u)−W ′′(Hα)

)
(g′α)

2 −W ′′′(Hα)H′
αGαg

′
α

]
λα dz dy

+ 2

∫
Σα

η2α
[
A2

(−1)α−1e
−|tα−1(y,0)| +A2

(−1)αe
−|tα+1(y,0)|]dAα,0

∣∣∣
≤ C

(
ε2 +A(r + 240| log ε|2;x)7/6 + ε1/7A(r + 240| log ε|2;x)

) ∫
Σα

η2α dAα,0.(9.22)

Proof. A direct Taylor estimate of the term linear in ϕ gives only an O(A) bound. To recover the
required error, we first remove G∗ from the nonlinear argument and use the equation for ϕ.

The identity

∆(u−G∗)−W ′(u−G∗) =W ′(u)−W ′(u−G∗)−
∑
β

W ′′(Hβ)Gβ −
∑
β

(
∆Gβ −W ′′(Hβ)Gβ

)
combined with the equation for ϕ = u−H∗ −G∗ gives (recall the notation introduced in (6.2))

ϕzz −W ′(u−G∗) +
∑
β

W ′(Hβ) = ∆(u−G∗)−W ′(u−G∗)

−∆α,zϕ+Hα(y, z)ϕz − Eαϕ

+
∑
β

[
(−1)βH′

βRβ,1 −H′′
βRβ,2 − EβHβ

]
−
∑
β

ξ̄1
(
(−1)β(tβ − hβ ◦Πβ)

)
.(9.23)

Multiply (9.23) by H′′
α and integrate in z. The horizontal derivatives of ϕ are controlled by (9.6).

For the term involving the α-sheet, use
∫
RH′

αH′′
α dz = 0 and subtract Hα(y, 0) + ∆α,0hα(y) from

Rα,1. The difference is bounded by Cε2(1+ |z|m)+Cε(1+ |z|m)∥∇α,0hα∥C1 . The terms with β ̸= α
are summed using Lemma 9.5. The cut-off terms, the operator terms, and the term involving G∗
obey the same bound. Therefore,∣∣∣∫

R

[
ϕzz −W ′(u−G∗) +

∑
β

W ′(Hβ)
]
H′′

α dz
∣∣∣

≤ C
(
ε2 +A(r + 240| log ε|2;x)3/2 + ε1/6A(r + 240| log ε|2;x)

)
.(9.24)

Integrating the left-hand side of (9.24) by parts once gives∫
R

[
ϕzz −W ′(u−G∗) +

∑
β

W ′(Hβ)
]
H′′

α dz

=

∫
R

(
W ′′(u−G∗)−W ′′(Hα)

)
(H′

α)
2 dz

+ (−1)α
∫
R

(
W ′′(u−G∗)−W ′′(Hα)

)
H′

αϕz dz

+
∑
β ̸=α

(−1)α+β

∫
R

(
W ′′(u−G∗)−W ′′(Hβ)

)
H′

αH′
β ∂z(tβ − hβ ◦Πβ) dz

− (−1)α
∫
R
ξ̄′1
(
(−1)α(z − hα)

)
ϕz dz.(9.25)
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Indeed,

∂zH′′
α = (−1)α

(
W ′′(Hα)H′

α + ξ̄′1
(
(−1)α(z − hα)

))
,

∂z(u−G∗) = ϕz +
∑
β

(−1)βH′
β∂z(tβ − hβ ◦Πβ).

The second and fourth lines on the right of (9.25) are O(ε2 + A3/2). In the third line, replacing
W ′′(u−G∗) by W

′′(H∗) has the same cost. Moreover, by Proposition 4.26

∂z(tβ − hβ ◦Πβ)− 1 = O(ε1/3) +O(ε1/5)∥∇hβ∥C0 .

Lemma 9.5 bounds the cost of removing this factor by C(ε2 +A7/6 + ε1/7A). Since (−1)α+β = −1
for adjacent sheets, Lemma 9.6 yields∫

R

(
W ′′(u−G∗)−W ′′(Hα)

)
(H′

α)
2 dz

= −2
[
A2

(−1)α−1e
−|tα−1(y,0)| +A2

(−1)αe
−|tα+1(y,0)|]

+O
(
ε2 +A(r + 240| log ε|2;x)7/6 + ε1/7A(r + 240| log ε|2;x)

)
.(9.26)

It remains to restore G∗ and g′α and to replace λα(y, z) by λα(y, 0). Taylor expansion gives

W ′′(u) =W ′′(u−G∗) +W ′′′(u−G∗)G∗ +O(ε2), (g′α)
2 = (H′

α)
2 + 2H′

αG′
α + (G′

α)
2.

After subtracting (9.26), the terms linear in the own-sheet correction are

2
(
W ′′(u−G∗)−W ′′(Hα)

)
H′

αG′
α,

(
W ′′′(u−G∗)−W ′′′(Hα)

)
Gα(H′

α)
2.

The subtraction of W ′′′(Hα)H′
αGαg

′
α in (9.18) is precisely what produces this cancellation. The

part involving ϕ is O(ε(ε2 +A)). Notice that∫
R
(1 + |z|m)e−(1+σ)|z|min{1, ez−t} dz ≤ Cm,σe

−t.

Taking σ = 7/8 and using εA7/8 ≤ (ε2 + A7/4)/2 ≤ (ε2 + A7/6)/2 bounds all linear foreign-
sheet terms. Terms containing two corrections are O(ε2). Finally, |λα(y, z) − λα(y, 0)| ≤ Cε(1 +
|z|m)λα(y, 0), and the same estimate controls the density error. Multiplying by η2α and integrating
in y proves (9.22). □

9.3. Cross terms.

Lemma 9.8 (Cross terms). For the ordered sum over α ̸= β,∣∣∣∑
α ̸=β

∫
B+

r+20| log ε|(x)

(
⟨∇φα,∇φβ⟩+W ′′(u)φαφβ

)
d volg

+ 2
∑
α

∑
β=α±1

A2
(−1)min{α,β}

∫
Σα

e−|tβ(y,0)|ηα(y)ηβ(Πβ(y, 0)) dAα,0

∣∣∣
≤ C(N)

(
ε1/4 +A(r + 240| log ε|2;x)1/2

)∑
α

∫
Σα

|∇α,0ηα|2 dAα,0

+ C(N)
(
ε2 +A(r + 240| log ε|2;x)7/6 + ε1/7A(r + 240| log ε|2;x)

)∑
α

∫
Σα

η2α dAα,0.(9.27)
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Proof. For a fixed ordered pair, Green’s identity gives∫
B+

r+8| log ε|(x)

(
⟨∇φα,∇φβ⟩+W ′′(u)φαφβ

)
=

∫
B+

r+8| log ε|(x)
g′αg

′
β⟨∇ηα,∇ηβ⟩

+

∫
B+

r+8| log ε|(x)
ηα⟨g′β∇g′α − g′α∇g′β,∇ηβ⟩

+

∫
B+

r+8| log ε|(x)
ηαηβg

′
α(−∆+W ′′(u))g′β

−
∫
∂0B

+
r+8| log ε|(x)

ηαηβg
′
α∂νg

′
β.(9.28)

All unlabelled integrals in this proof are ambient integrals over the common support. Formula
(9.28) follows by expanding both gradients and integrating only the derivative falling on g′β. The
decay estimates imply

|g′α|+ |∇g′α| ≤ Ce−|tα|, |∇ηα| ≤ C|∇α,0ηα| ◦Πα.

Lemma 9.5, applied in either sheet’s coordinates, gives∫
B+

r+8| log ε|(x)
e−|tα|−|tβ ||ηα ◦Πα|2 d volg ≤ CA11/12

∫
Σα

η2α dAα,0,∫
B+

r+8| log ε|(x)
e−|tα|−|tβ ||∇β,0ηβ|2 ◦Πβ d volg ≤ CA11/12

∫
Σβ

|∇β,0ηβ|2 dAβ,0,

where, in this proof, A = A(r + 240| log ε|2;x). These bounds also hold with fixed polynomial

factors. The first line of (9.28) is therefore bounded by CA11/12 times the two gradient energies.
Cauchy’s inequality bounds its second line by

CA1/2

∫
Σβ

|∇β,0ηβ|2 dAβ,0 + CA4/3

∫
Σα

η2α dAα,0.

Since A11/12 ≤ A1/2 and A4/3 ≤ A7/6 for 0 ≤ A ≤ 1, these are allowed errors. Lemma 9.3 controls
the boundary integral.

Substituting the β-version of (9.10) and (9.1) in the third line of (9.28), its only principal part is

(9.29)

∫
B+

r+8| log ε|(x)
ηαηβ

(
W ′′(u)−W ′′(Hβ)

)
g′αg

′
β d volg .

The remaining scalar factors multiplying ηαηβg
′
α are

−W ′′′(Hβ)H′
βGβ, −Eβ(H, h)− Eβ(G, h), −(∆β,tβ −∆β,0)g

′
β, Hβ(·, tβ)∂tβg

′
β, −Eβg

′
β.

Equations (9.4)-(9.6), the coefficient bounds, Lemma 9.5, and Young’s inequality give the mass
error in (9.27). For example,

εA11/12 ≤ C(ε2 +A11/6), ε3/4A11/12 ≤ C(ε2 +A22/15) ≤ C(ε2 +A7/6).

In (9.29), replace u by H∗ and both g′ factors by the corresponding H′ factors. The preceding
estimates control the error, and replacing λα(y, z) by λα(y, 0) has the same bound. It remains to
replace the transported test function by its value at height zero. The exact identity is

ηβ(Πβ(y, z))− ηβ(Πβ(y, 0)) =

∫ z

0

∑
j

(∂yjηβ)(Πβ(y, s))∂sΠ
j
β(y, s) ds.
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On the overlap, |∂sΠβ| ≤ Cε1/5. The s- and z-intervals have length O(| log ε|), and the maps
y 7→ Πβ(y, s) have uniformly bounded Jacobians. Therefore, Cauchy’s inequality in y, s, and z
gives

Cε1/5| log ε|2A(r + 240| log ε|2;x)

(∫
Σα

η2α dAα,0 +

∫
Σβ

|∇β,0ηβ|2 dAβ,0

)

≤ Cε1/7A(r + 240| log ε|2;x)

(∫
Σα

η2α dAα,0 +

∫
Σβ

|∇β,0ηβ|2 dAβ,0

)
,

where the last inequality holds for sufficiently small ε, since ε2/35| log ε|2 ≤ C. Lemma 9.6 now
gives the neighbouring principal terms in (9.27), and the nonadjacent terms satisfy the stated error
estimate. Summing over the finitely many ordered pairs proves the lemma. □

Lemma 9.9 (Changing the base sheet). In the terms involving a neighbouring pair {α− 1, α}, one
may change the base from Σα−1 to Σα, transport the exponential weight and the area measure, and
replace ηα(Πα(Πα−1(y, 0), 0)) by ηα(y). The sum of all resulting errors is bounded by

C(N)
(
ε1/4 +A(r + 240| log ε|2;x)1/2

)∑
γ

∫
Σγ

|∇γ,0ηγ |2 dAγ,0

+ C(N)
(
ε2 +A(r + 240| log ε|2;x)7/6 + ε1/7A(r + 240| log ε|2;x)

)∑
γ

∫
Σγ

η2γ dAγ,0.(9.30)

This applies to the squared factors in Lemma 9.7 and the mixed factors in Lemma 9.8.

Proof. First suppose that the separation is at most 100| log ε|. Use the inverse of Πα−1|Σα for the
change of variables. The first two estimates in (9.21) show that changing the exponential weight

and the area measure has relative error O(ε1/3), hence absolute error Cε1/3A(r + 240| log ε|2;x)
times the two test-function masses.

The reverse projection need not be the inverse map. By (9.21), its composition with the first

projection differs from the identity by O(ε1/3). Its derivative in graph coordinates differs from the

identity by O(ε1/5). Therefore
(9.31)∫

{y∈Σα:|tα−1(y,0)|≤100| log ε|}

∣∣ηα(Πα(Πα−1(y, 0), 0))− ηα(y)
∣∣2 dAα,0 ≤ Cε2/3

∫
Σα

|∇α,0ηα|2 dAα,0.

The integral on the left is over the logarithmic comparison region; the test function is zero outside
its support. To compare squares, use a2 − b2 = (a− b)(a+ b); for a mixed product, leave the other

factor unchanged. Cauchy’s inequality, (9.31), and e−|tα−1| ≤ CA(r + 240| log ε|2;x) prove (9.30).
If the separation exceeds 100| log ε|, the corresponding term is O(ε2) times the masses before and

after the base change, by the coarse Jacobian bound in Lemma 9.5. Restricting the comparison
to the logarithmic region differentiates no cut-off, because only the integrals are being compared.
Summing over the finitely many pairs proves the lemma. □

Proof of Proposition 9.1. Since suppφα ⊂ B+
r+20| log ε|(x) for every α, the stability assumption gives

(9.32) 0 ≤
∫
B+

r+20| log ε|(x)

(
|∇φ|2 +W ′′(u)φ2

)
d volg .

If necessary, the compactly supported C1 test is approximated in H1 by smooth functions up to
the boundary.
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Expand the right-hand side of (9.32) into diagonal terms and the ordered cross sum. Apply
Lemmas 9.4, 9.7, and 9.8. Before changing the base of a neighbouring term, the negative principal
contribution is

− 2
∑
α

∑
β=α±1

A2
(−1)min{α,β}

∫
Σα

e−|tβ(y,0)|ηα(y)
2 dAα,0

− 2
∑
α

∑
β=α±1

A2
(−1)min{α,β}

∫
Σα

e−|tβ(y,0)|ηα(y)ηβ(Πβ(y, 0)) dAα,0.(9.33)

Fix the unordered neighbouring pair {α − 1, α}. By Lemma 9.9, all four terms may be written
on Σα. Their common coefficient is A2

(−1)α−1 . The two diagonal terms and the two ordered mixed

terms then combine as

−2A2
(−1)α−1e

−|tα−1(y,0)|[ηα(y) + ηα−1(Πα−1(y, 0))
]2
.

Each unordered neighbouring pair is counted exactly once after this regrouping.
Choose the finitely many constants δ in Lemmas 9.3 and 9.4 so that the sum of their gradient

contributions is at most (τ − 1)σ0 times the total gradient energy. These choices are made after N
and τ are fixed and before ε is decreased. Moving the negative square in (9.33) to the other side
of (9.32), dividing by τσ0, and defining Q(η) to be the sum of the two resulting nonnegative error
terms give (9.1) and (9.2). □

10. A separation estimate from local bounds for the Emden equation

Recall that R = ε−1 and
A(r;x) = max

α
max

y∈Σα∩B+
r (x)

e−Dα(y).

We use the geometric and separation estimates of Section 4, the improved Toda equation in Corollary
8.3, and the stability inequality in Proposition 9.1. In particular, Lemma 4.32 implies

A(5R/6; 0) = o(1)

uniformly as ε→ 0. Fix once and for all a constant

0 < δ <
1

48
.

This value of δ remains fixed throughout this section.

Proposition 10.1 (Decay above the logarithmic comparison scale). Suppose that 1 ≤ n ≤ 9, where
n is the dimension of a sheet. There are fixed constants M ≫ K ≫ 1 such that the following holds
for all sufficiently small ε. Let 2R/3 ≤ r ≤ 5R/6 and κ = A(r; 0). If

(10.1) κ ≥Mε2| log ε|2,
then

(10.2) A(r −KR∗; 0) ≤
κ

2
, R∗ = max{κ−1/2, 200| log ε|2}.

Remark 10.2. If the boundary is totally geodesic, the same conclusion holds under the weaker
hypothesis

(10.3) κ ≥Mε2| log ε|.
The distinction between (10.1) and (10.3) occurs in the comparison between the signed Riemannian
distance and the Euclidean distance in a coordinate chart. In a boundary Fermi chart, one has

g − Id = O(ε|y|+ ε|z|).
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On a base ball of radius Kκ−1/2, replacing a distance of order | log ε| by the coordinate difference
can therefore produce an error of order

C(K)εκ−1/2| log ε|.
Hypothesis (10.1) makes this error small. When the boundary is totally geodesic, all first derivatives
of the normalised metric vanish at the centre of a boundary Fermi chart, and the corresponding
metric error is quadratic. This yields (10.3).

The proof follows the reduction in [WW19b, Section 9]: derive a scalar inequality for the gap
between two adjacent graphs, transfer the stability inequality to the resulting exponential term,
obtain an Lp estimate with p > n/2, and apply a local boundedness argument.

10.1. The geometric reduction. To prove (10.2), suppose that x ∈ Σα ∩B+
r−KR∗

(0) satisfies

(10.4) e−Dα(x) >
κ

2
.

Choose a point on a neighbouring sheet that attains Dα(x). Reversing the graphical ordering if
necessary, denote it by Σα+1. Since W is even, A1 = A−1, so this relabelling does not change the
interaction coefficient. At this point,

(10.5) |tα+1(x)| < log
2

κ
≤ 2| log ε|

for all sufficiently small ε.
The two sheets are the graphs of the functions fα and fα+1 already introduced in Section 4, and

x = (x′, fα(x
′)). Recall that

(10.6) |∇fα|+ |∇fα+1| ≤ C, |∇2fα|+ |∇2fα+1| ≤ Cε.

In a boundary chart,

(10.7) ∂y1fα = ∂y1fα+1 = 0 on {y1 = 0},
because ∂y1 is the ambient inward unit normal there. At the centre of the normalized chart,

(10.8) fα(0) = 0, ∇fα(0) = 0, g(0) = Id.

Consistently with Sections 3-5, Bs(x
′) ⊂ Rn denotes the Euclidean ball, and B+

s (x
′) = Bs(x

′)∩{y1 ≥
0} in a boundary chart; in an interior chart we use Bs(x

′). We reserve B+
s (·) for ambient Fermi

coordinate balls, Bα
s (·) for the sheet coordinate balls, and B

0,α
s (·) for the boundary coordinate balls

of Definition 5.4. In the graphical and scalar calculations, ∇ and div denote Euclidean coordinate
operations on the base; intrinsic derivatives on a sheet retain their earlier subscripts.

The estimates below are used on B+
2Kκ−1/2(x

′), together with a fixed multiple of | log ε| in the
normal and tangential directions.

Set
f tα = (1− t)fα + tfα+1, tβ(y) = tβ(y, fα(y)).

The vector ν = e1 denotes the inward normal to the boundary.

Lemma 10.3 (Riemannian gap inequality). Under (10.1), for fixed K, M , and all sufficiently small
ε, there is a symmetric matrix Bα such that

(10.9) |Bα − Id| ≤ C(K)M−δ, |∇Bα| ≤ Cε,
1

2
Id ≤ Bα ≤ 2Id.

For every y ∈ B+
2Kκ−1/2(x

′) such that fα+1(y)− fα(y) < 4| log ε|+ 1,

(10.10) div(Bα∇(fα+1 − fα)) ≤
4A2

1

σ0

(
1 + C(K)M−δ

)
e−(fα+1−fα) + C(K)M−δκ.
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On the boundary ∂0B+
2Kκ−1/2(x

′), we have

⟨Bα∇(fα+1 − fα), ν⟩ = 0.

For completeness, we record the matrix in Lemma 10.3. If p = (p1, . . . , pn) is the covector defining
a graph, then

(10.11) ϖ(y, z, p)2 = gn+1,n+1(y, z)− 2
∑
i

gi,n+1(y, z)pi +
∑
i,j

gij(y, z)pipj .

Thus the graph-area density relative to dy is
√
det g(y, z)ϖ(y, z, p), where the determinant is that

of the ambient (n+ 1)× (n+ 1) metric matrix. Define

Bα,ij(y) =

∫ 1

0

[
∂2pipj

(√
det g ϖ

)] (
y, f tα(y),∇f tα(y)

)
dt.

Remark 10.4. At y1 = 0, boundary Fermi coordinates give g1j = 0 for j ̸= 1, g11 = 1, and
g1,n+1 = 0. Equation (10.7) gives p1 = 0 for p = ∇f tα. Differentiating (10.11) therefore yields

∂p1

(√
det g ϖ

)
= 0, ∂2p1pj

(√
det g ϖ

)
= 0 (j ≥ 2).

Consequently Bαν = Bα,11ν, and (10.7) gives the asserted conormal condition.

Proof of Lemma 10.3. We begin with the two geometric estimates used in the proof.

Claim 10.5. For every y ∈ B+
2Kκ−1/2+20| log ε|(x

′), we have

|∇fα| ≤ C(K)εκ−1/2 + Cε| log ε|,(10.12)

|∇fα+1| ≤ C(K)εκ−1/2 + C
√
ε| log ε|+ Cε| log ε|,(10.13)

|g − Id| ≤ C(K)(εκ−1/2 + ε| log ε|), |∂g| ≤ Cε, |∂2g| ≤ Cε2.(10.14)

Proof. The first estimate follows from (10.8), (10.6), and the distance between 0 and x′. At x′, the
uniform metric and graph bounds together with (10.5) first give fα+1− fα ≤ C| log ε|. The positive
difference of two disjoint graphs whose Hessians are bounded by Cε satisfies

(10.15) |∇(fα+1 − fα)| ≤ C
√
ε| log ε|

at that point. Indeed, Taylor’s inequality in a unit direction chosen to decrease the difference gives

0 ≤ (fα+1 − fα)(y)− s|∂(fα+1 − fα)(y)|+ Cεs2.

Taking s comparable to
√

| log ε|/ε gives (10.15).
Combining (10.15) with (10.12) at x′ gives (10.13) there. Integrating (10.6) along base segments

of length O(Kκ−1/2 + | log ε|) proves (10.12)-(10.13) on B+
2Kκ−1/2+20| log ε|(x

′). The graph values on

this set remain in an ambient coordinate neighbourhood of radius C(K)(κ−1/2 + | log ε|). Taylor’s
theorem for the rescaled metric then gives (10.14). □

Claim 10.6. For every y ∈ B+
2Kκ−1/2(x

′) satisfying fα+1(y)− fα(y) ≤ 4| log ε|+ 1,

||tα+1(y, fα(y))| − (fα+1 − fα)(y)|+ ||tα(y, fα+1(y))| − (fα+1 − fα)(y)|

≤ C(K)
(
εκ−1/2| log ε|+ ε2κ−1| log ε|+ ε| log ε|2

)
≤ C(K)M−δ.(10.16)

In particular,

(10.17) e−(fα+1−fα) =
(
1 +O(C(K)M−δ)

)
e−|tα+1(y,fα(y))|,
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and the analogous formula holds with the two sheets interchanged. If (y, fα(y)) ∈ Σα ∩ B+
r (0) and

(y, fα+1(y)) ∈ Σα+1 ∩B+
r (0), then

e−|tα+1(y,fα(y))| ≤ κ, e−|tα(y,fα+1(y))| ≤ κ.

Proof. A vertical segment gives the upper distance bound

|tα+1(y, fα(y))| ≤ (1 + C|g − Id|)(fα+1 − fα)(y),

and similarly from the upper sheet. For the reverse inequality, a Euclidean graph of slope at most
s has distance at least d/

√
1 + s2 from a point whose vertical gap is d. Indeed, at horizontal

displacement a the vertical difference is at least max{d− s|a|, 0}, and minimizing

|a|2 +max{d− s|a|, 0}2

gives d2/(1+s2). The comparison applies to the extended graphs used in the definition of the signed
distances in Section 4. The vertical upper bound confines every minimizing segment to a coordinate
neighbourhood of radius C| log ε|.

By Claims 10.5, the squared slope and the metric error on this neighbourhood are bounded by

C(K)(ε2κ−1 + ε| log ε|), C(K)(εκ−1/2 + ε| log ε|),
respectively. Multiplying by a gap of order | log ε| proves the first inequality in (10.16). Under
(10.1), its three terms are bounded by

C(K)M−1/2, C(K)M−1| log ε|−1, C(K)ε| log ε|2.
Choose M after K and then choose ε sufficiently small. Since δ < 1/48, this proves the second
inequality in (10.16); (10.17) follows by exponentiation. If (y, fα(y)) ∈ Σα ∩ B+

r (0), then the

definition of A(r; 0) gives e−|tα+1(y,fα(y))| ≤ e−Dα(y) ≤ κ. At (y, fα+1(y)) ∈ Σα+1 ∩ B+
r (0), the

definition of A(r; 0) gives e−|tα(y,fα+1(y))| ≤ κ. □

We now need to compute the operator in (10.10). The proof of Lemma 4.22 in Appendix B already
contains the essential computations to check that by Claims 10.5 for every y ∈ B+

2Kκ−1/2(x
′),

|Bα − Id| ≤ C(K)(εκ−1/2 + ε2κ−1 + ε| log ε|), |∇Bα| ≤ Cε.

After M is fixed and ε is decreased, these inequalities give (10.9). Remark 10.4 gives the boundary
condition.

Fix
y ∈ B+

2Kκ−1/2(x
′) with fα+1(y)− fα(y) < 4| log ε|+ 1.

Apply Corollary 8.3 at (y, fα(y)) and (y, fα+1(y)). By the radius choice in the proof of Proposition
10.1,

B+
300| log ε|2

(
(y, fγ(y))

)
⊂ B+

r (0), γ ∈ {α, α+ 1}.
The remainder in each of the two Toda equations is

C
(
ε2 + κ3/2 + ε1/6κ

)
.

In the equation for the lower sheet, discard the nonnegative interaction with its lower neighbour;
in the equation for the upper sheet, discard the nonpositive interaction with its upper neighbour.
Since A1 = A−1,

Hα ≥ −2A2
1

σ0
e−|tα+1(y,fα(y))| − C(ε2 + κ3/2 + ε1/6κ),

while

Hα+1 ≤
2A2

1

σ0
e−|tα(y,fα+1(y))| + C(ε2 + κ3/2 + ε1/6κ).
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Multiply these inequalities by the corresponding positive densities and subtract the lower-sheet in-
equality from the upper-sheet inequality to obtain (10.10). Indeed, after division by κ, all remaining
terms are bounded by

C(K)

(
ε2(1 + | log ε|)

κ
+ κ1/2 + ε1/6

)
.

The first term is at most C(K)/M under (10.1), and the other two tend to zero uniformly because
A(5R/6; 0) = o(1). This proves the lemma. □

10.2. The rescaled inequality and its stability. Use the following rescaling:

vα(y) = (fα+1 − fα)(κ
−1/2y)− | log κ|, B̃α(y) = Bα(κ

−1/2y).

After rescaling, the base coordinate of x is κ1/2x′. Then set

Vα(y) = max

{
e−vα(y),

ε4

κ

}
.

At every point

y ∈ B+
K(κ1/2x′) such that (fα+1 − fα)(κ

−1/2y) ≤ 4| log ε|,

one has Vα(y) = e−vα(y). The proof of Proposition 10.1 shows that (fα+1 − fα)(x
′) < 4| log ε|, and

hence Vα(κ
1/2x′) = e−vα(κ1/2x′).

For every y ∈ B+
K(κ1/2x′) satisfying (fα+1 − fα)(κ

−1/2y) < 4| log ε|, rescaling (10.10) gives

div(B̃α∇vα) ≤
4A2

1

σ0

(
1 + C(K)M−δ

)
e−vα + C(K)M−δ.

Consequently, Vα is a positive, continuous, locally Lipschitz weak subsolution of

(10.18)


−div(B̃α∇Vα) ≤

4A2
1

σ0

(
1 + C(K)M−δ

)
V 2
α − V −1

α

〈
B̃α∇Vα,∇Vα

〉
+ C(K)M−δVα,〈

B̃α∇Vα, ν
〉
= 0 on {y1 = 0}.

The rescaled coefficient satisfies

|B̃α − Id| ≤ C(K)M−δ, |∇B̃α| ≤ Cεκ−1/2,
1

2
Id ≤ B̃α ≤ 2Id.

Lemma 10.7 (Transfer of almost stability). Fix τ ∈ (1, 2) independently of K, M , and ε. For

every η ∈ C1(B+
K(κ1/2x′)) supported away from ∂+B+

K(κ1/2x′),

4A2
1

σ0

∫
B+
K(κ1/2x′)

Vαη
2 ≤

(
τ + C(K, τ)M−δ

) ∫
B+
K(κ1/2x′)

〈
B̃α∇η,∇η

〉
+ C(K, τ)M−δ

∫
B+
K(κ1/2x′)

η2.(10.19)

and similarly in a full ball in the interior.

Proof. We put the same base test function on the two adjacent sheets, compare its projected values,
and rescale, as in [WW19b, Lemma 9.5 and (9.26)]. Throughout the proof, η denotes the rescaled

test function, extended by zero outside B+
K(κ1/2x′). Set

ηγ(y, fγ(y)) = η(κ1/2y) (γ = α, α+ 1), ηγ = 0 (γ /∈ {α, α+ 1}).
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Proposition 9.1, with N = 2, gives

2A2
1

τσ0

∫
Σα+1

e−|tα|(ηα+1 + ηα ◦Πα)
2 dAα+1,0 ≤

∑
γ=α,α+1

∫
Σγ

|∇γ,0ηγ |2 dAγ,0 +Q((ηγ)γ),

Claim 10.5, Remark 4.16, and the coordinate-flow estimates used in the proof of Lemma 9.9 give,
whenever y ∈ B+

Kκ−1/2(x
′) is such that fα+1(y)− fα(y) ≤ 4| log ε|,

|Πα(y, fα+1(y))− y| ≤ C(K)
(
εκ−1/2| log ε|+

√
ε | log ε|3/2 + ε| log ε|3

)
.(10.20)

Claim: Let S := {y ∈ B+
Kκ−1/2(x

′) : fα+1(y)− fα(y) ≤ 4| log ε|}. Then∫
S
e−|tα(y,fα+1(y))| |ηα(Πα(y, fα+1(y)))− ηα+1(y, fα+1(y))|2 dy

≤ C(K)M−2δκ1−n/2

∫
B+
K(κ1/2x′)

|∇η|2 dy.(10.21)

Proof of Claim. To obtain (10.21), let Πα(y, fα+1(y)) = (P (y), fα(P (y))) and notice that

(10.22)

|ηα(Πα(y, fα+1(y)))−ηα+1(y, fα+1(y))|2 = |η(κ1/2P (y))− η(κ1/2y)|2

≤ κ|P (y)− y|2
∫ 1

0
|∇η(κ1/2((1− s)y + sP (y)))|2 ds.

By (10.20),

|P (y)− y|2 ≤ C(K)
(
ε2κ−1| log ε|2 + εκ| log ε|3 + ε2κ| log ε|6

)
,

so that, for fixed K and M , we can pick ε small enough that

C(K)
(
ε2κ−1| log ε|2 + εκ| log ε|3 + ε2κ| log ε|6

)
≤ C(K)M−2δ

Using e−|tα| ≤ κ and integrating the left-hand side of (10.22) over S and the right-hand side over
B+
Kκ−1/2(x′)

gives (10.21). □

Now notice that (ηα+1 + ηα ◦ Πα)
2 ≥ 4(1 −M−δ)η2α+1 −M δ|ηα+1 − ηα ◦ Πα|2, so the previous

claim gives∫
S
e−|tα(y,fα+1(y))|(ηα+1 + ηα ◦Πα)

2 dy ≥ 4(1−M−δ)

∫
S
e−|tα(y,fα+1(y))|η(κ1/2y)2 dy

− C(K)M−δκ1−n/2

∫
B+
K(κ1/2x′)

|∇η|2 dy.

Under the graph parametrizations, Claim 10.5 gives

dAγ,0 =
(
1 +O(C(K)M−δ)

)
dy (γ = α, α+ 1),

and ∫
Σγ

|∇γ,0ηγ |2 dAγ,0 ≤
(
1 + C(K)M−δ

) ∫
B+

Kκ−1/2
(x′)

∣∣∣∇y[η(κ
1/2y)]

∣∣∣2 dy.
The weight comparison in (10.17) and the formula immediately following it give

e−|tα(y,fα+1(y))| =
(
1 +O(C(K)M−δ)

)
e−(fα+1−fα)(y)

when fα+1(y)− fα(y) ≤ 4| log ε|. Now set Y = κ1/2y. On this set, e−(fα+1−fα)(y) = κVα(Y ), so∫
S
e−(fα+1−fα)(y)η(κ1/2y)2 dy = κ1−n/2

∫
S′
Vα(Y )η(Y )2 dY,
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where S ′ = {Y ∈ B+
K(κ1/2x′) : (fα+1 − fα)(κ

−1/2Y ) ≤ 4| log ε|}, whereas∫
B+

Kκ−1/2
(x′)

∣∣∣∇y[η(κ
1/2y)]

∣∣∣2 dy = κ1−n/2

∫
B+
K(κ1/2x′)

|∇η|2 dY.

Substitute these comparisons and the lower bound for the square into the stability inequality, and
cancel κ1−n/2. We obtain

8A2
1

τσ0

(
1− C(K)M−δ

) ∫
S′
Vαη

2 dY ≤
(
2 + C(K, τ)M−δ

) ∫
B+
K(κ1/2x′)

|∇η|2 dY + κn/2−1Q((ηγ)γ).

Moreover, ∫
Σγ

η2γ dAγ,0 ≤
(
1 + C(K)M−δ

)
κ−n/2

∫
B+
K(κ1/2x′)

η2 dY (γ = α, α+ 1).

Thus (9.2), with N = 2, gives

κn/2−1Q((ηγ)γ) ≤ C(2, τ)(ε1/4 + κ1/2)

∫
B+
K(κ1/2x′)

|∇η|2 dY

+ C(2, τ)

(
ε2

κ
+ κ1/6 + ε1/7

)∫
B+
K(κ1/2x′)

η2 dY

≤ C(K, τ)M−δ

(∫
B+
K(κ1/2x′)

|∇η|2 dY +

∫
B+
K(κ1/2x′)

η2 dY

)
.

Insert this bound for Q into the inequality with coefficient 8A2
1/(τσ0). For M sufficiently large,

C(K)M−δ ≤ 1/2. Divide by 2 and multiply by τ/(1− C(K)M−δ) to obtain

4A2
1

σ0

∫
S′
Vαη

2 dY(10.23)

≤
(
τ + C(K, τ)M−δ

) ∫
B+
K(κ1/2x′)

|∇η|2 dY + C(K, τ)M−δ

∫
B+
K(κ1/2x′)

η2 dY.

By (10.9),

(10.24) |∇η|2 ≤
(
1 + C(K)M−δ

)
⟨B̃α∇η,∇η⟩.

Moreover, on B+
K(κ1/2x′) \S ′, we have Vα = ε4/κ. Adding the resulting contribution to (10.23) and

using (10.24) gives (10.19). □

10.3. Local bounds for the scalar inequality. We now state the scalar estimates for an arbitrary
base-ball centre y0. In the application to the function Vα constructed above, take y0 = κ1/2x′. We
regard (10.18)–(10.19) as scalar weak inequalities on B+

K(y0). If BK(y0) ⊂ {y1 > 0}, replace every

B+
s (y0) below by Bs(y0) and omit the conormal condition. The matrix B̃α is symmetric and has

ellipticity constants between 1/2 and 2. Test functions may meet BK(y0) ∩ {y1 = 0} but have
support disjoint from ∂BK(y0) ∩ {y1 > 0}. All constants are uniform for every centre y0 with
B+
K(y0) ̸= ∅. Once τ is fixed, its dependence is included in C(K).

Proposition 10.8 (Smallness from almost stability). Suppose that 1 ≤ n ≤ 9. Choose, once and
for all,

(10.25)
7

4
< q < 2, 1 < τ <

2

q
, p = 2q + 1.
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The only properties used below are

p >
n

2
and 2q − τq2 > 0.

For K sufficiently large and then M sufficiently large, every positive locally Lipschitz weak subsolu-
tion of (10.18) on B+

K(y0) that satisfies (10.19) obeys

∥Vα∥L∞(B+
1 (y0))

≤ 1

4
.

The proof is divided into the following three lemmas.

Lemma 10.9 (Bounded local subsolutions). Suppose that C(K)M−δ ≤ 1, and let Vα satisfy (10.18)
on B+

2 (y0) with 0 < Vα ≤ Λ. For every p ≥ 2,

(10.26) ∥Vα∥L∞(B+
1 (y0))

≤ c0(n, p,W,Λ)∥Vα∥Lp(B+
2 (y0))

.

More generally, for every fixed 0 < r1 < r2 ≤ 2,

∥Vα∥L∞(B+
r1

(y0))
≤ c0(n, p,W,Λ, r1, r2)∥Vα∥Lp(B+

r2
(y0))

.

Proof. Discard the nonpositive quadratic-gradient term in (10.18). Since C(K)M−δ ≤ 1 and Vα ≤
Λ,

−div(B̃α∇Vα) ≤
(
1 +

8A2
1

σ0
Λ

)
Vα.

For s ≥ 2 and ψ ∈ C1(B+
2 (y0)) satisfying suppψ ∩

(
∂B2(y0) ∩ {y1 > 0}

)
= ∅, test this inequality

with ψ2V s−1
α .

All integrals through (10.27) are over B+
2 (y0). The conormal condition removes the integral over

B2(y0) ∩ {y1 = 0}. Uniform ellipticity and Young’s inequality give

(s− 1)

∫
ψ2V s−2

α

〈
B̃α∇Vα,∇Vα

〉
≤ C(W )(1 + Λ)

∫
ψ2V s

α

+ 2
∣∣∣∫ ψV s−1

α

〈
B̃α∇Vα,∇ψ

〉∣∣∣
≤ C(W )(1 + Λ)

∫
ψ2V s

α +
s− 1

2

∫
ψ2V s−2

α

〈
B̃α∇Vα,∇Vα

〉
+

C

s− 1

∫
V s
α |∇ψ|2.

Subtract the repeated gradient term and use ∇V s/2
α = (s/2)V

s/2−1
α ∇Vα. It follows that

(10.27)

∫ ∣∣∇(ψV s/2
α )

∣∣2 ≤ C(W )s2
∫
V s
α

(
(1 + Λ)ψ2 + |∇ψ|2

)
.

Apply the Euclidean Sobolev inequality to ψV
s/2
α after extending it by zero across ∂B2(y0)∩{y1 >

0}. If suppψ∩{y1 = 0} ≠ ∅, take its even H1 extension across {y1 = 0}. For n > 2 use the exponent
2n/(n− 2); for n = 1, 2 use exponent 4, including the L2 term on the bounded support.

At the j-th step, use the nested half-balls B+
1+2−j (y0) and B+

1+2−j−1(y0), begin with exponent

s = p, and choose a cutoff supported in B+
1+2−j (y0), equal to one on B+

1+2−j−1(y0), with derivative

bounded by C2j . Equation (10.27) multiplies the next norm by at most(
C(W )s2(1 + Λ + 4j)

)1/s
.
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The exponents grow geometrically, by n/(n − 2) when n > 2 and by 2 when n = 1, 2. Hence the
sums of 1/s and j/s over the iteration are finite, and so is the product of the displayed factors.
This proves (10.26). □

Lemma 10.10 (Lp estimate). For the choices in (10.25), if K is sufficiently large and then M is
sufficiently large, every subsolution satisfying (10.18) and (10.19) on B+

K(y0) satisfies

(10.28) ∥Vα∥pLp(B+
4 (y0))

≤ CKn−2p + C(K)M−δpKn.

The constant in the first term is independent of K and M . Consequently, the left side can be made
arbitrarily small by choosing K first and then M .

Proof. Let ψ ≥ 0 belong to C1(B+
K(y0)) and satisfy suppψ∩

(
∂BK(y0)∩{y1 > 0}

)
= ∅. All integrals

below are over B+
K(y0). Since q and τ are fixed, the constants denoted by C in this proof may

depend on them, but not on K or M .
Test (10.18) with V 2q−1

α ψ2. The conormal condition removes the boundary integral on {y1 = 0},
and the negative quadratic-gradient term changes the coefficient of the first integral from 2q− 1 to
2q. Thus

2q

∫
V 2q−2
α ψ2

〈
B̃α∇Vα,∇Vα

〉
+ 2

∫
V 2q−1
α ψ

〈
B̃α∇Vα,∇ψ

〉
≤ 4A2

1

σ0

(
1 + C(K)M−δ

) ∫
V 2q+1
α ψ2

+ C(K)M−δ

∫
V 2q
α ψ2.(10.29)

Apply (10.19) with η = V q
αψ:

4A2
1

σ0

∫
V 2q+1
α ψ2 ≤

(
τ + C(K)M−δ

)[
q2
∫
V 2q−2
α ψ2

〈
B̃α∇Vα,∇Vα

〉
+ 2q

∫
V 2q−1
α ψ

〈
B̃α∇Vα,∇ψ

〉
+

∫
V 2q
α

〈
B̃α∇ψ,∇ψ

〉 ]
+ C(K)M−δ

∫
V 2q
α ψ2.(10.30)

Substitute this estimate into (10.29). After increasing C(K), all perturbations of the fixed coeffi-
cients are bounded by C(K)M−δ, and hence(

2q − τq2 − C(K)M−δ
) ∫

V 2q−2
α ψ2

〈
B̃α∇Vα,∇Vα

〉
≤ C

∣∣∣∣∫ V 2q−1
α ψ

〈
B̃α∇Vα,∇ψ

〉∣∣∣∣+ C

∫
V 2q
α

〈
B̃α∇ψ,∇ψ

〉
+ C(K)M−δ

∫
V 2q
α ψ2.

The number 2q − τq2 is positive by (10.25). Choose M so large that

C(K)M−δ ≤ 1

4
(2q − τq2).

By Cauchy–Schwarz and Young’s inequality, we have

C

∣∣∣∣∫ V 2q−1
α ψ

〈
B̃α∇Vα,∇ψ

〉∣∣∣∣ ≤ 1

4
(2q − τq2)

∫
V 2q−2
α ψ2

〈
B̃α∇Vα,∇Vα

〉
+ C

∫
V 2q
α

〈
B̃α∇ψ,∇ψ

〉
.
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Absorbing the first term and using uniform ellipticity yields∫
V 2q−2
α ψ2|∇Vα|2 ≤ C

∫
V 2q
α |∇ψ|2 + C(K)M−δ

∫
V 2q
α ψ2.

Insert this estimate into (10.30); the mixed term is handled by the same Cauchy–Schwarz and Young
inequalities. We obtain

(10.31)

∫
V 2q+1
α ψ2 ≤ C

∫
V 2q
α |∇ψ|2 + C(K)M−δ

∫
V 2q
α ψ2.

Now replace ψ in (10.31) by ψp, where p = 2q + 1. The fixed factor p2 is absorbed into C.
Hölder’s inequality gives∫

V p−1
α ψ2p−2|∇ψ|2 ≤

(∫
V p
αψ

2p

)(p−1)/p(∫
|∇ψ|2p

)1/p

and ∫
V p−1
α ψ2p ≤

(∫
V p
αψ

2p

)(p−1)/p(∫
ψ2p

)1/p

.

Dividing by the common factor, when it is nonzero, and raising to the power p yields

(10.32)

∫
V p
αψ

2p ≤ C

∫
|∇ψ|2p + C(K)M−δp

∫
ψ2p.

Finally, choose a radial cutoff about y0 which is one on B+
4 (y0), vanishes outside B+

K/2(y0), and

satisfies |∇ψ| ≤ C/K. Its restriction to the half-space is admissible. Since |B+
K/2(y0)| ≤ CKn,

equation (10.32) gives (10.28). Finally,

p = 2q + 1 >
9

2
≥ n

2
, so n− 2p < 0.

Hence CKn−2p is made small by choosing K large, and, after K is fixed, C(K)M−δpKn is made
small by choosing M large. This proves the lemma. □

Lemma 10.11 (Removal of the a priori upper bound). Let p > n/2, p ≥ 2, and suppose that Vα
satisfies (10.18) on B+

4 (y0), with C(K)M−δ ≤ 1 and

∥Vα∥Lp(B+
4 (y0))

≤ 1.

There is a constant C0 = C0(n, p,W ) such that

∥Vα∥L∞(B+
2 (y0))

≤ C0.

Proof. Suppose otherwise. Let Vi be a sequence of subsolutions violating the conclusion. For the
i-th subsolution, y0 denotes the centre of the half-ball B+

4 (y0) in the statement and may depend on
i. Choose xi ∈ B+

2 (y0) such that Vi(xi) → ∞, and set

ri = Vi(xi)
−1/4.

For all large i, Bri(xi) ∩ {y1 ≥ 0} ⊂ B+
3 (y0). Let yi maximize

(ri − |y − xi|)2Vi(y)

on Bri(xi) ∩ {y1 ≥ 0}. The maximum is positive and is not attained on ∂Bri(xi) ∩ {y1 > 0}, where
(ri − |y − xi|)2 = 0. Put

r′i = ri − |yi − xi| > 0, λi = Vi(yi).
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Maximality gives

(10.33) r′i
√
λi ≥ ri

√
Vi(xi) = Vi(xi)

1/4 → ∞.

Since r′i ≤ ri → 0, it follows that λi → ∞. If |y − yi| ≤ r′i/2, then ri − |y − xi| ≥ r′i/2; hence

(10.34) Vi(y) ≤ 4λi on Br′i/2
(yi) ∩ {y1 ≥ 0}.

Let di be the Euclidean distance from yi to the boundary. First suppose that di
√
λi ≥ 4. Define

Ṽi(ỹ) = λ−1
i Vi(yi + λ

−1/2
i ỹ).

By (10.33)–(10.34), this function is defined on B2(0) for all large i and satisfies

Ṽi(0) = 1, 0 < Ṽi ≤ 4.

The coefficient in the rescaled equation is

B̃i(yi + λ
−1/2
i ỹ),

not B̃i(ỹ). After discarding the negative quadratic-gradient term and dividing the rescaled equation
by λ2i , we obtain

(10.35) −divỹ

(
B̃i(yi + λ

−1/2
i ỹ)∇ỹṼi

)
≤
(
1 +

32A2
1

σ0

)
Ṽi in B2(0).

Indeed, the term C(K)M−δVi becomes C(K)M−δλ−1
i Ṽi after division by λ2i , and its coefficient is

at most one for all large i; ellipticity is unchanged. Lemma 10.9, or its proof applied to (10.35),
now yields

1 ≤ c0(n, p,W, 4)∥Ṽi∥Lp(B2(0))

= c0(n, p,W, 4)λ
n/(2p)−1
i ∥Vi∥Lp(B

2/
√

λi
(yi))

≤ c0(n, p,W, 4)λ
n/(2p)−1
i → 0.

because p > n/2. For all large i,

B2/
√
λi
(yi) ⊂ Br′i/2

(yi) ∩ {y1 ≥ 0} ⊂ B+
4 (y0),

which gives the last inequality. This is a contradiction.
Now suppose that di

√
λi < 4. Let y′i be the Euclidean projection of yi onto the boundary and

retain the same value λi = Vi(yi). Define

Ṽi(ỹ) = λ−1
i Vi(y

′
i + λ

−1/2
i ỹ), ỹi =

√
λi(yi − y′i).

Then |ỹi| < 4 and Ṽi(ỹi) = 1. By (10.33), r′i
√
λi > 40 for all large i. The inclusion

y′i + λ
−1/2
i B+

16(0) ⊂ B20/
√
λi
(yi) ∩ {y1 ≥ 0} ⊂ Br′i/2

(yi) ∩ {y1 ≥ 0}

follows from |ỹi| < 4 and r′i
√
λi > 40. Thus (10.34) gives Ṽi ≤ 4 on B+

16(0). The coefficient is

B̃i(y
′
i + λ

−1/2
i ỹ),

and

−divỹ

(
B̃i(y

′
i + λ

−1/2
i ỹ)∇ỹṼi

)
≤
(
1 +

32A2
1

σ0

)
Ṽi in B+

16(0),

with zero conormal derivative on B16(0) ∩ {ỹ1 = 0}. The bounded Moser estimate on the radii 8
and 16, followed by the exact scaling of the Lp norm, gives

1 ≤ ∥Ṽi∥L∞(B+
8 (0)) ≤ C(n, p,W )∥Ṽi∥Lp(B+

16(0))
≤ C(n, p,W )λ

n/(2p)−1
i ∥Vi∥Lp(B+

4 (y0))
→ 0.
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This is again a contradiction. □

Proof of Proposition 10.8. Fix q, τ , and p as in (10.25). Lemma 10.10 allows us to choose K and
then M so that

(10.36) ∥Vα∥Lp(B+
4 (y0))

≤ min
{
1,
(
4c0(n, p,W,C0)

)−1
}
.

By the first bound, we can apply Lemma 10.11; hence

Vα ≤ C0 on B+
2 (y0).

Apply Lemma 10.9 on the radii 1 and 2 with Λ = C0. Then

∥Vα∥L∞(B+
1 (y0))

≤ c0(n, p,W,C0)∥Vα∥Lp(B+
2 (y0))

≤ 1

4
.

□

10.4. Completion of the separation estimate.

Proof of Proposition 10.1. We first assume (10.1). Fix any q, τ , and p satisfying (10.25). Choose
the radius K using (10.28), and then choose M sufficiently large for (10.36), Claims 10.5–10.6, and
Lemma 10.7. IncreaseM once more so that the final quantity in (10.16) is at most log(4/3). Finally
choose ε sufficiently small, uniformly in the layer index and in r.

For every
y ∈ B+

2Kκ−1/2+20| log ε|(x
′), min

γ∈{α,α+1}
|z − fγ(y)| ≤ 20| log ε|,

the point (y, z), the graph points (y, fα(y)) and (y, fα+1(y)), and the normal-flow points used in
Claim 10.6 and Lemma 10.7 all belong to

B+
C(K)(κ−1/2+| log ε|)+300| log ε|2(x).

Under (10.1), for all sufficiently small ε,

C(K)(κ−1/2 + | log ε|) + 300| log ε|2 < R

80
, x ∈ B+

r−KR∗
(0) ⊂ B+

5R/6(0).

The two-sheet test functions in Lemma 10.7 are supported in

B+
C(K)(κ−1/2+| log ε|)+120| log ε|2(x) ⊂ B+

r (0),

so Proposition 9.1 applies. For every y ∈ B+
2Kκ−1/2(x

′) and γ ∈ {α, α+ 1} apply Corollary 8.3 on

B+
300| log ε|2

(
(y, fγ(y))

)
⊂ B+

r (0).

Recall that x = (x′, fα(x
′)) ∈ Σα ∩ B+

r−KR∗
(0) is the point fixed in (10.4). The coordinate

construction uses a full geodesic chart when

B+
C(K)(κ−1/2+| log ε|)+300| log ε|2(x) ∩ ∂0B

+
R(0) = ∅.

Apply the lower-distance calculation in the proof of Claim 10.6 under the explicit condition fα+1(x
′)−

fα(x
′) ≤ C| log ε|, together with Claim 10.5. Since (10.5) gives |tα+1(x)| < 2| log ε|, it follows that

fα+1(x
′)−fα(x′) < 3| log ε| for all sufficiently small ε. The hypothesis of Claim 10.6 therefore holds

at x′, and Vα(κ
1/2x′) = κ−1e−(fα+1−fα)(x′). By (10.4), (10.17), and the choice of M ,

(10.37) Vα(κ
1/2x′) = κ−1e−(fα+1−fα)(x′) ≥ 3

4
κ−1e−|tα+1(x)| >

3

8
.

By Lemma 10.3 and Lemma 10.7, we can apply Proposition 10.8 with y0 = κ1/2x′, which gives
Vα(κ

1/2x′) ≤ 1/4. This contradicts (10.37). Taking the maximum over the sheets proves (10.2)
under (10.1). □
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Corollary 10.12. Under the assumptions of Theorem 3.3,

(10.38) A(2R/3; 0) ≤ Cε2| log ε|2.

Proof. Increase M in Proposition 10.1, while keeping its K fixed, so that
√
M log 2

6K
> 3.

This preserves Proposition 10.1. Suppose, to the contrary, that

A(2R/3; 0) > Mε2| log ε|2.
By monotonicity,

A(r; 0) > Mε2| log ε|2 for every r ∈ [2R/3, 5R/6].

Hence, for all sufficiently small ε and every such r,

max{A(r; 0)−1/2, 500| log ε|2} ≤ R√
M | log ε|

.

Indeed,

A(r; 0)−1/2 ≤ R√
M | log ε|

follows from A(r; 0) > Mε2| log ε|2, while

500| log ε|2 ≤ R√
M | log ε|

holds after ε is decreased.
Since A( · ; 0) is nondecreasing, Proposition 10.1 therefore implies

A

(
r − KR√

M | log ε|
; 0

)
≤ 1

2
A(r; 0) whenever r ∈ [2R/3, 5R/6]

provided that the radius on the left is at least 2R/3. Starting at 5R/6, this estimate can be iterated
at least ⌊√

M | log ε|
6K

⌋
times before reaching 2R/3. Since A(5R/6; 0) ≤ 1, it follows that

A(2R/3; 0) ≤ 2−⌊
√
M | log ε|/(6K)⌋

≤ 2ε
√
M log 2/(6K) < Mε2| log ε|2

for all sufficiently small ε. This contradicts A(2R/3; 0) > Mε2| log ε|2 and proves (10.38). □

11. Final estimates and the boundary correction on nonzero levels

Throughout this section, 1 ≤ n ≤ 9 and R = ε−1. We use the geometric estimates of Section 4, the
corrected approximate solution of Section 5, the estimates of Sections 7 and 8, and the separation
estimate of Section 10. Constants depend only on the fixed data in Theorem 3.3; constants in
statements concerning nonzero levels may also depend on b′.

There are two differences from the interior conclusion in [WW19b, Proof of Theorem 1.1]. First,
Proposition 10.1 gives a squared logarithm for a general boundary. Second, the correction Gα

constructed in Section 5 need not vanish at a nonzero value of the heteroclinic variable. The latter
term enters the second derivatives of the graph of {u = t} and therefore cannot be absorbed into
the error.
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11.1. Separation and estimates on the zero level.

Proposition 11.1 (Separation bounds). Under the assumptions of Theorem 3.3,

(11.1) A(2R/3; 0) ≤ Cε2| log ε|2.
Consequently, for every y ∈ Σα ∩B+

2R/3(0) and every existing neighbouring sheet,

(11.2) Dα(y) ≥ 2| log ε| − 2 log | log ε| − C.

Remark 11.2. If ∂0B
+
3R(0) is totally geodesic, then

(11.3) A(2R/3; 0) ≤ Cε2| log ε|.

Remark 11.3 (The boundary condition in the intrinsic separation equation). The intrinsic improve-
ment discussed in [WW19b, Section 10.2 and Remarks 10.9–10.10] cannot be imported without a
new boundary argument. To see the obstruction, let Σα+1 be the upper neighbour of Σα and set

ρ(y) = |tα+1(y, 0)| = −tα+1(y, 0) (y ∈ Σα).

At a point of ∂0Σα, the inward normal ν is tangent to Σα. Lemma 4.17, applied in the coordinates
of Σα+1, gives the exact identity

∂νρ(y) = −Jα+1

(
Πα+1(y, 0), tα+1(y, 0)

)
= wα+1

(
Πα+1(y, 0)

)
ρ(y)− J̃α+1

(
Πα+1(y, 0),−ρ(y)

)
.

The last term is bounded by
Cε2ρ(y)2

(
1 + ρ(y)3

)
,

whereas the first term is generally of order ερ(y). At the scale κ ≃ ε2| log ε|, the rescaling y − y0 =

κ−1/2ỹ changes this boundary term into one of size εκ−1/2ρ ≃ | log ε|1/2. It is therefore not a
vanishing Neumann error. Nonnegative ambient Ricci curvature does not imply wα = 0.

Proof. Equation (11.1) is Corollary 10.12. Since e−Dα(y) ≤ A(2R/3; 0), taking logarithms gives
(11.2). If Σα has no neighbouring sheet, then Dα = +∞ and there is nothing to prove.

□

Proposition 11.4 (Zero-level estimates). On B+
5R/8(0) one has

∥ϕ∥C2,θ(B+
5R/8

(0)) +max
α

∥hα∥C2,θ(Σα∩B+
5R/8

(0))

+max
α

∥Hα(·, 0) + ∆α,0hα∥Cθ(Σα∩B+
5R/8

(0)) ≤ Cε2| log ε|2,(11.4)

(11.5) max
α

∥∇α,0hα∥C1,θ(Σα∩B+
5R/8

(0)) ≤ Cε2.

For every fixed D > 0,

(11.6) max
α

1≤i≤n

∥ϕyi∥C1,θ(B+
5R/8

(0)∩M0
α∩{|tα|≤D}) ≤ C(D)ε2.

Moreover,

max
α

∥∥Hα,0 +∆α,0hα − 2

σ0

(
A2

(−1)α−1e
−|tα−1(·,0)| −A2

(−1)αe
−|tα+1(·,0)|)∥∥

Cθ(Σα∩B+
5R/8

(0))
(11.7)

≤ Cε2.

In particular,

(11.8) max
α

∥Hα(·, 0)∥Cθ(Σα∩B+
5R/8

(0)) ≤ Cε2| log ε|2.
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Let Hα,ε and IIα,ε be the mean curvature and second fundamental form of the corresponding zero
sheet in the original metric ĝ. On B+

1/2(0),

(11.9) ∥Hα,ε∥L∞ ≤ Cε| log ε|2, [Hα,ε]Cθ ≤ Cε1−θ| log ε|2,
and

(11.10) ∥IIα,ε∥Cθ ≤ C.

If n = 1, then

∥IIα,ε∥L∞ ≤ Cε| log ε|2, [IIα,ε]Cθ ≤ Cε1−θ| log ε|2.

Remark 11.5. If the boundary is totally geodesic, the factors | log ε|2 in (11.4), (11.8), and (11.9)
may be replaced by | log ε|; estimates (11.5) and (11.6) remain unchanged.

Proof. Fix x ∈ B+
5R/8(0). For all sufficiently small ε,

B+
2+200| log ε|2(x) ⊂ B+

2R/3(0).

Apply Proposition 7.1, Corollary 8.2, and Proposition 8.1 with centre x and radius 2. Every
interaction quantity on their right-hand sides is bounded by

A(2 + 200| log ε|2;x) ≤ A(2R/3; 0).

Therefore

∥ϕ∥C2,θ(B+
2 (x)) +max

α
∥hα∥C2,θ(Σα∩B+

2 (x))

+max
α

∥Hα(·, 0) + ∆α,0hα∥Cθ(Σα∩B+
2 (x)) ≤ Cε2| log ε|2.

Moreover,

(ε2| log ε|2)3/2 = ε3| log ε|3 ≤ Cε2, ε1/6(ε2| log ε|2) = ε13/6| log ε|2 ≤ Cε2.

Since D is fixed, D < K| log ε| for sufficiently small ε. Proposition 8.1 and Corollary 8.2 then give

max
α

∥∇α,0hα∥C1,θ(Σα∩B+
2 (x)) + max

α
1≤i≤n

∥ϕyi∥C1,θ(B+
2 (x)∩M0

α∩{|tα|≤D}) ≤ Cε2.

This proves (11.5) and (11.6).
Assume now that n = 1. At every point of the original zero sheet, choose a unit tangent vector

τ . Since the tangent space is one-dimensional,

Hα,ε = IIα,ε(τ, τ), |IIα,ε|ĝ = |Hα,ε|.

In a graph coordinate, the covariant tensor IIα,ε is Hα,ε times the induced tangent metric. The C1,1

graph bound in (H2) and the fixed C4 bound for ĝ give a uniform Cθ bound for that induced metric.
Hence

[IIα,ε]Cθ ≤ C ([Hα,ε]Cθ + ∥Hα,ε∥L∞) .

Corollary 8.3, together with (11.5) and the preceding two numerical estimates, gives (11.7). More
precisely, for every y0 ∈ Σα ∩B+

5R/8(0) and every existing neighbour Σα±1,

∥e−|tα±1(·,0)|∥Cθ(Bα
1 (y0))

≤ CA(2R/3; 0).

Indeed, Bα
1 (y0) ⊂ Σα ∩ B+

2R/3(0) for small ε, and the coordinate tangent derivatives of tα±1(·, 0)
are uniformly bounded on Bα

1 (y0). The mean value theorem controls pairs of points in Bα
1 (y0) at

base-coordinate distance less than one; pairs at distance at least one are controlled by the supremum
A(2R/3; 0). Equations (11.5), (11.7), and (11.1) prove (11.8).
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Under the dilation x 7→ εx,

Hα,ε(εy) = ε−1Hα(y, 0), [Hα,ε]Cθ = ε−1−θ[Hα(·, 0)]Cθ ,

up to fixed equivalence constants for the graphical coordinates. This proves (11.9).
It remains to prove (11.10). In the graph coordinates from (H2), the mean-curvature equation for

the original zero sheet is a uniformly elliptic quasilinear equation whose principal coefficient is the
inverse graph metric divided by the graph area factor; see the computation in the proof of Lemma
4.22. The fixed slope and C1,1 bounds in (H2) give uniform ellipticity and uniform Cθ bounds for

the coefficients. The boundary condition is ∂x1 f̂α,ε = 0. Since (11.9) gives a uniform Cθ bound
for the right-hand side, the local interior and Neumann Schauder estimates of Appendix E, applied
on coordinate neighbourhoods contained in B+

5/8(0), give a uniform C2,θ bound for the graph on

B+
1/2(0). This is equivalent to (11.10). This last step is the boundary version of the closing elliptic

argument in [WW19b, Proof of Theorem 1.1, equations (11.1)–(11.2)].
If the boundary is totally geodesic, use (11.3) in the same argument. The two error terms from

Section 8 are still O(ε2). □

Notice that this concludes the proof of Theorem 3.3.

11.2. Nonzero levels. For the remainder of the section, fix t ∈ [−1 + b′, 1− b′] and set

s(t) = H−1(t).

We orient every level graph by the normal having positive z-component. This orientation agrees
with the one used for Hα(·, 0) at t = 0; the normal ∇u/|∇u| differs from it by the constant sign
(−1)α near Σα.

Lemma 11.6 (Graphs of the nonzero levels). For each α, the portion of {u = t} associated with
Σα and lying over Σα ∩B+

3R/5(0) is the unique graph

(11.11) z = ℓ(y, t) = hα(y) + (−1)αs(t) + η(y, t), u(y, ℓ(y, t)) = t,

in a normal strip whose width depends only on b′ and c0. Uniformly in t and α,

(11.12) ∥η(·, t)∥C2,θ(Σα∩B+
3R/5

(0)) ≤ C(b′)ε,

and

(11.13)

∥∥∥∥η(·, t) + (−1)αGα(·, s(t))
H′(s(t))

∥∥∥∥
C2,θ(Σα∩B+

3R/5
(0))

≤ C(b′)ε2| log ε|2.

At t = 0 one has ℓ(·, 0) = 0 and η(·, 0) = −hα. Every point of B+
R/2(0) ∩ {|u| ≤ 1 − b′} belongs to

one of the graphs (11.11).

Proof. In this proof, take the fixed number D in (11.6) to be

D = 2 + max
|τ |≤1−b′

|H−1(τ)|+ 2(1− b′)

c0
.

Fix y0 ∈ Σα ∩B+
3R/5(0). Since D is independent of ε, (11.2) implies, for all sufficiently small ε,

YΣα

(
Bα

2 (y0)× [−D,D]
)
⊂ M0

α.
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For every (y, z) ∈ Bα
2 (y0) × [−D,D], the cutoff used in the definition of Hα(y, z;hα) equals one.

Lemma 4.30, Corollary 5.10, and the distance and projection estimates of Section 4 give∥∥∥∑
β ̸=α

(
Hβ + (−1)β sgn(β − α)

)∥∥∥
C2,θ(Bα

1 (y0)×[−D,D])
≤ C(b′)A(2R/3; 0),∥∥∥∑

β ̸=α

Gβ

∥∥∥
C2,θ(Bα

1 (y0)×[−D,D])
≤ C(b′)εA(2R/3; 0)3/4 ≤ C(b′)ε2.(11.14)

The first estimate follows by differentiating the exponentially decaying tails on Bα
1 (y0) × [−D,D]

and summing with Lemma 4.30. The second follows from (5.5) with any fixed exponential weight
larger than 3/4. On Bα

1 (y0) × [−D,D], the distance and projection estimates control the maps tβ
and Πβ that occur in every summand Hβ(y, z) and Gβ(y, z), together with their derivatives and Cθ

seminorms.
Equations (11.4), (5.5), and (11.14) yield∥∥u(y, z)−H

(
(−1)α(z − hα(y))

)∥∥
C2,θ(Bα

1 (y0)×[−D,D])
≤ C(b′)ε.

Moreover,
min

|τ |≤1−b′
H′(H−1(τ)) > 0.

The intermediate value theorem and the implicit function theorem therefore give a unique root
z = ℓ(y, t) for every y ∈ Bα

1 (y0). Uniqueness makes the locally defined roots agree on overlaps as
y0 varies, producing the graph (11.11) over Σα ∩ B+

3R/5(0). For every y ∈ Bα
1 (y0), evaluation at

(y, ℓ(y, t)) gives

(11.15) ℓi = − ui
uz
, ℓij = −uij + uizℓj + ujzℓi + uzzℓiℓj

uz
.

The estimate ∥∥u(y, z)−H
(
(−1)α(z − hα(y))

)∥∥
C2,θ(Bα

1 (y0)×[−D,D])
≤ C(b′)ε,

together with the product and composition estimates in (11.15), gives (11.12) on Bα
1 (y0). Taking

the supremum over y0 ∈ Σα∩B+
3R/5(0) gives the C

0 bounds on Σα∩B+
3R/5(0). If p, q ∈ Σα∩B+

3R/5(0)

have base-coordinate distance less than one, apply the estimate on Bα
1 (p); if their base-coordinate

distance is at least one, bound the Hölder quotient by twice the C0 norm on Σα ∩ B+
3R/5(0). This

gives the full C2,θ norm in (11.12).
At the root (11.11), the exact identity u = H∗ +G∗ + ϕ becomes

0 = H
(
s(t) + (−1)αη

)
−H(s(t)) +Gα

(
y, s(t) + (−1)αη

)
+ ϕ(y, ℓ)

+
∑
β ̸=α

(
Hβ(y, ℓ) + (−1)β sgn(β − α) +Gβ(y, ℓ)

)
.(11.16)

Taylor’s theorem and the higher-order version of (5.5) give, with s = s(t),∥∥H(s+ (−1)αη
)
−H(s)− (−1)αH′(s)η

∥∥
C2,θ(Bα

1 (y0))
≤ C(b′)∥η∥2C2,θ(Bα

1 (y0))
,∥∥Gα

(
·, s+ (−1)αη

)
−Gα(·, s)

∥∥
C2,θ(Bα

1 (y0))
≤ C(b′)ε∥η∥C2,θ(Bα

1 (y0))
.

Substituting (11.12), (11.4), and (11.14) into (11.16), and dividing by H′(s(t)), gives (11.13) on
Bα

1 (y0). Taking the supremum over y0 ∈ Σα ∩ B+
3R/5(0) gives the C0 part on Σα ∩ B+

3R/5(0). If

p, q ∈ Σα ∩ B+
3R/5(0) have base-coordinate distance less than one, apply the estimate on Bα

1 (p); if

their base-coordinate distance is at least one, bound the Hölder quotient by twice that C0 norm.
This proves (11.13).
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For t = 0, s(0) = 0, Gα(y, 0) = 0, and the zero sheet is z = 0; hence η = −hα. Finally, let
p ∈ B+

R/2(0) ∩ {|u| ≤ 1− b′}. The rescaled form of (H1) is |∇u| ≥ c0 on {|u| ≤ 1− b}. The integral

curve of − sign(u(p))∇u/|∇u| starting at p reaches a zero of u after length at most (1− b′)/c0. Let
q be the zero of u reached by this integral curve and let Σα be the zero sheet containing q. For
sufficiently small ε, one has

q ∈ Σα ∩B+
3R/5(0), Πα(p) ∈ Σα ∩B+

3R/5(0).

The uniqueness in (11.11), applied with t = u(p) and base point Πα(p), therefore gives p ∈ Σα(u(p)).
□

Proposition 11.7 (Mean curvature of a nonzero level). Let HΣα(t) be the mean curvature of the
graph (11.11), with the orientation fixed above. Uniformly for t ∈ [−1 + b′, 1− b′],

(11.17)

∥∥∥∥HΣα(t) −Hα(·, 0) +
(−1)α

H′(s(t))
∆α,0Gα(·, s(t))

∥∥∥∥
Cθ(Σα∩B+

3R/5
(0))

≤ C(b′)ε2| log ε|2.

Consequently,

(11.18) ∥HΣα(t)∥Cθ(Σα∩B+
3R/5

(0)) ≤ C(b′)ε.

Remark 11.8. Recall if |∇u(x)| ≠ 0, then

|A(u)|2 = |II{u=u(x)}|2 + |∇T log |∇u||2.

If in addition x ∈ ∂0B
+
3R(0),

∂ν log |∇u| = II∂0B+
3R(0)

(
∇u
|∇u|

,
∇u
|∇u|

)
.

In particular, on ∂0Σα, we have ∂ν log |∇u| = −wα, and

|A(u)|2 ≥ |IIΣα |2 + |wα|2.
If n = 1, then at every regular boundary point, in the original metric,

(11.19) |A(uε)|2ĝ = |II{uε=uε(x)}|
2
ĝ + |II∂0B+

3 (0)|
2
ĝ.

Thus, in ambient dimension two, a decay estimate for |A(uε)| at boundary points in the transition
layer requires the curvature of the boundary to vanish at the same rate.

Remark 11.9. If ∂0B
+
3 (0) is totally geodesic, then Gα = 0 for every sheet Σα meeting B+

2R/3(0).

Then uniformly for t ∈ [−1 + b′, 1− b′],

∥HΣα(t) −Hα(·, 0)∥Cθ(Σα∩B+
3R/5

(0)) ≤ C(b′)ε2,

∥HΣα(t)∥Cθ(Σα∩B+
3R/5

(0)) ≤ C(b′)ε2| log ε|.

and its second fundamental form satisfies

∥IIΣα(t)∥L∞(B+
R/2

(0)) + ε−θ[IIΣα(t)]Cθ(B+
R/2

(0)) ≤ C(b′)ε.

If, in addition, n = 1, then each level set is a curve, so its second fundamental form has one
component and its norm equals the absolute value of its mean curvature. Consequently,

sup
p∈B+

R/2
(0)∩{|u|≤1−b′}

|A(u)(p)| ≤ C(b′)ε2| log ε|.
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Unlike the dimension-one conclusion in Proposition 11.4, this estimate still requires total geodesicity
of the boundary, as noticed in Remark 11.8.

Proof of Proposition 11.7. The graph in Lemma 11.6 is a regular level contained in {|u| ≤ 1− b′}.
Hence (H3), together with the uniformly controlled twisted-coordinate map, gives |∇α,0ℓ| ≤ Cη0
and |∇2

α,0ℓ| ≤ CΛ0ε. The smallness of η0 and Λ0 is chosen so that Lemma 4.22 applies to ℓ(·, t).
Since the operator in that lemma annihilates constants,

HΣα(t) −Hα(·, 0) = LΣα[ℓ](hα + η) +
(
|IIΣα |2 +Ricg(nΣα ,nΣα)

)
ℓ+Q(y, ℓ, dℓ).(11.20)

On the bounded strip containing the graph, the coefficient estimates of Proposition 4.19, together
with (11.12), imply

∥LΣα[ℓ](hα + η)−∆α,0(hα + η)∥Cθ ≤ C(b′)ε∥∇α,0(hα + η)∥C1,θ ≤ C(b′)ε2.

The curvature coefficient in (11.20) is O(ε2) in Cθ by Proposition 4.1 and the rescaled metric
bounds. The estimate for Q in Lemma 4.22, its differentiated form supplied by Proposition 4.19
and Appendix B, and (11.12) likewise give∥∥(|IIΣα |2 +Ricg(nΣα ,nΣα)

)
ℓ+Q(y, ℓ, dℓ)

∥∥
Cθ ≤ C(b′)ε2.

Finally, (11.13) and (11.5) give

(11.21)

∥∥∥∥∆α,0(hα + η) +
(−1)α

H′(s(t))
∆α,0Gα(·, s(t))

∥∥∥∥
Cθ

≤ C(b′)ε2| log ε|2.

Combining (11.20)–(11.21) proves (11.17). Equation (5.5) gives ∥∆α,0Gα(·, s(t))∥Cθ ≤ C(b′)ε; to-
gether with (11.8), this proves (11.18). □

We conclude by making the dependence of the curvature estimates on the second fundamental
form of the boundary explicit. The following remark compares the enhanced second fundamental
form throughout the transition region with the second fundamental forms of the zero sheets.

Remark 11.10 (Dependence on the boundary geometry). Under the assumptions of Theorem 3.3,

fix b < b′ < 1. Applying (F.2) to (5.4), with f = 0 and ψ(y, τ) = −wα(y)τH
′
(τ) and using the

identity for wα in Lemma 4.17 gives, for all sufficiently small ε and uniformly for |t| ≤ 1− b′,

(11.22) ∥H{uε=t}∥L∞
ĝ ({uε=t}∩B+

1/2
(0)) ≤ C(b′)

(
ε| log ε|2 + ∥II∂0B+

3 (0)∥C2
ĝ (∂0B

+
3 (0))

)
,

and
(11.23)

sup
B+

1/2
(0)∩{|uε|≤1−b′}

|A(uε)|ĝ ≤ Cmax
α

∥IIα,ε∥L∞
ĝ (Σα∩B+

3/5
(0))+C(b

′)
(
ε| log ε|2 + ∥II∂0B+

3 (0)∥C2
ĝ (∂0B

+
3 (0))

)
,

where the metric ĝ is as in Theorem 3.3.
If n = 1, Proposition 11.4 and (11.23) give

sup
B+

1/2
(0)∩{|uε|≤1−b′}

|A(uε)|ĝ ≤ C(b′)
(
ε| log ε|2 + ∥II∂0B+

3 (0)∥C2
ĝ (∂0B

+
3 (0))

)
.

The boundary second fundamental form term cannot in general be omitted because of (11.19). Thus,
as we pointed out in Remark 1.2, unlike the interior decay estimates in [WW19a, Theorem 3.6] and
[CM23, Proposition C.4], no uniform o(1) estimate for |A(uε)| is possible where |II∂0B+

3 (0)|ĝ stays

bounded away from zero. This applies even on {uε = 0}, although the ordinary curvature of its
components tends to zero by Proposition 11.4.
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Indeed, if we choose D as in the proof of Lemma 11.6 and y0 ∈ Σα ∩ B+
3R/5(0), and note that

−wα(y)τH
′
(τ) is odd in τ , then the product estimate and (F.2), with f = 0, give

∥Ĝα∥C2,θ(Bα
1 (y0)×[−D,D]) ≤ CD∥wα∥C1,θ(∂0Σα)

≤ CDε∥II∂0B+
3 (0)∥C2

ĝ (∂0B
+
3 (0)),

where the second inequality follows by differentiating the identity for wα in Lemma 4.17 and using
Proposition 4.1 and (4.4). The cutoff equals one for |z| ≤ D, hence, (11.17) and (11.8), followed by
rescaling, give (11.22).

For (11.23), use u = H∗ +G∗ + ϕ, (11.4), (11.14), and the estimate

∥u(y, z)−H((−1)αz)∥C2(Bα
1 (y0)×[−D,D]) ≤ CD

(
ε2| log ε|2 + ε∥II∂0B+

3 (0)∥C2
ĝ (∂0B

+
3 (0))

)
.

Since H′ is bounded below on [−D,D], this controls the difference between ∇(∇u/|∇u|) and
(−1)α∇2tα. By (B.2) and Lemmas 4.11 and 4.15, |∇Z∇2tα| ≤ CDε

2 on Bα
1 (y0) × [−D,D]. Com-

paring with the value at z = 0 and rescaling proves (11.23).

Part 3. Appendices

Appendix A. Proof of derivative estimates for enhanced second fundamental form
A in Proposition 4.1

In this appendix we prove derivative estimates for the enhanced second fundamental form A in
Proposition 4.1.

Proof of Proposition 4.1. We prove the estimates on B+
3R−1(0)∩{|u| ≤ 1− b′}, using (H1) and (H3)

of Theorem 3.3 on the larger set {|u| ≤ 1− b}, as in [WW19a, proof of Lemma 8.1].
Fix x0 ∈ B+

3R−1(0) ∩ {|u| ≤ 1 − b′}. By the uniform local gradient upper bound and b′ > b,
there is a small ball (if x0 is an interior point) or half-ball (if x0 is a boundary point) centred at x0,
denoted by B, which lies in {|u| < 1− b}. The radius of B is uniform in x0 ∈ {|u| ≤ 1− b′} and ε.
On B, by (H1), (H3), and the metric rescaling, we have |∇u| ≥ c0 > 0.

Let (x1, . . . , xn+1) be the Fermi coordinates of Section 3.1, and recall that u satisfies |u| ≤ 1
and the equation ∆gu = W ′(u), with boundary condition ∂1u = 0 on {x1 = 0}, so that by
interior/Neumann elliptic regularity (see Appendix E),

(A.1) ∥u∥Cm+2,θ ≤ Cm

(
∥u∥C0 + ∥W ′(u)∥Cm,θ

)
≤ Cm

for m ≥ 0 on a ball/half-ball B′ ⋐ B centred at x0 of, say, half the radius.

Set w = |∇u|2, N = w−1/2∇u, so that A = ∇N , and let Nq = g(N, ∂xq) = w−1/2uq. Since

w ≥ c20 on B′, then, by the product rule and the chain rule, by (A.1), we obtain

(A.2) ∥w−1∥Cm,θ + ∥N∥Cm,θ ≤ Cm on B′.

Notice that this implies ∥A∥Cθ ≤ C on B′.
Since ∂iNq = Aiq + Γk

iqNk and |Γ| ≤ Cε, together with the assumption |A| ≤ Cε, we conclude
that

(A.3) |DN | ≤ Cε on B′.

As in [WW19a, Lemma 8.1], Bochner’s formula gives

(A.4) div(w∇N) = −w|A|2N − wRicg(N,N)N + wRicg(N, ·)#.
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Let us differentiate the Allen–Cahn equation satisfied by u, and use (A.4) to obtain the following

scalar equation for Nq = w−1/2uq

(A.5) ∆gNq + ⟨∇ logw,∇Nq⟩ = Fq,

where

Fq = − |A|2Nq − Ricg(N,N)Nq +Rq
kNk + 2gijΓk

iq∂jNk

+ gij
(
∂iΓ

k
jq − Γℓ

ijΓ
k
ℓq − Γℓ

iqΓ
k
jℓ + (∂i logw)Γ

k
jq

)
Nk.

Here, repeated coordinate indices are summed and q is fixed.
By the bounds on curvature and the Christoffel coefficients in Theorem 3.3, (A.2), and (A.3),

∥|A|2Nq∥Cθ ≤ C∥A∥C0∥A∥Cθ ≤ Cε.

Thus ∥F∥Cθ ≤ C
(
ε+ ∥A∥C0∥A∥Cθ

)
≤ Cε.

Now, on B′, the oscillation of Nq is O(ε) because |DN | ≤ Cε. If x0 is on the boundary ∂0B
+
3R−1,

then u1 = u1q = 0 for q ≥ 2, so we have

w1 = (∂1g
ij)uiuj , N1 = 0, ∂1Nq = −(∂1g

ij)uiuj
2w

Nq (q ≥ 2).

In either case, if we let vq = Nq − Nq(x0), then by the interior/Neumann elliptic estimates (see
Appendix E) for q ≥ 2, and the interior/Dirichlet elliptic estimates for v1, then

∥vq∥C2,θ(B′′) ≤ Cε

on a ball B′′ ⋐ B′ ⋐ B of, say, half the radius of B′. This gives ∥A∥C1,θ(B′′) ≤ Cε. The result then

comes from differentiating (A.5) and iterating this argument. □

Appendix B. Proof of geometric approximation estimates and mean curvature
expansion in Proposition 4.19

We collect in this appendix the various geometric approximation estimates in Proposition 4.19
that we obtain in twisted Fermi coordinates and the mean curvature expansion under twisted Fermi
coordinates in Lemma 4.22.

Throughout, |z| ≤ K| log ε|. Tensors on Σα,z are pulled back by y 7→ YΣα(y, z) and measured
using gα,0.

Proof of Proposition 4.19. Notice that by definition Z = ∂z. Since {∂y1 , . . . , ∂yn , ∂z} are coordinate
vector fields, then 0 = [∂z, ∂yi ] = [Z, ∂yi ] for all 1 ≤ i ≤ n.

By definition {∂y1 |(y,z), . . . , ∂yn |(y,z)} are tangent to Σα,z at (y, z). Therefore, gα,ij(y, z) =
gij(y, z), and

(B.1) ∂zgα,ij = Z(g(∂yi , ∂yj )) = g(∇Z∂yi , ∂yj ) + g(∂yi ,∇Z∂yj ) = g(∇∂yi
Z, ∂yj ) + g(∂yi ,∇∂yj

Z).

By (4.18) and (4.28), then |∂zgα,ij(y, τ)| ≲ ε(1+ |τ |) for |τ | < K| log ε|. Therefore, after integrating
between 0 and |z|, we obtain the first half of (4.36).

By the chain rule

∂zg
ij
α = −

n∑
l,k=1

gliαg
jk
α ∂zgα,lk,

and by definition,

Γk
α,ij =

1

2

n∑
l=1

gklα (∂yigα,lj + ∂yjgα,il − ∂ylgα,ij).
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The coordinate-field bounds in Section 4.2.1 give

|∂zgα,ij |+ |∂z∂yℓgα,ij |+ |∂zΓk
α,ij | ≤ Cε(1 + |z|),

2∑
m=1

(
|∂my gα,ij |+ |∂my gijα |

)
+ |∂yℓΓ

k
α,ij | ≤ Cε(1 + |z|2),

which completes the proof of (4.36), and proves (4.37), (4.38), (4.39).
For the estimates involving the second fundamental form, recall that, by the Riccati equation in

[CM20, Appendix A], we have

(B.2) ∇
Z̃
∇2tα = −(∇2tα)

2 − g(R(·, Z̃)Z̃, ·), ∇2tα(Z̃, ·) = 0.

The initial bounds and |Rmg | ≤ Cε2 give |∇2tα| ≤ Cε, and |∇
Z̃
∇2tα| ≤ Cε2. Then, tangential

differentiation gives∣∣(∇4tα)(Z̃, ·, ·, ·)
∣∣ ≤ C|IIα,z| |∇α,zIIα,z|+ C|∇Rmg |+ C|Rmg | |IIα,z|,

with the remaining slots tangent and normally parallel transported. Since

∇α,zIIα,z = −(∇3tα)|TΣ⊗3
α,z
,

an ODE argument using Gronwall’s inequality for vector valued functions, together with Appendix
A, yields

|∇α,zIIα,z| ≤ Cε,
∣∣(∇4tα)(Z̃, ·, ·, ·)

∣∣ ≤ Cε2.

Now recall that by definition

∂z = Z̃ + T, ∇Z∂yi = ∇∂yi
Z, IIα,ij = −(∇2tα)(∂yi , ∂yj ),

so that by Lemmas 4.11 and 4.15, we finally obtain the following estimates:

|∂zIIα,ij |+ |∂z(∇α,zIIα,z)kij | ≤ Cε2 + C|T |
(
|∇3tα|+ |∇4tα|

)
+ C|∇Z|

(
|∇2tα|+ |∇3tα|

)
≤ Cε2(1 + |z|3),

and

|∂zHα| =
∣∣(∂zgijα )IIα,ij + gijα ∂zIIα,ij

∣∣ ≤ Cε2(1 + |z|3).

Integration between 0 and |z| completes the proof of (4.40),(4.41), and (4.42).
Finally, for the volume form

∂zλα = 1
2λαg

ij
α ∂zgα,ij = λα(−Hα + divα,z T ),

so that |∂zλα| ≤ Cε(1 + |z|) by (4.30) and (4.41). □

We shall now give an expansion for the mean curvature of the graph of a function φ ∈ C2(Σα, ).
This is analogous to [CM20, Lemma 2.9].

Proof of Lemma 4.22. By Proposition 4.19 and (B.2), |IIα,z|+ |Hα|+ |∇2tα| ≤ Cε and

Z̃Hα = |IIα,z|2 +Ricg(Z̃, Z̃), |Z̃2Hα| ≤ Cε3.

By the definition of Z2 and Z,

|∇Z2| ≤ Cε, ⟨Z̃, Z2⟩(y, 0) = 0, |∂z⟨Z̃, Z2⟩| ≤ Cε,

|⟨Z̃, Z2⟩(y, z)| ≤ Cε|z| =⇒ |T (y, z)| ≤ Cε|z|.
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For ỹ = Π̃α(YΣα(y, z)), Lemma 4.4 yields

dỹ

dz
= DΠ̃α(T )(YΣα(y, z)), |ỹ − y| ≤ Cεz2.

Taylor expansion along the normal geodesic from ỹ gives

Hα(y, z) = Hα(ỹ, 0) + z(Z̃Hα)(ỹ, 0) +O(ε3z2).

By Appendix A and the rescaled metric bounds,

|∇2
α,0Hα(·, 0)| ≤ Cε, |∇α,0(Z̃Hα)(·, 0)| ≤ Cε2.

Hence

|Hα(ỹ, 0)−Hα(y, 0)| ≤ Cεz2|∇α,0Hα(y, 0)|+ Cε3z4,

|z| |(Z̃Hα)(ỹ, 0)− (Z̃Hα)(y, 0)| ≤ Cε3|z|3,
and therefore ∣∣∣Hα(y, z)−Hα(y, 0)−

(
|IIα,0|2 +Ricg(nΣα ,nΣα)

)
(y)z

∣∣∣
≤ Cεz2|∇α,0Hα(y, 0)|+ Cε3z2(1 + z2).

(B.3)

Write φi = ∂yiφ and evaluate coefficients at (y, φ(y)). The defining function tα − φ ◦Πα gives

ϖ2 = (1 + T iφi)
2 + |dφ|2gα,φ

, nΣα[φ] =
(1 + T iφi)Z̃ −∇α,φφ

ϖ
,

where ∇α,zφ = ∇α,z(φ ◦Πα) and repeated indices are summed. Since

|T | |dφ| = o(1), ⟨nΣα[φ], Z̃⟩ =
1 + T iφi

ϖ
≥ C−1,

the graph metric is uniformly equivalent to gα,0. The stated properties of LΣα[φ] follow from its
definition. Since tα = φ ◦Πα on the graph, the restriction formula for the Laplacian gives

HΣα[φ] − LΣα[φ]φ =
ϖ

1 + T iφi
Hα(y, φ)−

IIα,φ(∇α,φφ,∇α,φφ)

(1 + T iφi)ϖ
.

Since
ϖ

1 + T iφi
− 1 =

|dφ|2gα,φ

(1 + T iφi)(ϖ + 1 + T iφi)
,

we obtain ∣∣HΣα[φ] − LΣα[φ]φ−Hα(y, φ)
∣∣ ≤ Cε|dφ|2gα,0

.

Together with (B.3), this proves the expansion. □

Appendix C. The one-dimensional heteroclinic solution H

We summarize in this appendix the results on the one-dimensional heteroclinic solution needed
in this work.

Let W be the even double-well potential fixed in Section 2. There is a unique increasing solution
H : R → (−1, 1) of

H′′ =W ′(H), H(0) = 0, lim
t→±∞

H(t) = ±1.

This is called the heteroclinic solution. Since W is even and the normalization fixes the translation,
H is odd and H′ is positive and even. Multiplying the equation by H′ and using the limits at infinity
gives

H′(t) =
√
2W (H(t)), for all t ∈ R.
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It is not difficult to check that, as t→ ±∞, the function H(t) converges exponentially to ±1. More
precisely, as t → +∞, we have the following asymptotic expansions: there exists a constant A1,
depending on W , such that for all t > 0 large enough, there holds

H(t) = 1−A1e
−t +O(e−2t), H′(t) = A1e

−t +O(e−2t), H′′(t) = −A1e
−t +O(e−2t).(C.1)

Likewise, as t→ −∞, the analogous expansion holds with a positive constant A−1. Since W is even
and H is odd, in the present paper A−1 = A1.

The correctly rescaled heteroclinic is Hε(t) = H(t/ε); it satisfies ε2H′′
ε =W ′(Hε). Finally,

(C.2) σ0 =

∫
R

(
1

2
(H′(t))2 +W (H(t))

)
dt =

∫
R
(H′(t))2dt ∈ (0,+∞).

Lemma C.1. For all T > 0 large, we have the following expansions.∫
R

(
W ′′(H(t))− 1

)
(H(−t− T ) + 1)H′(t)dt = −2A2

−1e
−T +O(e−4T/3),

and ∫
R

(
W ′′(H(t))− 1

)
(H(T − t)− 1)H′(t)dt = 2A2

1e
−T +O(e−4T/3),

as well as∫
R

(
W ′′(H(t) +H(−t− T ) + 1)−W ′′(H(−t− T ))

)
H′(−t− T )H′(t)dt = −2A2

−1e
−T +O(e−7T/6),

together with∫
R

(
W ′′(H(t) +H(T − t)− 1)−W ′′(H(T − t))

)
H′(T − t)H′(t)dt = −2A2

1e
−T +O(e−7T/6).

Proof. The proof of the first two estimates can be found in [WW19a, Lemma A.1], while for the
last two we refer the reader to [WW19b, Lemma A.2]. □

We conclude by discussing the spectrum of the linearized operator at H, i.e.

L = − d2

dt2
+W ′′(H(t)).

A direct computation shows that H′ is an eigenfunction of L corresponding to the 0 eigenvalue.
One can prove that this is the lowest eigenvalue. On the other hand, we have the following result,
which can be proven via a contradiction argument.

Theorem C.2. There exists a constant µ > 0 such that for any φ ∈ H1(R) satisfying the orthogo-
nality

∫
R φ(t)H

′(t) dt = 0, we have∫
R

(
(φ′(t))2 +W ′′(H(t))φ2(t)

)
dt ≥ µ

∫
R

(
(φ′(t))2 + φ2(t)

)
dt.

Appendix D. Proofs of exponential interaction decay estimates in Lemmas 5.2 and
Lemma 5.3

In this appendix we prove Lemmas 5.2 and 5.3.

Proof of Lemma 5.2. On the interval of integration, Proposition 4.26 gives

(D.1) |tβ(y, z)− tβ(y, 0)− z| ≤ Cε1/3.
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The harmless error in (D.1) may be absorbed in the implicit constant. The elementary one-
dimensional estimate ∫

R
(1 + |z|)ke−σ|T+z|−ς|z| dz ≤ C(1 + |T |)k+1e−min{σ,ς}|T |

holds when σ, ς > 0. Since |tβ(y, z)| ≤ |tβ(y, 0)|+ |z|+ Cε1/3, this estimate proves both (5.11) and
(5.12). □

Proof of Lemma 5.3. Assume first that β > α; the other case follows by reflection. Then tβ(y, 0) <
0. The truncated heteroclinic satisfies

|H(s) + 1| ≤ Cmin{1, es}, |H′
(z)| ≤ Ce−|z|.

Using (D.1) and splitting at z = 0 and z = |tβ(y, 0)|, we obtain∫
R
|H(tβ(y, z)) + 1| |H′

(z)| dz ≤ C

∫
R
min{1, e−|tβ(y,0)|+z}e−|z| dz ≤ C(1 + |tβ(y, 0)|)e−|tβ(y,0)|.

This proves (5.13). The estimate (1 + s)e−s ≤ Cσe
−σs for s ≥ 0 gives (5.14). □

Appendix E. Some classical elliptic regularity estimates

In this section, we state the Schauder estimate for the linear elliptic equation

(E.1) Lu = aijDiju+ biDiu+ cu = f + divG, λ |ξ|2 ≤ aijξiξj ≤ Λ|ξ|2.

Let α ∈ (0, 1) and assume the C0,α norms of the coefficients aij , bi, c are bounded by Λ.

Proposition E.1 (Schauder estimate). Then the following estimates hold, with C = C(n, α, λ,Λ).
(a) Interior estimate [GT83, Theorems 8.32, 6.2], [Vit22, Theorem 1.2]. Suppose u satisfies (E.1)
on B2 = B2(0). Then on B1 = B1(0)

∥u∥C1,α(B1) ≤ C
(
∥u∥C0(B2) + ∥f∥C0(B2) + ∥G∥C0,α(B2)

)
,

∥u∥C2,α(B1) ≤ C
(
∥u∥C0(B2) + ∥f∥C0,α(B2) + ∥G∥C1,α(B2)

)
.

(b) Boundary estimate for the Dirichlet condition [GT83, Corollary 6.7], [Vit22, Theorem 1.2].
Suppose u satisfies (E.1) on B+

2 = B+
2 (0) and u = ϕ on ∂0B

+
2 (0). Then on B+

1 = B+
1 (0)

∥u∥C1,α(B+
1 ) ≤ C

(
∥u∥C0(B+

2 ) + ∥f∥C0(B+
2 ) + ∥G∥C0,α(B2) + ∥ϕ∥C1,α(B+

2 )

)
,(E.2)

∥u∥C2,α(B+
1 ) ≤ C

(
∥u|C0(B+

2 ) + ∥f∥C0,α(B+
2 ) + ∥G∥C1,α(B2) + ∥ϕ∥C2,α(B+

2 )

)
.

(c) Boundary estimate for the Neumann condition [GT83, Lemma 6.29], [Vit22, Theorem 1.2].
Suppose u satisfies (E.1) on B+

2 = B+
2 (0) and ∂1u = ϕ on ∂0B

+
2 (0). Then on B+

1 = B+
1 (0)

∥u∥C1,α(B+
1 ) ≤ C

(
∥u∥C0(B+

2 ) + ∥f∥C0(B+
2 ) + ∥G∥C0,α(B2) + ∥ϕ∥C0,α(∂0B

+
2 )

)
,(E.3)

∥u∥C2,α(B+
1 ) ≤ C

(
∥u∥C0(B+

2 ) + ∥f∥C0,α(B+
2 ) + ∥G∥C1,α(B2) + ∥ϕ∥C1,α(∂0B

+
2 )

)
.

Remark E.2. In the estimates stated in [GT83, Corollary 6.7] and [GT83, Lemma 6.29], there are
∥u∥C2,α on the left-hand side and ∥f∥C0,α on the right-hand side. However, from the proofs of these
two results, it follows that to estimate ∥u∥C1,α , it is enough to have ∥f∥C0 on the right hand side
(see also equation 4.46 and Theorem 8.33 in [GT83]); therefore we have the estimates (E.2) and
(E.3).
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The C1,θ estimates with a scalar source merely in C0 and a divergence source in Cθ follow from the
corresponding first-order Campanato estimates, or from the boundary estimates in [Vit22, Theorem
1.2]. Equivalently, one first takes an exponent p > (n + 1)/(1 − θ) in the local W 1,p estimate for
the divergence source and then applies Morrey’s inequality.

Appendix F. Liouville theorems and a priori estimates in gluing procedure

Lemma F.1. Let Lφ = ∆yφ+ ∂ssφ−W ′′(H)φ, where (y, s) ∈ Rn × R.
• If φ is a bounded, smooth solution of Lφ = 0 on Rn × R, then φ(y, s) = cH′(s) for some
c ∈ R.

• If φ is a bounded, smooth solution of Lφ = 0 on Rn
+ × R and φ = 0 on ∂Rn

+ × R, then
φ(y, s) = cH′(s) for some c ∈ R.

• If φ is a bounded, smooth solution of Lφ = 0 on Rn
+ × R and ∂νφ = 0 on ∂Rn

+ × R, then
φ(y, s) = cH′(s) for some c ∈ R.

We omit the proof of this lemma since it is similar to [dPKWY10, Proof of Lemma 4.1].

Lemma F.2. Given an open set Ω ⊂ Rn+1, ai ∈ L∞(Ω), b : Ω → R with infΩ b = b0 > 0, define
Lφ = ∆φ+ ai∂iφ− bφ.

• If φ is a bounded, C2 solution of Lφ = 0 on Rn × R, then φ ≡ 0.
• If φ is a bounded, C2 solution of Lφ = 0 on Rn

+ × R and φ = 0 on ∂Rn
+ × R, then φ ≡ 0.

• If φ is a bounded, C2 solution of Lφ = 0 on Rn
+ ×R and ∂νφ = 0 on ∂Rn

+ ×R, then φ ≡ 0.

Proof. Let φ± = exp(±λ|x|), where λ is to be specified later. Let maxi ∥ai∥L∞ = a0. Then, for
|x| ≠ 0,

Lφ± ≤
(
λ2 ± nλ

|x|
+ a0λ− b0

)
φ±.

We choose λ > 0 such that λ2 + a0λ ≤ b0
4 and define r = 4nλ

b0
. Then for |x| ≥ r, Lφ± < 0. For

ϵ > 0, let
φϵ = ∥φ∥L∞eλ(r−|x|) + ϵeλ|x|.

By the maximum principle, |φ(x)| ≤ φϵ(x) on {|x| ≥ r}; letting ϵ → 0, we obtain |φ(x)| ≤
∥φ∥L∞eλ(r−|x|) Again applying the maximum principle, we conclude that φ ≡ 0. □

Let us introduce some notation, which will be used in Proposition F.3. Suppose r > 0, Σ ⊂
B̄+
r (0) × R is a hypersurface equipped with a Riemannian metric and Σ is the graph of a smooth

function defined on B̄+
r (0). Then ∂0Σ (resp. ∂+Σ) denotes the portion of Σ lying over ∂0B+

r (0)

(resp. ∂+B+
r (0)), ∂∗Σ = ∂0Σ ∩ ∂+Σ, Σ̂ = Σ \ ∂∗Σ. For Σ′ ⊂ Σ, ∂0Σ

′ := ∂Σ′ ∩ ∂0Σ. For δ ∈ (0, 1),

Σ(−δr) = Σ \ {p ∈ Σ : d(p, ∂0Σ), d(p, ∂+Σ) < δr}.

For f ∈ L1(Σ× R), cf(y) = 1
σ0

∫∞
−∞ f(y, s)H′(s)ds.

Suppose Ω ⊂ Rl (for some integer l) is the closure of an open set with smooth boundary, m ≥ 0,
θ, σ ∈ (0, 1) and u ∈ Cm,θ(Ω× R). Then

∥u∥
Cm,θ

σ (Ω)
:= sup

{
eσ|s|

m∑
i=0

(|u|i + |u|i,θ)(y, s) : (y, s) ∈ Ω× R

}
.

Proposition F.3. Given η > 0 sufficiently small and σ, δ ∈ (0, 1), there exist two constants ε̂, C > 0
such that the following holds. Suppose

(i) 0 < ε ≤ ε̂, R = ε−1, h ∈ C∞(B̄+
R(0), (−R,R)), Σ ⊂ B̄+

R(0)×(−R,R) is the graph of h, |h|1 ≤ η,
|h|i = O(ε) for i ≥ 2; Σ is parametrized by (y1, . . . , yn) 7→ (y1, . . . , yn, h(y1, . . . , yn));
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(ii) ĝ is a Riemannian metric on B̄+
1 (0)× (−1, 1), ∥ĝij − δij∥C3 ≤ η;

(iii) the Riemannian metric g on B̄+
R(0)× (−R,R) is defined by g(x) = ĝ(εx) and we restrict g on

Σ.

Then, for all f ∈ Cm−2,θ
c (Σ̂×R) and ψ ∈ Cm−1,θ

c (∂0Σ×R) (m ≥ 2), there exists a unique solution

φ ∈ C0,θ′(Σ×R)∩Cm,θ(Σ̂×R) (for some θ′ ∈ (0, 1)) to the following mixed boundary value problem:

(F.1)



−∆Σϕ− ∂ssϕ+W ′′(H(s))ϕ = f − cf(y)H′(s) in int(Σ)× R,
∂νΣϕ = ψ on ∂0Σ× R,

ϕ = 0 on ∂+Σ× R,∫
R
ϕ(y, s)H′(s) ds = 0 for every y ∈ Σ.

Moreover, ∥φ∥C0
σ(Σ×R) <∞ and

(F.2) ∥φ∥
Cm,θ

σ (Σ(−3δR)×R) ≤ C
(
∥ψ∥

Cm−1,θ
σ (∂0Σ(−δR)×R) + ∥f∥

Cm−2,θ
σ (Σ(−δR)×R)

)
.

Proof. The proof is similar to [dPKWY10, Proof of Proposition 4.1]. Let T0 : W 1,2(Σ × R) →
L2(∂0Σ×R) and T+ :W 1,2(Σ×R) → L2(∂+Σ×R) denote the trace maps. H0 := {u ∈W 1,2(Σ×R) :
T+u = 0}. Then H0 is the completion of C1

c ((int(Σ) ∪ ∂0Σ)× R) with respect to the W 1,2 norm.

H :=
{
u ∈ H0 :

∫∞
−∞ u(y, s)H′(s)ds = 0 ∀ y ∈ Σ

}
. Let the bilinear form a on H be defined by

a(φ1, φ2) =

∫
Σ

∫
R

(
∂sφ1∂sφ2 + ⟨∇yφ1,∇yϕ2⟩+W ′′(H)φ1φ2

)
ds dHn(y).

Then φ is a weak solution of (F.1) iff

a(φ,φ′) =

∫
Σ×R

fφ′ds dHn(y) +

∫
∂0Σ×R

ψT0(φ
′)ds dHn(y) ∀ φ′ ∈ H.

Theorem C.2 implies a is coercive; hence by the Lax-Milgram theorem, there exists a unique weak
solution φ of (F.1). By standard elliptic regularity [Sta65, Theorem 7.1], φ ∈ C0,θ′(Σ×R)∩Cm,θ(Σ̂×
R) (for some θ′ ∈ (0, 1)).

Next, we show that the solution φ satisfies ∥φ∥C0
σ(Σ×R) <∞. Since f, ψ are compactly supported,

there exists s0 such that (using the notation I = {s ∈ R : |s| > s0})
−∆yφ− ∂ssφ+W ′′(H)φ = cf(y)H′(s) on Σ× I,

∂y1φ = 0 on ∂0Σ× I, φ = 0 on ∂+Σ× I.

Using the barrier function

φϵ = ∥φ∥L∞

(
e−σ(|s|−s0) + ϵ coshσs+ ϵ

n∑
i=1

coshσyi

)
,

one can show that |φ| ≤ ∥φ∥L∞e−σ(|s|−s0) on Σ× R, hence ∥φ∥C0
σ(Σ×R) <∞.

Lastly, we show that if φ ∈ Cm,θ(Σ̂ × R) is a solution of (F.1) and ∥φ∥C0
σ(Σ×R) < ∞ then (F.2)

holds. To prove this, without loss of generality we can assume that cf = 0 and (because of Theorem
E.1) it is enough to establish the following estimate

(F.3) ∥φ∥C0
σ(Σ(−2δR)×R) ≤ C

(
∥ψ∥

C1,θ
σ (∂0Σ(−δR)×R) + ∥f∥

C0,θ
σ (Σ(−δR)×R)

)
.

Let us assume by contradiction that the estimate in (F.3) does not hold. So, there exist sequences
εk → 0, Rk = ε−1

k , hk,Σ
k, ĝk, gk, φk, fk, ψk such that the assumptions (i)–(iii) in Proposition F.3
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are satisfied for (ε,R, h,Σ, ĝ, g) = (εk, Rk, hk,Σ
k, ĝk, gk), (F.1) is satisfied for (φ, f, ψ) = (φk, fk, ψk),

and

(F.4) ∥φ∥
C0

σ

(
Σk

(−2δR)
×R

) = 1,
(
∥ψ∥

C1,θ
σ (∂0Σ(−δR)×R) + ∥f∥

C0,θ
σ (Σ(−δR)×R)

)
→ 0.

Hence there exists (pk, sk) ∈ Σk
(−2δR) × R and c > 0 such that

(F.5) eσsk |φ(pk, sk)| ≥ c.

If q ∈ int(Σk
(−2δR)), using a normal coordinate system (cf. Lemmas 4.2, 4.4) of Σk centreed

at q, we can find Yq : Br(0) → int(Σk), where r = min{R1/2
k , d(q, ∂Σk), δRk}, such that Yq is a

diffeomorphism onto its image, Yq(0) = q, ∥(Y ∗
q g

k)ij−δij∥C2 = o(1) uniformly as k → ∞. Similarly,

if q ∈ ∂Σk
(−2δR), using a Fermi coordinate system (cf. Lemmas 3.2, 4.2, 4.4) of ∂Σk centreed at q,

we can find Yq : B+
r (0) → Σk, where r = min{R1/2

k , δRk}, such that Yq is a diffeomorphism onto its

image, Yq(0) = q, ∥(Y ∗
q g

k)ij − δij∥C2 = o(1) uniformly as k → ∞.
Let (pk, sk) be as in (F.5). There are three possibilities:

(F.6) (i) lim sup
k→∞

d(pk, ∂Σ
k) = ∞, (ii) lim sup

k→∞
d(pk, ∂0Σ

k) <∞, (iii) lim sup
k→∞

d(pk, ∂+Σ
k) <∞.

If (i) happens, we set qk = pk; if (ii) (resp. (iii)) happens, we set qk to be the nearest point in ∂0Σ
k

(resp. ∂+Σ
k) to pk. Suppose lim supk→∞ |sk| <∞. Then in all the three cases (in (F.6)), we define

Yk = Yqk , φ̃k(y, s) = φk(Yk(y), s), f̃k(y, s) = fk(Yk(y), s), and in case (ii) ψ̃k(y, s) = ψk(Yk(y), s).
Then φ̃k satisfies the following equation.

(F.7) −aijk ∂yiyj φ̃k − bik∂yiφ̃k − ∂ssφ̃k +W ′′(H)φ̃k = f̃k,

where ∥aijk − δij∥C0,θ + ∥bik∥C0,θ = o(1) as k → ∞. In case (i), (F.7) is satisfied on Brk(0) × R,
where rk = min{R1/2

k , d(qk, ∂Σ
k), δRk}. Therefore by (F.4), there exists a bounded function φ̃∞ ∈

C2(Rn × R) such that up to a subsequence, φ̃k → φ̃∞ in C2
loc(Rn × R),

−∆yφ̃∞ − ∂ssφ̃∞ +W ′′(H)φ̃∞ = 0 on Rn × R,

and
∫∞
−∞ φ̃∞(y, s)H′(s)ds = 0 for all y ∈ Rn. Hence by Lemma F.1, φ̃∞ ≡ 0. However, this is a

contradiction since (F.5) implies there exists s∞ ∈ R such that φ̃∞(0, s∞) ̸= 0. In case (ii) (resp.

(iii)), (F.7) is satisfied on B+
rk
(0)×R, where rk = min{R1/2

k , δRk} and ∂νφ̃k = ψ̃k (resp. φ̃k = 0) on

∂0B+
rk
(0)×R. Therefore by (F.4), there exists a bounded function φ̃∞ ∈ C2(Rn

+ ×R) such that up

to a subsequence, φ̃k → φ̃∞ in C2
loc(Rn

+ × R),

−∆yφ̃∞ − ∂ssφ̃∞ +W ′′(H)φ̃∞ = 0 on Rn
+ × R,

∂νφ̃∞ = 0 (resp. φ̃∞ = 0) on ∂Rn
+ × R and

∫∞
−∞ φ̃∞(y, s)H′(s)ds = 0 for all y ∈ Rn

+. Hence by

Lemma F.1, φ̃∞ ≡ 0. However, this is a contradiction since (F.5) implies there exists s∞ ∈ R such
that φ̃∞(0, s∞) ̸= 0.

If lim supk→∞ |sk| = ∞, without loss of generality we can assume that sk → ∞ as k → ∞. Let
us consider the three possibilities stated in (F.6) and define qk as above. In all the three cases (in

(F.6)), we define Yk = Yqk , φ̃k(y, s) = eσ(sk+s)φk(Yk(y), s), f̃k(y, s) = eσ(sk+s)fk(Yk(y), s), and in

case (ii) ψ̃k(y, s) = eσ(sk+s)ψk(Yk(y), s). Then φ̃k satisfies the following equation.

−aijk ∂yiyj φ̃k − bik∂yiφ̃k − ∂ssφ̃k + 2σ∂sφ̃k + (W ′′(H(sk + s))− σ2)φ̃k = f̃k,
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where ∥aijk −δij∥C0,θ +∥bik∥C0,θ = o(1) as k → ∞. Arguing as in the previous case and using Lemma
F.2, we again arrive at a contradiction. □

Lemma F.4. Let us fix δi > 0, i = 0, 1, 2, 3, satisfying δ0 + δ1 + δ2 < δ3 and a, b > 0. Let
r ∈ (0, δ1R), ρ ∈ (1, δ2R), p ∈ B+

δ0R
(0), B+

s (p) = Bs(p) ∩ B+
2R(0), U ∈ C2,θ(B+

δ3R
(0)) with the

uniform estimates

U ≥ a > 0, U + |∇U | ≤ b on B+
δ3R

(0).

Then there exists a constant C > 0 independent of r, ρ, p, U, ε with the following significance.

(i) If ε > 0 is sufficiently small1 and φ ∈ C2(B+
r+ρ(p)) satisfies

(F.8)

{
∆gφ− Uφ = E + div(F ) on B+

r+ρ(p),

∂νφ = ψ on ∂0B
+
r+ρ(p),

there holds

(F.9) |φ|C1,θ(B+
r (p)) ≤ C

(
|E|C0(B+

r+ρ(p))
+ |F |Cθ(B+

r+ρ(p))
+ |ψ|C0,θ(∂0B

+
r+ρ(p))

+ ρ−1 |φ|C1,θ(B+
r+ρ(p))

)
.

(ii) If ε > 0 is sufficiently small and φ ∈ C2(B+
r+ρ(p)) satisfies{

∆gφ− Uφ = E + div(F ) on B+
r+ρ(p),

φ = ψ on ∂0B
+
r+ρ(p),

there holds

|φ|C1,θ(B+
r (p)) ≤ C

(
|E|C0(B+

r+ρ(p))
+ |F |Cθ(B+

r+ρ(p))
+ |ψ|C1,θ(∂0B

+
r+ρ(p))

+ ρ−1 |φ|C1,θ(B+
r+ρ(p))

)
.

Proof. The proof is similar to [dPW16, proof of Lemma 8.1]. Since the proofs of (i) and (ii) are
very similar, we will prove only (i). Let us first prove the following claim.

Claim F.5. There exists a constant C > 0 independent of r, ρ, p, U, ε such that if ε > 0 is suffi-
ciently small, φ̃, Ẽ, F̃ , ψ̃ are compactly supported in B+

r+ρ(p) and (F.8) is satisfied for (φ,E, F, ψ) =

(φ̃, Ẽ, F̃ , ψ̃), there holds

(F.10) |φ̃|C0(B+
r+ρ(p))

≤ C
(
|Ẽ|C0(B+

r+ρ(p))
+ |F̃ |Cθ(B+

r+ρ(p))
+ |ψ̃|C0,θ(∂0B

+
r+ρ(p))

)
.

To prove this claim, we assume by contradiction that the estimate (F.10) does not hold. Then

there exist sequences Ũi, φ̃i, Ẽi, F̃i, ψ̃i, ri, ρi, pi, εi such that εi → 0, φ̃i, Ẽi, F̃i, ψ̃i are compactly
supported in B+

ri+ρi
(pi),

|φ̃i|C0(B+
ri+ρi

(pi))
= 1,

(
|Ẽi|C0(B+

ri+ρi
(pi))

+ |F̃i|Cθ(B+
ri+ρi

(pi))
+ |ψ̃i|C0,θ(∂0B

+
ri+ρi

(pi))

)
→ 0

and (F.8) is satisfied for ε = εi and

(U,φ,E, F, ψ, r, ρ, p) = (Ũi, φ̃i, Ẽi, F̃i, ψ̃i, ri, ρi, pi).

Then

ĝjk(εi·)∂jkφ̃i − εiĝ
jk(εi·)Γ̂l

jk(εi·)∂lφ̃i − Ũiφ̃i = Ẽi + div F̃i on B
+
ri+ρi

(pi);(F.11)

∂νφ̃i = ψ̃i on ∂0B
+
ri+ρi

(pi).

Since φ̃i, Ẽi, F̃i, ψ̃i are compactly supported, we can assume that (F.11) holds on B+
δ3R

(0). Let

δ′3 = δ0 + δ1 + δ2. There exists x̃i ∈ B+
δ′3R

(0) such that |φ̃(x̃i)| ≥ 1/2.

1The metric g in (F.8) depends on ε.
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Suppose lim supi→∞ x̃i,1 = ∞. We define φ̄i(x) = φ̃i(x̃i + x). Then |φ̄i(0)| ≥ 1/2 and (by

Theorem E.1) the C1,θ norm of φ̄i is uniformly bounded on B(0, si) where

si =
1

2
min

{
x̃i,1, (δ3 − δ′3)Ri

}
.

Therefore there exist φ∞, U∞ : Rn+1 → R such that up to a subsequence, φ̄i → φ∞ in C1
loc(Rn+1),

∆gEφ∞ − U∞φ∞ = 0 on Rn+1

and |φ∞(0)| ≥ 1/2. However, this contradicts Lemma F.2(i).
On the other hand, if lim supi→∞ x̃i,1 < ∞, we define x̄i = (0, x̃i,2, . . . , x̃i,n+1) and φ̄i(x) =

φ̃i(x̄i + x). The C1,θ norm of φ̄i is uniformly bounded on B(0, 12(δ3 − δ′3)Ri). Therefore there exist

φ∞, U∞ : Rn+1
+ → R satisfying

∆gEφ∞ − U∞φ∞ = 0 on Rn+1
+ ,

∂νφ∞ = 0 on ∂Rn+1
+ .

Moreover, |φ∞(x∞)| ≥ 1/2 for some x∞ ∈ Rn+1
+ , which contradicts Lemma F.2(iii). This finishes

the proof of the claim.
To prove the lemma, we choose a cut-off function0 ≤ χ ≤ 1 such that χ = 1 on B+

r (p), spt(χ) ⊂
B+

r+ρ(p), |∇χ| +
∣∣∇2χ

∣∣ ≲ ρ−1 and apply the above claim to φ̃ = χφ. Indeed, ∆gφ̃ − Uφ̃ =

Ẽ + div(F̃ ) on B+
r+ρ(p), where Ẽ = χE + 2⟨∇φ,∇χ⟩ + φ∆χ − ⟨F,∇χ⟩, F̃ = χF and ∂νφ̃ =

ψ̃ on ∂0B
+
r+ρ(p) where ψ̃ = χψ + φ∂1χ. Therefore, the lemma follows from above claim and

elliptic estimate

|φ|C1,θ(B+
r (p)) = |φ̃|C1,θ(B+

r (p)) ≲
(
|Ẽ|C0(B+

r+ρ(p))
+ |F̃ |Cθ(B+

r+ρ(p))
+ |ψ̃|C0,θ(∂0B

+
r+ρ(p))

+ |φ̃|C0(B+
r+ρ(p))

)
.

□
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[AC00] Luigi Ambrosio and Xavier Cabré. Entire solutions of semilinear elliptic equations in R3 and a conjecture
of De Giorgi. J. Amer. Math. Soc., 13(4):725–739, 2000.

[Bel25] Costante Bellettini. Extensions of Schoen-Simon-Yau and Schoen-Simon theorems via iteration à la De
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discontinus. Ann. Inst. Fourier (Grenoble), 15:189–258, 1965.
[Vit22] Stefano Vita. Boundary regularity estimates in Hölder spaces with variable exponent. Calc. Var. Partial
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