SECOND ORDER ESTIMATES ON TRANSITION LAYERS FOR THE

ALLEN-CAHN EQUATION WITH HOMOGENEOUS NEUMANN BOUNDARY
CONDITIONS: PART I - BOUNDARY-ORTHOGONAL TRANSITION LAYERS
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ABSTRACT. We study stable solutions of the Allen—-Cahn equation with homogeneous Neumann
boundary condition on Riemannian manifolds with boundary in the regime where the transition lay-
ers meet the boundary orthogonally. Under an a priori bound for the enhanced second fundamental
form in the transition region, we establish uniform second-order Holder estimates and quantitative
mean curvature decay for the nodal hypersurfaces up to the boundary in ambient dimensions at
most 10. The proof adapts the technique pioneered by Wang—Wei [WW19a, WW19b], adding a
further correction determined by the geometry of the ambient boundary. Its leading contribution to
mean curvature cancels on the nodal set but survives on non-zero level sets in the transition region,
whose mean curvature need not decay uniformly. This phenomenon has no interior analogue and is
exhibited by stable solutions constructed by Kowalczyk [Kow05].
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1. INTRODUCTION

In this paper we establish second-order estimates for stable solutions of the Allen—Cahn equation
with homogeneous Neumann boundary conditions on compact Riemannian manifolds with bound-
ary, in the situation where the transition layers of the solution meet the boundary orthogonally.
Together with the estimates in the forthcoming paper [DDPSal, which deal with the situation where
the transition layers of the solution approach the boundary parallelly from one side, they fully ex-
tend the regularity theory developed by Wang—Wei [WW19a, WW19b] to the case of Neumann
solutions on manifolds with boundary. In [DDPSb], we shall use the estimates in Theorem 1.1
and those in [DDPSa] to obtain a min-max construction of free boundary geodesics and geodesic
billiards in compact Riemannian surfaces with boundary, and free boundary minimal hypersurfaces
in compact Riemannian manifolds with boundary of dimensions 3 and 4, entirely based on solutions
of the Allen—Cahn equation. Moreover, we shall obtain a characterisation of curves realising the
(phase-transition) p—widths of the length functional on a Riemannian surface with boundary similar
to the one obtained by Chodosh-Mantoulidis in the closed case [CM23].

The estimates in this paper differ from the interior ones of [WW19b] (and the corresponding
interior estimates in Riemannian 3-manifolds due to Chodosh-Mantoulidis [CM20]) in two key
aspects caused by the geometry of the boundary: a logarithmic loss in the mean curvature decay
and the quantitative separation estimates, and a distinction between the zero level set and the other
level sets in the transition layer. While it is unclear whether the first difference is a feature of our
proof and whether it could potentially be overcome, the second one reflects a genuine boundary
phenomenon, as the stable solutions constructed by Kowalczyk in [Kow05] show (see Section 1.2 for
a careful discussion of these differences). This shows the subtleness of the boundary problem, and
highlights a phenomenon that has no interior counterpart.

1.1. Setup and main result. Let (M"*! OM, g) be a smooth compact Riemannian manifold with
boundary. We consider solutions u : M — (—1,1) of Allen—Cahn equation with vanishing Neumann
boundary condition

(1.1)

e2Agu=W'(u) in M,
dyu=20 on OM,

where v is the inward-pointing unit normal to M. Throughout the paper, W is a smooth even
double-well potential, positive in (—1,1), with

W (1) = W'(£1) = 0, W' (£1) =1,
and with 0 as its unique critical point in (—1, 1), satisfying W”(0) < 0. Model examples include
W(t) _ (1_§2)2 and W(t) _ 1+cos(7rt)'

T2

Equation (1.1) is the Euler-Lagrange equation for the Allen-Cahn energy
w
E.(u) :/ <€|Vu|2 + (u)> dvol,.
M 2 3
If S C OM is relatively open, stability in M U .S means that
/ (2| VY|* + W (u)yp?) dvoly >0 for every 1 € CH(M U S).
M

In particular, these test functions need not vanish on S.
At a point where Vu # 0, the enhanced second fundamental form is defined to be

Afu) = v(%) .
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Here, we use the conventions and notation of Section 2. Then, we state our main result below.

Theorem 1.1 (Boundary second-order estimates for stable transition layers). Let 2 <n+1 < 10
and let (M™1,0M,g) be a smooth Riemannian manifold with boundary. Let S C OM be relatively
open, and let M' € M US. Fiz 0 € (0,1) and 0 < b < 1. For every A > 0, there are constants
€0 > 0 and C' < oo with the following property.

Suppose that 0 < e < eg and that uc € C*°(M U S, (—1,1)) is stable in M U S and satisfies

€2Agu5 =W'(us) in M, Oyue =0 on S,
together with
(1.2) [A(u)| <A on {|ue] <1 =0} N{|Vue| # 0}.

Then every component I' of {us = 0} meeting S satisfies

(1.3) HHFHL‘X’(FHM/) < C¢| log€!2, [HF]CB(FmM') < 05179\ 10g€!2,
and
(1.4) IIr{lcornney < C,

where I denotes the second fundamental form of the hypersurface I, and Hr its mean curvature.
The constants depend only on M’, the fized geometry near M', W, b, 0, and A, and are independent
of the number of transition layers.

Remark 1.2. Notice that, if n + 1 = 2, then the level set {u. = 0} is a union of embedded curves,
and the norm of its second fundamental form is simply the absolute value of its geodesic curvature
k{u.—0y, which is clearly the same as the mean curvature of {u. = 0}. Therefore, in ambient
dimension 2, (1.3) gives

|&r || oo (rrasry < Cél log e|?, [kr]coramry < Ce'?|logel?,

for every component I of {u. = 0} meeting S. On the other hand, unlike in the interior case of
[WW19a, Theorem 3.6] and [CM23, Proposition C.4], it is not possible to obtain decay estimates
(in €) for the enhanced second fundamental form A(u.). Indeed, at a point p € {u. = 0} NS, by
(2.1).

[A(u)* = g0y |* + |0y log | Vue ||,
and an easy computation (see Remark 11.8) gives |9, log |Vu.||?> = |ks|?, where kg denotes the

geodesic curvature of the boundary at p € {u. = 0} NS. In particular, kg is independent of €. See
also Remark 11.10 for a more detailed discussion of this issue.

Remark 1.3. If S is totally geodesic on a neighbourhood of M’ N S, the estimates improve and
extend to all transition levels. More precisely, if 0 < b < b’ < 1, then uniformly for t € [-14b,1-b'],
every component I'; of {u. =t} meeting S satisfies, on M’,

M lce < C,  [|Hr, ||z~ < Celloge|,  [Hr,]eo < Ce'~%|loge],

where the constant C' (in addition to the geometry of M’ W, b, 6, A) also depends on . If, in
addition, n + 1 = 2, then

|A(u:)| < Celloge| on M'N {Jus| <1 -0}

At regular boundary points, the Neumann condition implies that the nodal set meet .S orthogo-
nally. The nodal estimates therefore give local C%Y control of the second fundamental form of the
nodal set up to the boundary. In ambient dimension two, the norm of the second fundamental form
of a curve equals the absolute value of its geodesic curvature, so (1.3) gives decay (and not simply
boundedness) of curvature.
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Like the main result in [WW19b], Theorem 1.1 is a conditional result, in the sense that it
assumes the initial C? bound (1.2) and improves it to the C?*? estimates (1.3) and (1.4). In
order to upgrade this conditional result to a full unconditional curvature estimate on a compact
Riemannian manifold with boundary as in [CM20, Theorem 3.4], two further ingredients are needed:
the boundary-parallel estimates of [DDPSal, and the classification result for entire stable solutions
in R"*! with uniform Euclidean energy growth, which is now available in dimensions n+1 = 2,3, 4
by [GGI8, AC00, FSS25]. Notice that in dimensions n + 1 = 2,3, by [GG98, LLW 26, CFRF*26],
the same classification result holds without the additional assumption of uniform Euclidean energy
growth.

On the other hand, similarly to [WW19b], no bound on the number of layers is a priori imposed
and the dimensional restriction comes from the stability estimates for the scalar equation (i.e. the
two component Toda system) to which stability is reduced in Section 10. Nonetheless, as far as
geometric applications relying on an unconditional curvature estimate are concerned, one cannot
hope to go beyond ambient dimension 7, since the rigidity result for entire stable solutions in R?*!
is bound to fail there, as shown in [PW13]. Notice here the analogy with rigidity results for stable
minimal surfaces in R"*! with Euclidean area growth [SSY75, Bel25].

1.2. Comparison with the interior estimates. Our analysis builds on the reduction of stable
Allen—Cahn transition layers to an approximately stable Toda system developed by Wang and Wei
in [WW19b]. However the estimates proven in Theorem 1.1 differ from those of [WW19b] in two
important respects:

(i) our estimates yield an O(g|loge|?) bound for the zero level mean curvature, instead of the
Euclidean O(¢) rate, or the interior Riemannian o(e|loge|) rate (see [WW19b, Remark 10.9]);

(ii) our estimates only show decay of the mean curvature for the zero level set, and not for all level
sets {us =t} fort € [-1+b,1 —b)].

Let us briefly discuss where these differences come from, and where the theorem could conceivably
be strengthened and where it is essentially sharp.

Let us begin with (i). As noticed in [WW19b, Remark 10.9] (see also [CM20, Corollary 3.3]),
it is not surprising that introducing metric errors into the Wang—Wei reduction machinery would
lead to a loss in the estimates, and, as the mentioned references show, this is already present in the
Riemannian interior theory. It is not known at the moment if the logarithmic loss is a necessary
feature of the general Riemannian (interior or boundary) theory, or simply an artefact of the proof
strategy. On the other hand, it is worth noticing that the decay rates in (1.3) are strictly weaker
than those in Riemannian interior theory of [WW19b] or [CM20]. Even under the (significantly
stronger) assumption that the boundary is totally geodesic, we are not able to recapture the same
rates of decay.

This discrepancy comes from the estimates on quantitative separation of neighbouring sheets,
rather than from the final elliptic estimates. The loss first occurs in the distance-gap comparison
of Claim 10.6, which is used to prove Proposition 10.1. Curvature of the boundary introduces
first-order metric terms when the signed Riemannian distance between sheets is compared with
the difference of their coordinate heights. The decay estimate of Proposition 10.1 can therefore
only be established above the threshold €2|loge|?. Its iteration in Corollary 10.12, followed by
the improved Toda equation in Proposition 11.4, gives an O(e|loge|?) bound, rather than the
Euclidean interior rate O(e) of [WW19b, Theorem 1.1]. Nonnegative ambient Ricci curvature does
not remove the boundary condition for the intrinsic separation function in Remark 11.3. On the
other hand, if the boundary is totally geodesic, the first-order metric contribution in the distance
comparison disappears, as explained in Remark 10.2 and the separation estimate then improves by
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one logarithm. Neither this bound nor the general-boundary squared-logarithm bound is claimed
to be optimal.

Let us now discuss (ii). The failure to extend the zero-level decay estimate to all transition
levels has a different origin. Even though the zero sheets meet the boundary orthogonally, their
nearby parallel leaves need not do so. Consequently, a heteroclinic solution depending on signed
distance does not by itself satisfy the Neumann condition, and the approximation constructed in
Section 5 includes the correction G,. The evenness of the potential makes this correction G, odd
in its normal variable, so its leading contribution vanishes at the zero level but need not vanish at
s(t) = H™1(t) when t # 0. Proposition 11.7 shows that the horizontal Laplacian of the correction
G, enters the mean curvature of the actual level graph. This contribution is only controlled at order
€ in the rescaled metric, corresponding to order one in the original metric. When the boundary is
totally geodesic, G, vanishes identically, and uniform estimates hold for all levels in a fixed compact
subinterval of (—1,1).

Unlike (i), the failure of mean-curvature decay on nonzero levels is demonstrably a feature of the
problem in question, as the examples in [Kow05] show. Indeed, Kowalczyk [Kow05] constructs so-
lutions of (1.1) in bounded domains of R? with smooth boundary concentrating near nondegenerate
straight line segments meeting the boundary orthogonally and computes their Morse indices explic-
itly. In the regime where Kowalczyk’s solutions are stable, they illustrate why our estimates must
distinguish the nodal set from the other transition levels. The level-set geometry obtained from his
boundary-layer expansion [Kow05, Section 2.4] shows that, at an endpoint with nonzero boundary
curvature, a fixed nonzero level develops an order-one curvature contribution over distances of order
¢. Thus its mean curvature need not tend to zero, and its C? curvature seminorm can grow like e =7,
despite a bounded L*° curvature norm. On the nodal set, on the other hand, the leading boundary
correction vanishes by oddness, and the expansion instead gives an O(e) bound for the mean cur-
vature. This contrasts with the interior Euclidean estimates of Wang—Wei [WW19b, Theorem 1.1]
and the interior Riemannian estimates of Chodosh-Mantouldis [CM20, Corollary 3.3], which give
uniform bounds for ||H||r~ and ||II||ce on all transition levels.

1.3. Outline of the proof. We follow the overall strategy of Wang—Wei [WW19b| with a few
important differences.

By using the assumptions in Theorem 1.1, in Section 3 we reduce the theorem to the local
graphical statement in Theorem 3.3. After dilation by !, the curvature of each sheet of the nodal
set becomes O(¢), and neighbouring sheets become uniformly separated as ¢ — 0. Notice that
ordinary Fermi coordinates with respect to a sheet of the nodal set do not in general parametrise a
collar neighbourhood of the ambient boundary. To obtain coordinates adapted to both the sheets and
the boundary, we use a twisted Fermi coordinates construction inspired by Pacard—Ritoré [PR03,
Section 10]; a closely related construction appears in the work of Kapouleas-Li on free boundary
minimal surfaces [KL21, Definition 2.10 and Lemma 2.12]. The key ingredient in this step is the
construction of a vector field Z which is transverse to the sheets (but not necessarily normal to
them), tangential to the ambient boundary and satisfies the estimates in Lemma 4.15, which are
crucial to control the mixed derivative and commutator terms introduced without destroying the
Toda structure of the leading interaction.

In Section 5, we approximate u by alternating translated heteroclinics together with a boundary
correction, which is necessary because the one-dimensional heteroclinic solution has a leading order
Neumann derivative of order . For each sheet X, of the nodal set, we cancel this O(e) error by
solving the linear problem (5.4) on ¥, x R and then using a cutoff to localise around the sheet.
Evenness of the potential W guarantees that this correction G is odd in the twisted Fermi signed
distance variable. Since the translation mode H' is even, the correction G is orthogonal to it,
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and vanishes on the central slice {z = 0}. The construction of our correction G is analogous to
the improvement of the approximate solution in del Pino—Kowalczyk—Wei [dPKWO08, Section 5]:
in both cases, the O(e) leading order in the Neumann derivative is cancelled by adding an odd
correction solving a linearized boundary value problem.

For a family of shifts h = (hy), let H(-; k) denote the alternating superposition of shifted, cut-off
heteroclinic profiles, and let G(+; h) denote the corresponding sum of shifted boundary corrections.
Write

H, :H(ah)) G*:G(,h), g« :H*+G*7 ¢=U—g*7
so the stars denote the full alternating superposition, evaluated at the selected shifts. As in
[WW19b], we choose optimal shifts h, so that, in twisted Fermi coordinates with respect to each
sheet,

/R by, HL (v, 2)dz = 0, H\(y,2) = H((~1)°(z — ha(9))).

This orthogonality condition separates the equations for the layer positions from the coercive equa-
tion for the remainder.

Similarly to [WW19b], in Section 6, projection of the Allen-Cahn equation onto the translational
mode H/, yields a Toda-type relation between the mean curvature, the Laplacian of h,, and the
exponential interactions with the two adjacent sheets.

241 ( lacr )| _ p—ltar@O) 4 f0
Ha(y, 0) + Aa,Oha(y) = 0_70 (6 omti¥ — e ottt > + Ea(y)7
where, at this stage, the error EY has not yet been shown to be .

Section 7 closes these estimates by an inner—outer gluing estimates argument, as in [WW19b,
Section 6]. Near a layer, orthogonality removes the translation kernel and gives coercive estimates
for the model linearised operator. Away from adjacent layers, the solution is close to +1 and W” (u)
has a uniform positive lower bound. Combining the two estimates, together with the Neumann
derivative of ¢, gives

6]l c20 +max ||hallgzo + max | Ha + Aaohallco S €% + A,

where A measures the largest exponential interaction between neighbouring sheets of the nodal set.

This estimate is still insufficient for the final separation argument of Section 10, as A, gho could
still be of the same order as the leading interaction. Section 8 therefore repeats the inner—outer
analysis for the horizontal derivatives of ¢, following [WW19b, Section 7]. Unlike [WW19b], we
need to deal with the boundary conditions, which must be treated separately. Derivatives tangent to
the boundary have controlled Neumann data, while the inward horizontal derivative has controlled
Dirichlet data. As a result the mean curvature is shown to be equal to the difference of the two
adjacent interactions, up to an error O(¢?) + o(A), which is small relative to the interaction scale
used in the decay argument of Proposition 10.1.

The Toda equations alone do not force the sheets to separate. In Section 9, we use Allen—Cahn
stability with test functions

= na(H, +G,),

where 7, is a function on the sheet ¥,. Unlike [WW19b, Section 8], the boundary correction also
enters the linearised equation and we must combine the horizontal and transverse contributions to
the diagonal energy by integration by parts before estimating them, and exploit the cancellations
supplied by the equation defining the correction G. A Robin-type boundary term of order e still
remains, which is controlled by trace estimates with a small loss in the constant in front of the
Dirichlet energy and controlled L? errors.



SECOND ORDER ESTIMATES ON TRANSITION LAYERS: PART I 7

Section 10 combines the Toda equation with the stability inequality to obtain a quantitative
lower bound for the distances between neighbouring sheets. The height difference (with respect to
the base {z = 0}) satisfies a homogeneous Neumann condition, which allows to perform integration
by parts without producing additional boundary terms. On the other hand, using height difference
rather than sheet separation causes an additional logarithmic loss compared to Wang—Wei, as the
first-order metric error in boundary Fermi coordinates limits the iteration to A < £2|loge|?. Wang
and Wei manage to improve this bound to A < &2 in Euclidean space by deriving an equation directly
for the separation function on a sheet; however, extending this improvement to our setting would
require further work, as the intrinsic separation function does not generally satisfy a homogeneous
Neumann boundary condition. Indeed, the normal derivative of this intrinsic separation function
contains a term involving the second fundamental form of the ambient boundary whose contribution
need not be small after rescaling. Therefore, implementing an intrinsic improvement argument in
our setting would require further estimates to control this boundary contribution; these are not
established in the present paper.

The proof of the pointwise estimates also differs from [WW19b, Section 9]. Following Farina
[Far(07], we first combine the scalar inequality with stability to obtain L? estimates for the normalized
exponential interaction, with p > n/2 and then obtain local boundedness by a blowup argument.
This argument replaces the Green-function and Morrey estimates used in [WW19b, Lemma 9.7-
Lemma 9.8] and applies both to interior balls and to boundary half-balls. As stability gives LP
control of the interaction for exponents p < 5 and local boundedness requires p > n/2, this forces
n <9, explaining the ambient dimension bound n + 1 < 10.

Finally, in Section 11, we insert this bound into the improved Toda equation and use the oddness
of the boundary correction to obtain the nodal mean-curvature estimates. On the other hand, as
explained in Section 1.2, for a nonzero transition level, we represent the portion of {u = t} near %,
as a graph z = £, (y,t) by solving u(y, s (y,t)) = t. The boundary correction changes the height
of this graph by a quantity proportional to G, (y, H !(¢)). Differentiating twice along the sheet
therefore introduces second horizontal derivatives of this correction. These derivatives vanish on the
central profile slice because G,(+,0) = 0, but generally contribute to the mean curvature of nonzero
levels, see Lemma 11.6 and Proposition 11.7, giving rise to the difference in behaviour between the
nodal set and the other level sets in the transition region, which is the most relevant difference
between the boundary problem and the interior one. When the boundary is totally geodesic, the
correction vanishes altogether, and the improved separation estimate gives the expected bounds on
every transition level.
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2. BASIC DEFINITIONS AND NOTATION

In this section, we present some basic definitions and introduce the notation which we shall use
throughout the paper.
Let W € C*°(R) is an even double-well potential, namely W : R — [0, +o00) has the following
properties
(1) W vanishes precisely at +1, and W'(+1) =0, W"(+1) = 1;
(2) 0 is the unique critical point of W in (—1,1), W’/(0) = 0, and W"(0) < 0;
(3) W(t) =W(-1).
The normalisation W”(£1) = 1 is responsible for the decay rate eIl in Appendix C. Evenness is
used in Section 5 to make the boundary correction odd in the normal variable.
Let (M™1 OM,¢g) be a smooth Riemannian manifold with boundary. We shall often use (-,,)
to denote the inner product with respect to the Riemannian metric g. Throughout this paper we
shall consider stable critical points u : M — (—1,1) of the Allen-Cahn energy

E.(u) = /M (;\VUP + VVCEU)> dvols.

Any such critical point is a solution of (1.1). If S C 9M, then a solution u of (1.1) is stable in
MUS if

d2
dt2li=o
for every ¢ € C2°(M U S). Notice that test functions ¢ need not vanish on S.

For a solution w of (1.1) and x € M such that |Vu(z)| # 0, we define the enhanced second
fundamental form A(u) of the level set {u = u(x)} at = by

Afu) = v(%) .

Notice that Vu(z)/|Vu(x)| is the unit normal of the hypersurface {u = u(x)} at z. We extend A(u)
to the whole of M by setting |A(u)| = 0 on the critical set. It is easy to check that if |Vu(x)| # 0,
then at x, we have

E.(u+ty)) = /M (2|V|? + W (u)y?) dvoly >0

_ VAP = VIVl
[Vul?

where I[(u) denotes the second fundamental form of the regular hypersurface {u = wu(z)} at =
and V7 denotes tangential differentiation along {u = w(x)}. Thus |.A(u)| dominates the second
fundamental form of the level sets.

Our sign convention for the second fundamental form II and the mean curvature H of a hyper-
surface is

(2.1) [A(u)f? [0(w)|” + [V log [Vul[?,

I(X,Y)=—(Vxn,Y), H =trll,
where n is the chosen unit normal. With this convention, the linearization of mean curvature in

the normal direction v¥n is A + (|[I|? + Ric(n,n))p.

2.1. Balls in Euclidean space. Consider Euclidean coordinates (1, ..., %, Tny1) on R*1. We
shall adopt the following notation for various types of balls in R™**.

e B,(p) (resp. B,(p)) : the open (resp. closed) ball in R” centered at p with radius r.

e B (p) (resp. B, (p)) : the open (resp. closed) half-ball B,.(p)N{z1 > 0} (resp. B,(p)N{x1 >

0}).
o BB} (p)= 9B (p) N {a1 = 0}, 8, B (p)= 9B (p) N {1 > 0}.
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+(p) (resp. B,(p)) : the open (resp. closed) ball in R"! centered at p with radius r.
+(p) (resp. B;F(p)) : the open (resp. closed) half-ball B,.(p)N{x1 > 0} (resp. B, (p)N{x1 >

0})
e BB (p) = 0B, (p) N {x1 =0}, 04 B (p)= 0B (p) N {1 = 0}.

o B
o B

2.2. Constants dependence. If a < Cb, for some universal constant C, we will frequently use
the notation a < b, or a = O(b). If we wish to explicit the dependence of the constant C' on certain
parameters {1, /2, ..., ¢;, we will use the symbol Sghg%m’gj, or simply O, ¢,,...¢,- When we have the
two-sided bound C~'b < a < Cb, we will write a ~ b, or a ~0y 0y,....0;5 if the dependence depends on
the parameters ¢1, /o, ..., ¢;.

Unless explicitly indicated otherwise, all constants are independent of €, of the number of layers,
and of the layer index. An estimate containing an unspecified derivative order is understood for each
fixed order, with the constant allowed to depend on that order and on the corresponding smooth
bounds for the fixed geometric data. Finally, every little-o estimate in the paper is uniform in all
layer and level parameters occurring in its statement.

Part 1. Derivation of the Toda system
3. PRELIMINARY SETUP

In this section, we shall prove some preliminary results about stable solutions of (1.1) satisfying
the vanishing Neumann boundary condition. This preliminary analysis will allow us to reduce
Theorem 1.1 to the local statement of Theorem 3.3.

Throughout this section, let (M™*!, M, g) be a smooth compact (n+1)-dimensional Riemannian
manifold with non-empty smooth boundary and let ¢ > 0. Let S C M be a relatively open domain
in OM = M\ M, and let u. € C®°(MUS, (—1,1)) be a stable solution of (1.1) satisfying the vanishing
Neumann boundary condition along S. Suppose u. satisfies (3.1) and M’ € MU S. Fix t/ € (b, 1),
A>0and M' € M US, and assume

(3.1) |A(uc)| < Ao on {Jue] <1 = b} N{[Vue| # 0}.

Lemma 3.1. Under the assumptions of Theorem 1.1, there are constants €4 > 0 and ¢ > 0,
depending only on b, A, W, and the fized geometry near M’, such that, whenever 0 < € < &,,

elVue| > ¢ in {|us| <1—=b}N M.

Proof. The argument is similar to [WW19b, Proof of Lemma 2.1]. Let us assume by contradiction
that there exist sequences (ug,,&;) with ; — 0, p; € {Jus,| <1—0b} N M’ so that u.,, € C°(M U
S,(—1,1)) is a stable solution of (1.1) with ¢ = &; satisfying the vanishing Neumann boundary
condition along S and &;|Vu,(p;)| = 0. Let d; = dg(p;, S) = dg(pi, ¢;), where g; € S is the nearest
point projection of p; to .S; we need to consider two cases:

(i) either liminf; 6;1di = 00,

(ii) or liminf; o E,L»_ldi < 0.

Assume first that d;/e; — co. In geodesic normal coordinates centreed at p;, define

— ) _ 2% N
EPmEi (’U) - epri (61’0), Epiei = Ei Epi,eigv Ui = Ug; © Epiﬁi'

After identifying T,, M’ with R"*! by choosing an orthonormal basis, the domain of E, . can be
identified with B.-1,(0), where r = inj,. Then %; is a stable solution of (1.1) with ¢ = 1 on
(Br,(0),8p, ;) where 7; = (2;) ' min{d;,inj, }, |@:(0)| < 1 —b, [V@;(0)] — 0 and gp, -, converges
to the Euclidean metric in C° (R™*!). Hence, by elliptic estimates, @; is uniformly bounded in

loc

C3 (R™1). Therefore, there exists s, a stable solution of (1.1) with ¢ = 1 on R"*!, such that



10 AKASHDEEP DEY, WENKUI DU, DAVIDE PARISE, AND LORENZO SARNATARO

up to a subsequence, @; — U in CZ_(R™). Since |ioo(0)] < 1 —b, [Vie(0)] = 0, fi is
non-constant. As in [WW19b, Proof of Lemma 2.1], by (3.1), we have |A(ts)| = 0 on {|is| <
1 -0} N{|Vis| # 0}. By the unique continuation principle (for example see [JK85]) for the linear
equation Ad;lice = W' (liso)Dilice (i = 1,...,n+ 1) and Lebesgue’s density theorem, the critical set
{Vi = 0} has zero Lebesgue measure. By (2.1) and |A(@.)| < Ae (which follows from (3.1)), we
conclude that {@, = t} is a flat hyperplane for almost every ¢ € [—1 + b, 1 — b]. This implies that
Uso = U(x - €), where U : R — [—1,1] is a nonconstant stable entire solution of the 1-dimensional
Allen—Cahn equation and e is a unit vector. In particular, U must be the 1-dimensional heteroclinic
solution H, which implies that |V (0)| # 0. Thus we arrive at a contradiction.

Assume now liminf; ., E;Idi < 00, there exists d > 0 such that, possibly after passing to a
subsequence, lim;_, o 5i_1di = d. In boundary Fermi coordinates centreed at ¢;, define

Eyei(z1,2) = expﬁpgiM(eiw,) (sixlyaM (equaiM(eix’))) ) 8gies = 5;2E;,€ig.
These coordinates map {x; = 0} exactly to OM. Thus u; = u, o Ey, ., satisfies the homogeneous
Neumann condition on the flat boundary, the metrics converge smoothly to the Euclidean metric
on R:‘_H, and the preimages of p; remain in a fixed compact set. Then there is a fixed r > 0
such that for all sufficiently large i the normal exponential map of OM is a diffeomorphism of
B2 (¢;) x [0,7). In particular, ; is a stable solution of (1.1) with € = 1 on (B;(0), g4,.,), where
r; = (2¢;) ' min{d(q;, oM \ S), 7}, and it satisfies the vanishing Neumann boundary condition along
doB;(0). Moreover, if p; = E, L (p;), then |4;(p;)| < 1—b and |V, (p;)| — 0. Since gp, -, converges

qis€i

to the Euclidean metric in Cﬁ(Ri‘H), @i; is uniformly bounded in C (R%™'). Therefore, there
exists @, a stable solution of (1.1) with e =1 on RT’I, such that up to a subsequence, u; — 4%,

in CIQOC(RT'I). Moreover, there exists po, such that up to a subsequence, p; — Poo; SO |Poo| = d,

7%, (Poo)| < 1= b, |V (Poo)| = 0. Hence @i, is non-constant. We define i, € C?(R"*1) by

uy h > 0;
(32) ﬂoo(xl7x27’$n+l) — fl;l’io(xlal‘Zv )-’ETL+1) whnen rp =~ ;
Ui (=21, 22,...,2n41) when z1 <0.

Then iy is a stable solution of (1.1) with e = 1 on R""!. Since u,, satisfies (3.1), arguing as in
[WW19b, Proof of Lemma 2.1], we conclude that [A(t)| = 0 on {|tie| < 1 — b} N{|Vis| # 0}.
Similarly to the previous case, by unique continuation and the Lebesgue differentiation theorem,
this implies o is again of the form s (z) = H(z - e) for some unit vector e. Hence |Viioo (Poo)| # 0.
Thus we arrive again at a contradiction. O

3.1. Fermi coordinates with respect to the boundary and graphical representation of
layers. We shall now discuss the definition and the properties of Fermi coordinates with respect to
S following [LZ21, Appendix A]. Let S’ € S and p € S’. Let z1 = distg(—, M), which is smooth
in a neighbourhood of p contained in M’. Suppose (z2,...,Zy4+1) is a normal coordinate system on
S centred at p, which is obtained by fixing an orthonormal basis of 7},S. Then (21,2, ,Zp41) is
a Fermi coordinate system for (M, M) near p. The Fermi distance function from p is defined by

Tp(z) = \/m% + a3 + -+ a2 ;. The Fermi coordinate ball B,(p) defined by B.(p) := {F, < r} can
be identified with B, (0) c R,

Lemma 3.2. [LZ21, Lemma A.2] There exist constants r1 and {Cy}o0_o depending only on the
metric g and S’ such that the following holds. Let g;;, Ffj denote the components of g and the
Christoffel symbols in a Fermi coordinate system centreed at p. Then

gn=1 g;=0 Ij=0}=T}=0 Vi>2
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and for all1 <i,j <n-+1,
|gij () — 0i5] < Corp(x) on By (p),  llgij — dijllem(s,, ) < Cm ¥ m > 0.

For the current purpose, let " = {Ju.| < 1 —=b} N SN M, and let p € S’. By Lemma
3.1, 8" € {|Vue| # 0}. Since u. satisfies the vanishing Neumann boundary condition on S,
Vue/ |Vue| € T,S. Choose an orthonormal basis {ea, . .., e, 41} of TS such that e,1 = Vu/ |Vue|.
Let (z1,z2, -+ ,Zp+1) be the Fermi coordinate system for (M,0M) centred at p so that for i > 2,
Oz, |p = €.

Then, for the function F(x) = uc(z1,..., 20, Tn41) — t, Op,  F(x) = |Vue|G(z), where the
function G is defined by G(z) =g (%, OMH) on By, (p) (where r1 is as in Lemma 3.2). We note
that G(p) = 1 and its derivative on {|u.| < 1 —b'} N B, (p) is bounded by a constant which depends
only on A and g.

By the mean value theorem and the implicit function theorem, there exists a constant ro =
r2(A, g) such that in B,,(p), for all t € (=1 +',1 V'), {u. = t} is a union of graphs Ua{Znt1 =

fl(x1,..., @)} Moreover, d1fL . = 0 along S (since O1ue = 0 along S) and |[V2fL | < |A| is
bounded by a constant which depends only on A and g by (3.1). All of these estimates are uniform
in ¢t and in the graphical component.

3.2. A reduction of curvature estimates. In view of the above discussion in Section 3.1, to
prove Theorem 1.1, it is enough to prove the following Theorem 3.3. Indeed, Theorem 3.3 implies
that Theorem 1.1 holds on the collar neighbourhood M'NA,, ;3(0M) (where 73 is as in Section 3.1).
On the other hand, on M’ \ N, /4(9M), the proof of Theorem 1.1 follows from [WW19a, WW19b,
Man21, CM20].

Theorem 3.3. Assume 2 <n+1<10. Let B;(O) be equipped with a smooth Riemannian metric
g so that the following conditions are satisfied.

e 0y, is the inward pointing unit normal along 8y By (0).
o If Gij, I‘fj denote the components of § and its Christoffel symbols, then, for every fixed m,
=1, §gu=0, Th=0T4=TH=0 Vi>2
(3.3) 9i5(0) = i 1|9i5 = dijllom(ps (o)) < "M0-

Fiz 0 € (0,1) and 0 < b < 1. There exist constants g > 0 and Cy < oo, depending only on
n,0,b, W, co,no, and Ao, such that the following holds. Suppose 0 < & < eq, ue : (B3 (0),§) — (—1,1)
is a stable solution of (1.1) satisfying the following conditions.

(H1) ue satisfies the vanishing Neumann boundary condition Oy, us = 0 along 9o B3 (0) and

(3.4) e|Vue| > ¢o on {Jus] <1 —b}.
(H2) Let = denote the union of all the connected components of {u. = 0} N (B3 (0) x (—2,2)) which

have non-empty intersections with B (0) x (—=1.5,1.5). Then 2 can be written as a union of graphs

2= U{an foe(@) 2’ = (z1,...,2,) € BS(0)}

where fo.. € C®(BF(0), (—1.6,1.6)) with dy, fare = 0 along dB3 (0),
(3.5) IV fael <10, [V fael < Ao on B (0).
(H3) We have

(3.6) |A(ue)| < Ao in {Jue| <1 —0b}N{|Vue| # 0}.
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Then every component of = satisfies, on B1+/2(0),
| Liu.—o0yllce < Co,
and
|Hu.=0y = < Coellogel?,  [Hpy.—y]co < Coe' | logel*.

Remark 3.4. The constants 1y and Ag in (3.3), (3.4), (3.5) and (3.6) are fixed before ¢ is chosen
and will be assumed to be sufficiently small.

Remark 3.5. If, in addition, aoB;f (0) is totally geodesic and 0 < b < b’ < 1, then, uniformly for
te[-14+1b,1-1V], every corresponding graphical component of {u. = t} satisfies

Mue=e3llco sz, o) < Cor
and
1-6
||H{u€:t}HLoo(Bl+/2(0)) < 005’ logf‘a [H{UEZt}]CQ(BIF/Q(O)) < Coe |10g5|'
where C also depends on b’ (in addition to n, 8, b, W, cg, o, and Ag).
In the following sections, we shall first prove the mean curvature decay estimates for the zero

level set {u. = 0}.

4. GEOMETRIC SETUP AND TWISTED FERMI COORDINATES

In this section we define suitable coordinates (which we refer to as twisted Fermi coordinates)
near the boundary which are adapted to the geometry of the components of the zero level set of
the solution ..

Before introducing this coordinate system, following [WW19b], we rescale distances by 71, so

that we work with a stable solution of the Allen—Cahn equation with parameter 1 in ball of radius

of order e~ 1.

4.1. Basic geometric setup.

4.1.1. Properties of e~ '-rescaled geometry. Let B;(O) be equipped with a Riemannian metric §
satisfying the conditions of Theorem 3.3. From now on, as in [WW19a, WW19b], we work in the
rescaled domain (B;(0), g) where R =&e~! and g is the rescaled metric given by

9ij(x) = Gij(ex).
Notice that, by (3.3), the metric g satisfies
4
(4.1) sup Y710 (gij — 0;7)(2)] < Cln)o
xGB;R(O) /=0

for all indices 4, j. Therefore, the Christoffel symbols I" fj of the metric g satisfy

3
(4.2) sup  » e EDOOTE (2)] < C(n)no,
zeB;’R(O) =0

and the components R;;x; of the Riemann tensor of g are of order g2

(4.3) sup & *|Rijui(x)] < C(n)no.
z€BJ,(0)
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Finally, the second fundamental form I, B, (0) of the boundary and its derivatives also satisfy
3
similar estimates:

(4.4) eIV i )| < Clnimy

for £ =0,1,2,3.
If we define u(z) = u.(ex), then u : (B3z(0),g) — (—1,1) satisfies the Allen-Cahn equation with
parameter 1, i.e.

(4.5) —Au+W'(u) =0,

with Neumann boundary condition d;,u = 0 on dyB;z(0). In the rescaled coordinates, by (3.6) we
have

| Al = O(e)

on Bin (0) N {|ul <1—0b}. In particular, the estimate holds in a fixed neighbourhood of every
component of the zero level set.

Note that in above setup, the following derivative estimates holds (see also [WW19a, Lemma
8.1]).

Proposition 4.1 (Derivative estimates for the enhanced second fundamental form). For every fized
integer k > 0,
[VEA| = O(e)

on B, (0)N{|u| < 1-b} for allk > 0. As a consequence, ifx € {|u| < 1=V} and £ = {u = u(z)},
then
(4.6) IViIs|=0(e)  on XN Bf, ,(0) V& >0.
Proof. See Appendix A for the proof. O

Let = denote the union of all the connected components of {u = 0} N (B35(0) x (—2R,2R)) which

have non-empty intersections with Bj,(0) x (—1.5R,1.5R). Then, using the notations of Section
3.2, Z can be written as a union of graphs

(4'7) == Uzaa Yo = {xn-‘rl = fa(a:/) xl = (xlv cee 73771) € IB;;—R(O)};

where f, € C®(B;(0), (—1.6R,1.6R)), fa(z') = e foc(ex’), B1fo = 0 along doB35(0),
(4.8) Vol <o, V2 fal < Ao,  [V*fal = O(e) ¥k > 2 on B3,(0).

We fix an index a and set f = fo, & = {zn41 = f(2/) : 2’ = (21,...,2,) € Bj5(0)}. Following
[PRO3, Page 28], we discuss the definition and the properties of the twisted Fermi coordinates with
respect to 2.

Applying the standard extension operator in C™ for every fixed m (see [GT83, Lemma 6.37]),
choose smooth extensions f* and g* to the full balls, equal to fa@ and g on the corresponding
half-balls, such that, for every fixed m used below,

(4.9) 1 lem @a(0)) < C(n7m)‘|fa,a||cm(15;2+(o))v
(4.10) 165 = gijllcm(Ba(oy) < Cn,m)16i5 = Gijll cm (B (0))-

Define f(2') = e 1f*(e2’) and g;(z) = g;;(ex). These extensions are smooth, agree with the
original data on the half-balls, and satisfy the rescaled estimates at every derivative order used
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below. Then f = f on B3-(0) and § = g on B;j(0). Notice that § satisfies similar estimates to
(4.1), (4.2), and (4.3) (possibly with different dimensional constants) by (4.10).

Subsequently, we will assume that all the metric dependent objects on B3r(0) (e.g. (-, ) \Y4
etc.) are with respect to §. Notice that § = g on Bj(0). We define Y = {xp = f(2) 2/ =

(T1,...,xpy) € IB%;R(O)}.

4.1.2. Properties of the normal exponential map and Fermi coordinates. Let Q = Bagr(0)x(—2R,2R)
and T denote the tangent bundle of € which can be canonically identified with © x R**1. Let
(T1,...,Tpni1,V1,--.,Une1) be the standard coordinates on TQ, 7, : TQ — Q and 7, : T — R*H!
the projection maps. Let <I>(s —) be the flow of the vector field

Z vkaxk (z,v) Z FZ] ’UZUJ Uk |(z v)

i.7:k
Py =m, 0@, &y = m, 0 ®. Then ®1(s,x,v) = exp,(sv) and Py(s,z,v) = L exp,(sv),

(4.11) 0.0F = ®f, and 0,05 = = > TF(®)040],

ij
for all k. Let S be the set of (z,v) for which |v| < 0R and the geodesic s — exp,(sv) remains in (2
for 0 < s <1, where § > 0 is fixed and small, and define & : S — Q by &(x,v) = exp,(v). Note
that the coeflicients Ffj are computed in the z; coordinates.

Lemma 4.2. For all (x,v) € S and indices i, j, there holds
|02, 87 (2,0) — 05| + |00, 8 (w,0) — 635 Selv],  |D™E (w,v)| S e(l+|v]) ¥Vm > 2.

Proof. The proof is similar to [KL21, Proposition A.1]. Since &(z,v) = ®1(1,z,v), we are going to
restrict ® on [0,1] x S in this proof. Differentiating (4.11) we obtain

(4.12)  9,0.0F = 0,95,  0,0.05 = =) 0, T};(21)0. 2, ©h®S — 2 T (®1)0, 857,
ijl ij
where 0, is any element in {0y, 0y, : ¢ = 1,...,n+1}. We note that ®(0,z,v) = (x,v), |Pa(s, z,v)| =
|v| and (since the metric § is uniformly close to the Euclidean metric) |v| = O(1) for all (z,v) € S.
Therefore, using Gronwall’s inequality for vector valued functions [Leel3, Theorem D.2], we conclude
that |0+®(s, z,v)| is uniformly bounded for (s,z,v) € [0,1] x S. Using this, one can deduce from
(4.12) that |050,®%| < e|v| and |0, @4 (1, 2, v) — 0. P4 (0, 2, v) — . ®5(0, 2, v)| < efv|. This implies the
C! estimate for &.
Differentiating (4.12) we obtain

asao,*q)lf = 0o *(I)ga
(4.13) 0s00, @5 = = 05, T8 ($1)00, B} OHD] — 2> T (91)0, . @hD) + &

T 1]
ijl i

where 0, is any element in {0;,,0,, : @ = 1,...,n + 1} and €| < (1 + |v|). Note that £ does
not contain any second order derivatives of ®. Therefore, using Gronwall’s inequality for vector
valued functions [Leel3, Theorem D.2], we obtain that |0, ®(s,z,v)| is uniformly bounded for
(s,z,v) € [0,1] x S. Using this, one can deduce from (4.13) that |950, .®5| < e(1 + |v|), which
implies |95 +®¥| < e(1+ |v]). Thus we obtain the C? estimate for & and the higher order estimates
can be proved in a similar way. O

Let 7 : B1gr(0) X (—2R,2R) — R be the signed distance function from % such that 8, ¢ > 0
along 3. By (4.8), if 19, Ag are sufficiently small

n+1
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(i) t is smooth on By gr(0) x (—2R, 2R); )
(ii) the nearest point projection map I : By gr(0) x (—2R,2R) — X is a well-defined smooth map,
whose image is contained in ¥ N (By9r(0) x (—2R,2R)).

Remark 4.3. In what follows, we will denote by V the gradient of a scalar map, while D will be
used for the gradient of vector valued maps, i.e. the gradient of each component. Furthermore,
everything will be computed in the ambient coordinates (x1,x2, ..., Tpt1)-

Lemma 4.4. There exists 6 > 0, independent of €, such that the following holds.
(4.14) |DII| = O(1), |V™i +|D™I| <e(1+]f]) on{|t| <OR}Vm >2.
Proof. Let & : & x (—0R,6R) — Bysr(0) x (—2R,2R) be defined by &(y,2) = exp,(sn(y)) =

&(y,2n(y)), where n is the unit normal along % satisfying (n,d,,.,) > 0, and 6 > 0 will be
determined later in the proof. We note that if y = (y1,...,yn) € %, then z;(y) = y; if 1 <i < n

and x’n-l—l(y) = f<y17 B :Z/n) Hence
0y, & (y, 2) = 00,8 (y, 20 () + O, 6 (4, 1Y) O, f (Y1, - - - )

z “(y, 2n n*
(4.15) +2}; 0y, 6" (y, 2n(y)) 0y, " (y),

0:6"(y,2) = > 05, & (y, Zn(y))n"(y).
k

Therefore, by Lemma 4.2 and (4.8), we have
(4.16) 04,6 (4:2) = 05| S el +m0, 1<inj <m+1,

where 9y, ,, stands for 0;. This implies that if 6 and 7y are sufficiently small, the Jacobian of & is

greater or equal than 1/2. Differentiating (4.15) and using Lemma 4.2, one can show that
(4.17) ID™E(y, 2)| < e(1 4+ |2]) Ym > 2.

Since £(&£(y, 2)) = Z and 1(&(y, 2)) = y, using inverse function theorem, one can deduce from (4.16)
and (4.17) that if § and 7y are sufficiently small,

IDIT| = O(1), |V™| + |D™I| < e(1+ [f]) on {|F] < 6R} ¥m > 2.

4.2. Definition and properties of twisted Fermi coordinates.

4.2.1. The twistegi Fermi vector field and twisted Fermi coordinates. Let F: Bor(0) x (—2R,2R) —
R be defined by F'(z) = zy41 — f(2'). We define the following vector fields on By gz(0) x (—2R, 2R):

- VF Z Z —(Z,Z2) 7y
=Vt Zi=——; Zy=0y —(0y,,20) Z1; Zy= 2, =" 7272

Then, |Z}| — 1 and \(Z, Z)| — 0 uniformly as (9 + Ag) — 0. Along X, Z = Z; and is orthogonal
to ¥. Furthermore, Zy = 8, along 0B} ¢5(0) x (—2R,2R) and is tangential to X.
These facts imply the following lemma.

Lemma 4.5. The vector field Z has the following properties.
(i) Z is tangential to oB; 35(0) x (—2R,2R).
(ii) Z = Z along ¥ and is perpendicular to 3.
(iil) (Z,Z) = 1.
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(iv) (Z - Z) is perpendicular to Z.
(V) If Z = Zz Z’@xl then |ZZ — 6i,n+l| <o+ Ag.

Combining (4.6), (4.14), (4.8), (4.9), and (4.10) we infer

(4.18) V™ Z| + [N Zy |+ V™ Zo| + |V Z| S e(1+ JE])  on {|i] <R} ¥Ym > 1.
Let O(1,—) = ©, denote the flow of Z on B; gg(0) x (—2R,2R), so ©(0,z) = = and
(4.19) 0.0 = Z(0).
Definition 4.6 (Twisted Fermi coordinates). Given a coordinate system y = (y1,...,y,) on X,

twisted Fermi coordinates on B} ¢ (0) x (—2R, 2R) with respect to X are defined by Yx(y, z) = 0.(y),
for y € X.

By Lemma 4.5 items (i) and (v), and (4.18), if p € B (1(0) x (—2R,2R), then

(i) ©-(p) € Bf.x(0) x (—2R,2R) for all T belonging to the domain of 7 — ©.(p),
(ii) there exists a unique time 7, € R such that ©_, (p) € X,

provided ng and Ag are sufficiently small.

Definition 4.7 (Twisted Fermi coordinate time function and projection). The twisted Fermi coor-
dinate time function ¢ : B (0) x (—2R,2R) — R and projection map II : Bf . ,(0) x (—=2R,2R) —
N (Bf,z(0) x (—2R,2R)) are defined by t(p) = 7, and II(p) = O(—t(p), p).

From now on, (y1,. .., Yn, z) will denote twisted Fermi coordinates with respect to this coordinate
system on X.

Remark 4.8. Similar coordinate systems near a boundary point appear in [PR03, Section 10] and
[KL21, Definition 2.10].

Lemma 4.9. Let p € B] ((0) x (—2R,2R). Then t(p) = t(p).

Proof. Let ¢ = II(p). We consider the function () = t(©(7,q)). Then 7(0) = 0 and by Lemma
4.5(1v), v/ (1) = <Vt, Z> (O(7,q)) = 1. Hence, t(p) = v(1p) = 7 = t(p). O

Lemma 4.10. Let us fir K > 0. For all (1,z) satisfying |7, |t(z)| < KR and for all indices i, j,
there holds
102,07 (7,2) — 33| S e|7] + |77 + [t(2) ),
DO (1, z)| S e|7] + 72 + t(x)?), DO (1, x)| S e(1+ |72 + |t(x)]?) Ym > 2.
Proof. The proof is similar to the proof of Lemma 4.2. Differentiating (4.19) we obtain
(4.20) 0-0,,0% =" 0,,2%(©)0,,0r.
P

Furthermore, (4.18) implies |V™Z(O(7,2))| < (1 + |7] + [t(x)|) for all m > 1. Therefore, using
Gronwall’s inequality for vector valued functions [Leel3, Theorem D.2], we conclude that |3, 0%| =
O(1). Using this estimate, we deduce from (4.20) that

(4.21) 10,0, 0" (r,2)| S e(1+ || + [t(2)]),
hence

102,0" (7, 2) — 82,080, 2)| < e(|7] + |7[* + [t(2)[?).
This implies the C! estimate for ©.
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Differentiating (4.20), we obtain

(4.22) i, OF = Zaxpmq ©)0,,070,,07 + > 0y, 2"(©) 0,2, 7.

p

Therefore, using Gronwall’s inequality for vector valued functions [Leel3, Theorem D.2], we conclude
that |0y, ©F| = O(1). Using this estimate, we deduce from (4.22) that

|0r 02,0, 0% (7, 2)| S e(1+ || + [t(2)]);
hence
(4.23) |0r,0,0% (7, 2)| Se(l7] + 7> + [t(2) ).

Combining (4.21) and (4.23), we obtain the C? estimates for ©. Higher order estimates can be
proved in a similar way. O

Lemma 4.11. There exists 0 < § < 0, independent of £, such that the following holds.
DT = O(1), |V™| Se(l+]2]), |D™| <e(d+|2]?) on {|2z] < 6VR} Vm > 2.

Proof. The estimates for [V™¢| follow from Lemma 4.4 and Lemma 4.9. Let © denote the restriction
of © on [-dVR, 5v/R] x X, where § € (0,0) is to be determined. We note that if y = (y1,...,yn) € X,
then z;(y) = y; if 1 <i<nand z,4+1(y) = f(y1,...,yn). Hence

(4.24) 0y,07(2,y) = 05,0%(2,Y) + 0,107 (2,9) 00, F (Y1, - -+, Yn),

0.6 (z,y) = Z/(6(z,y)).
Therefore, by Lemma 4.10, (4.8) and Lemma 4.5(v), as (6 + 1o + Ag) — 0 we infer
(4.25) 10,07 (2,y) — 8ij| = 0(1), 1 <i4,j <n+1,

where 9y, ., stands for d,. This implies if J, 79, Ag are sufficiently small, the Jacobian of O is

greater or equal than 1/2. Differentiating (4.24) and using Lemma 4.10, one can show that
(4.26) ID™O(z, )| <e(l+ |2%) Vm > 2.

Since t(0(z,y)) = z and I1(O(z, y)) = y, using inverse function theorem, one can deduce from (4.25)
and (4.26) that if §, ng, Ao are sufficiently small,

|DIT| = O(1), |D™I| <e(1+ |2%) on {|z| < SVR} Vm > 2.

Notice that by definition of twisted Fermi coordinates, if z € Bf ¢(0) x (—2R,2R), then

81/1‘ |Jr = D@t(x) (H(:E)) (8111' |H(z))-

Moreover, for y = (y1,...,yn) € 3, clearly Oy, |y = Oz;ly + Ou, f (Y15 .-+, Yn)0z, 1|y, since ¥ is the
graph of f over B;(0).
Hence, we obtain

(4'27) ayi |(y,z) = Z ami@j(za y)axj |(y,z) + Z amif(yla ) yn)axn+1 @j(z’ y)axj |(y,z)'
J J

Equation (4.27) has several useful consequences, which we shall record below.
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Lemma 4.12 (Covariant derivative estimates). The following estimates hold for 0y, and its covari-
ant deriwatives

(4.28) 9] = O(1) on {|2] < VT,
V™8, < e+ |23 on {|z| < VR} Vm > 1.
Proof. The lemma follows from (4.27) and Lemma 4.10. O
Lemma 4.13 (Neumann derivative estimate). The following estimate holds
(4.29) 10210y, 2) = By p(y, 2)| S elz|(1+ [21)|Vip(y, 2)| on 8oB 5(0) x [~6VR, 6VR]
for any smooth function ¢ on B (5(0) x (—2R,2R).

Proof. Notice that along 0pX, 0, f = 0 by the setup in 4.1, and 0, = 0y, by the definition of
twisted Fermi coordinates. Hence, by (4.27), on do{|z| < KV R|}

ayl ‘(y,z) = Z 8f61®j(zv y)azj ‘(y,z)‘
J

Then (4.29) follows directly from Lemma 4.10. O
Lemma 4.14. There exists § > 0 such that the following holds:

ds, (T1(p), T1(p) ) S £(t®)? + U@)I) on {It] < 6R}.

Proof. Let g = II(p). We consider the function G(7) = (I1(8(7,q)), ..., Hn(O(7,q))), where I; =
yi o IL. Then G(0) = (y1(9); - - - yn(2));

diTﬁ(@(T, ¢)) = DI(O(,9))(Z(8(,q))).

Note that IT is constant along the integral curves of Z. Therefore, by Lemma 4.5(ii), G'(0) =
(0,...,0). By Lemma 4.4 and (4.18), |G"(7)| < e(1 + |7]). Therefore, by Taylor’s theorem,

ds, (ﬁ(p),ﬂ(p)) S1G(tP) = GO)| L <t + [t P).

Since Z = Z along ¥, the following lemma follows from (4.18).
Lemma 4.15. There holds
Z =21 S el +22), IV™(Z = 2)| S (1 +]z]) on {2 < 6R} vm > 1.
Remark 4.16. By Lemma 4.5 (iv),

0:=0.—T =0, —i:Tiﬁyi.
=1

By Lemma 4.15, for each index ¢, we have estimates
(4.30) 1T < elz] +2%), |V™TY <el+|2|) on {|z| <SR} ¥Ym > 1.
Notice that T%(y, z) = —¢**(y, 2).
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4.2.2. Boundary behaviour of twisted Fermi coordinates. Finally, we shall carefully look at how these
twisted Fermi coordinates behave at the boundary. The decomposition in the following lemma will
be crucial in the Inverse Function Theorem argument of Section 5.

Lemma 4.17. Let J : 0B ¢(0)x (—2R,2R) — R be defined by J = 0,,t = dz(v), w(y) = 0:J(y,0)
and J(y,z) = J(y,z) — w(y)z. Then

(4.31) [ =182] S el2l(1+ |2] +|2[*) on {|2| < 6VR}.
Moreover,

(4.32) |VFw| = O(e) on 0By 4(0) Vk > 0,

and

(4.33) IVET] S (1 +|2*)2% on {|2] < 0VR} VE > 0.

Proof. By Lemma 4.9, Vt = Z, and hence J = <Z , V). The sheet meets the boundary orthogonally,
so J(y,0) = 0. Since 0, = Z and the integral curves of Z are unit-speed geodesics,

(4.34) 8.0 = (V,_zZ,v)+(Z,Vv).

With the sign convention of Section 2, (X, Vyv) = —1I, (Y, X) for vectors tangent to the boundary.
At z =0, where Z = Z, this gives

w(y) = 0:(y,0) = —Nay(Z, Z)(y,0).
In particular, (4.4) and the tangential derivative bounds for Z imply (4.32).
Differentiating (4.34) once more in the Z-direction, and using VzZ = 0, expresses 0,..J as a sum

of contractions of V3t, V%t, Z — Z, V(Z - 2), I5,, and VIIy,. Lemmas 4.11 and 4.15, together with
(4.4), therefore give

V3022 (y, 2) Sk 21+ [21°) (12| < 6VR)

for every fixed k. The same differentiated identity, with one fewer z-derivative, gives |V’y‘382J | <k
e(1+ |z| + |z|%). Taylor’s theorem at z = 0, using J(y,0) = 0 and the definition of w, now yields
(4.31) and
Vi(T2) —w)2) <[l sup V0T, 5)]
s|<|z
which is exactly (4.33). O

4.3. Geometric approximation. Let ¥, be as in (4.7). ¥, is parametrized by y — (v, fa(y)),
and twisted Fermi coordinates (y, z) with respect to ¥, are defined as in Section 4.2. As in Section
4.2, let t,, and I, denote the twisted Fermi coordinate time function and projection map, and let
Yo,z = {ta = 2z} be parametrized by y — Y5 (y, 2).

We shall identify a point p = Yy _(y, z) with its twisted Fermi coordinates (y, z), and represent
the metric g at p as a matrix

(935 (y, Z))ijl (9i=(y, Z))?:1

(4.35) 9(y,z) =

(gzj(ya Z))?:l gzz(yv Z)
)

where gij(% Z) = <8yi‘(y,z)7ayj’(y,z)>7 giz(yvz = <8yi’(y,z)7az‘(y,z)> etc.
Let ga(y,2), Taly,2), La(y,2), Hq(y,z) respectively denote the induced metric on %, ., its
Christoffel symbols, the second fundamental form of ¥, . and the mean curvature of ¥, . at
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(y,2). Since, by definition {9y, [(y,2); - - - » Oy |(y,2) } are tangent to ¥y . at (y, 2), we have gqi5(y, 2) =
9ij(y, z). Similarly, by inverting (4.35), we see that

—1 iz

98y, 2) =97 (y,2) — 97 (y,2)" 9" (y,2)97 (y,2)
forall1 <4,57 <n.

Sometimes we shall use the abbreviated notation g,., I'a:, laz, Ha. to denote the same
quantities, or even g,, o, o, H,, when there is no danger of ambiguity. The covariant derivative
and the Laplacian on ¥, , with respect to the induced metric are denoted by V. and A, .. Finally,
we denote the volume form induced on X, . by dA, . = A (y, 2)dy, where A\, = \/det go(y, 2).

Lemma 4.18. In twisted Fermi coordinates (y, z) with respect to ¥, g°*(y,z) =1
Proof. This follows from Lemma 4.9. Indeed, 1 = |V{|? = |Vt|? = ¢g**. O

Proposition 4.19 (Geometric Expansion in Twisted Fermi Coordinates). Let ¢, (y, 2), Ta(y, 2),
I, (y, z), Ha(y,z) respectively denote the induced metric on ¥, ., the second fundamental form of
Yo,» and the mean curvature of ¥, . at (y,z). For each fized K > 0, if z € (—K|loge|, K|logel),
we have for all 1 <i,j,k, 1 <n

(4.36) 19005 (Y 2) = 9orij (9, 0) + 198 (v, 2) — g (,0)| S el2|(1 + |2]),

(4.37)  10y,9aij (U, 2)| + 10,0y 90ij (U 2)| + 104,95 (, 2)| + 10y, 05,95 (y, 2)| S e(1+ |2[%),
(4.38) 0% (v, 2) = Th ii(y,0)| S elz[(1+ |2]),

(4.39) 10y, T8 iy, 2) S e(1+ |2[%),

(4.40) Mo (y, 2) — Moy, 0)] S €2[2|(1 + |2[%),

(4.41) |Ho(y, 2) — Ha(y,0)| < €%|2(1+ |2]*),

(4.42) Vo, Ta(y, 2) = Vaolla(y,0)] < %[2](1+ |2[%)

Ay, 2) = Aaly, 0)] S elz[(1 + |2]).
with constants depending on n, K, 0,19 and Ag.

Proof. See Appendix B for the proof. O

Recall that in Fermi coordinates (g,Z) with respect to ¥,, we have the following well-known
formula which relates the ambient Laplacian A to the induced Laplacian A, ; on ¥, ; = {t, = 2}
and the mean curvature H, z of ¥, ;:

ASO(?;; 2) = Aa,éso(ga 2) + aﬁi@(?ja 2) - Hoc,i(ga 5)8§S0(f&7 5)

Since z = z, we have the following lemma, which establishes an analogous formula for twisted Fermi
coordinates

Lemma 4.20. Let T = (T%) be as in Remark 4.16. Then, if (y, z) denote twisted Fermi coordinates
with respect to ¥, we have

ACP :Aa,z@ + 82,2%0 - H, (ya Z)@ZQO + ga(ya 2)90
where
(4.43) &y, 2)p = Ho(y, 2)T x Oy +T x T agycp +T VT %0y + VT x0yp + T 6572@.

In particular, every coefficient in &, is controlled by (4.30).
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Let ¢o be a C? function on X,. we can extend ¢y to a C? function on B ¢(0) x (—2R,2R)
(which we will denote by ¢) by setting it to be constant along the flowlines of the vector field Z.
Namely, we let

(4.44) e(y,2) = o(y)

in twisted Fermi coordinates with respect to .. Notice that by definition 0,9 = 0, and, since
[02,0y,] = 0, we have 0.0y, = 0.0,,0,, = 0. Hence,

(4.45) Oy, (Y, z) = 8yi900(3/) and 8%83/]-90(972) = 8yiayj900(3/)~

Proposition 4.21. Let K > 0 be fized. For oy € C*(X,), let ¢ € C*(B] z(0) x (—2R,2R)) be
defined as in (4.44). Then, there holds

Aoz — Aol S el2l(1+ 12)(IVa 00l +Vaopol)
for z € (—K|logel|, K|logel), where the constant depends on n, K, d,m0 and Ag.
Proof. For a general function ¢ € C?*(B ;,(0) x (—2R,2R)),

n

(4.46)  Aazp(y,2 Zga Y, 2) 0y, 0y, 2) = > gy, 2)Th 15y, )0y, 0(y, 2).

5,5=1 i,5,k=1
Thus,

n

Aaz0(y,2) = Daop(y,0) = > (97 (y,2) — g (y,0))0y,0y,(y, 2)
i,j=1

(95 (y, 2)T% 15 (y, 2) — g (y, O)T'h 15(y.0)) Dy, (v, 2)

-

1,J,k=1

95 (y,0)(9y,0y,0(y, 2) — 0,0y, (y,0))

.-i-

1

27]

g(ixj (y, O)F(];U (y, 0)(8yk @(ya Z) - ayk So(ya 0))

M-

1,5,k=1
In the case where ¢ is the z-constant extension of ¢y € C?(3,,) as in (4.44), then (4.45) holds, and
(4.45) follows directly from (4.36) and (4.38). O

Finally, we shall record for later use the following expansion for the mean curvature of the graph
of a function ¢ € C%(X,). This is analogous to [CM20, Lemma 2.9].

Lemma 4.22. Fizr K > 0. Let ¢ € C%*(X,) satisfy
el (na) < K|logel, Va,00] < 1o, V2 00| < Age.

Let ¥, [p] denote the graph of ¢ in twisted Fermi coordinates, parametrized by y — Ys_ (y, ¢(y)),
and let Hy, [, denote its mean curvalure. For each fized o, define an operator on ¢ € C%(3,) by

A olIl,
Ly, (o¥(y) = {W] (Y, (v, 0())),

where Y o I, is restricted to the graph before applying its intrinsic Laplacian. For all sufficiently
small €, this is a linear uniformly elliptic operator in weighted divergence form, and

Ly, g1 =0, Ly, 0] = Aa-
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Moreover,
Hs, |y — Hs, = Ly, ;)¢ + (I, * 4+ Ricg(ng, , nx,)) ¢ + Oy, ¢, dyp),
where Q(y, z,p) is a smooth function of the base point, height, and covector p € Ty X, and satisfies
1Q(y, v, dp)| < Celdpl|* + Celpl*|VaoHaly, 0)| + C[p* (1 + |¢]).

The norms on the right are taken with respect to ga0. The ellipticity constants and C' are indepen-
dent of € and a.

Proof. See Appendix B. O

4.4. Commutator estimates. We shall now record some easy commutator estimates, which will
be used throughout the rest of the paper.

Proposition 4.23. Let K > 0 be fized. For all ¢ € C3(B] ;5(0)x (—2R,2R)), we have the following
commutator estimate

(4.47) ’Aa,zayi%@ - ayiAa,Z‘P‘ Se(l+ |Z’2)(|Vg¢,z¢| + |v047ZS0’)
for z € (—=K|loge|, K|loge|). The constant depends on n, K,d,m9 and Ay.
Proof. Using the formula in (4.46), we see that

n

n
Aa,zayﬁo - ayiAOé,Z@ == Z (8yiggzk)ayj ayk@ + Z ((ayigguk)rla,jk + ggxk(ayirla,jk)) 81/1%0
k=1 Jik =1

where all terms are evaluated at (y, z). Then (4.47) follows from (4.36), (4.37), (4.38), and (4.39). O
We shall also need some commutator estimates for derivatives along the boundary of the domain.

Proposition 4.24. Let K > 0 be fized. For all ¢ € C3(B{ ;5(0)x (—2R,2R)), we have the following
commutator estimates

(4.48) 102000 — 0,0-¢| S e(1 4 [2)[Vel,
(4.49) 1008y, — 8y, Bl S (1 + |2 V),
(4.50) 10,0y, 0 — 0y, 0p 0| S elz|(1+ 12])| V| forall2<i<n

on 9o{|z| < K|logel|}. The constants depend on n, K,0,m9 and Ay.

Proof. Recall that v = 9, on 0p{|z| < K|loge|}. Thus, 0,0, — 0,0, = [Z, 0z, ]p. If we write

Z =St 780, then [Z,0,,]) = — Y701 (8ey Z%)8,, , and (4.48) follows directly from (4.18).
Now, let L; = [0z,,0y,], so that (4.49) and (4.50) amount to estimating L; for i = 1,2,...,n.

Let Li|(y,z) = ZZ—:’—% Lf(y, z)8$k|(y,z) On dpXq, ayi|(y,0) = a$i|(y,0) + 6$if(y)awn+1 ‘(y,O)' Therefore,

[awlaayi”(y,O) = 8$18$if(y)8wn+1 ’(y,O) - 8$i8$1 f(y)awnﬂ ‘(y,O)-

If i =1, for (y,0) € 0pX, we have

(4.51) L5 (y,0)| S Aoe

forall k =1,...,n+ 1 by (4.8). On the other hand, if 2 < i < n, then by the Neumann condition

for f on 9pB3x(0), if (y,0) € GpZa.

(452) 15(4,0) =0

forall k=1,...,n+1.
We now want to estimate Lf(y, z) by deriving the ODE it satisfies.
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Since 0y,,0, are coordinate vectors [Z,d,,] = 0 everywhere. Moreover, by direct computation
[Za Li] = [[Za a:m]?ayi]a Le.
n+1 n+1 )
OLE = [Z, L)+ (00, 2 L] = [[Z,04,), 0, )F + > (0, 2%) L.
j=1 j=1

Let us write Oy, |(y,.) = S by, 2)0,,, |(y,2), Where b]"(y, 2) = 02,0 (2, y)+0u, f () Oz, 1 Om(2,y)
by (4.27). We have

12, 04.), 0, )" = bf(axjaxlzk) (2,0 (02, 27).

?M+

Hence, the functions Lf satisfy an ODE system of the form

n+1

0LE(y,2) = ¢j(y, 2)Liy, 2) + dl(y, 2),

Jj=1

where the coefficients satisfy |c;(y, 2)| < e(1+4]z|) and |dg(y, 2)| S e(1+]z|) by (4.18). By Gronwall’s
inequality for vector valued functions [Leel3, Theorem D.2]

|1Li(y, 2)| S explelz|(1 + [2]))(|Li(y, 0)] + el2[(1 + |2])).

Therefore, for |z| < K|loge|, |Li(y, 2)| S |Li(y,0)| + €|2|(1 + |2]), which implies (4.49) and (4.50),
by (4.51) and (4.52) respectively. O

4.5. Comparison of twisted Fermi distance functions. Asin [WW19a, WW19b], we shall need
to compare distances with respect to different sheets. The following proposition in the analogue of
[WW19b, Lemma 3.4], which is itself [WW19a, Lemma 8.3]. The only difference in our situation is
that we shall use twisted Fermi coordinates as defined in Section 4.2. In particular, given distinct
connected components Y., 3z of E, t, and II, denote the twisted Fermi coordinate time function
and projection map with respect to ¥, and let ¢35 and 11z denote the twisted Fermi coordinate time
function and projection map with respect to ¥5. Let dyx,, dx, denote the intrinsic distances on the
hypersurfaces ¥, and ¥g respectively, and let d denote the ambient distance, so that d|s,,,d|s , are
the restrictions of the ambient distance to 3, and Xz respectively.

Proposition 4.25. For any K > 0, there is a constant C(K) so that for a # [, x € E;‘R(O) X
(—2R,2R) with |to(x)], |[ts(x)] < K|logel,

(4.53) ds,; (g o 1o (z), g(x
(4.54) lts(Ha(2)) + ta(Ils(
(4.55) [ta () — ta(z) + tg(Ha(
( ) ta(z) — tg(x) — ta(Ils(
( ) |1 — (Vita(z), Vig(z

1/2

IN

K)e
K)e'?|logel?/?

C(K) i
C(K)
C(K)e'?|logel*/?
C(K)
C(K)

|loge

IN

Iz

IN

IA

K)e'/?|log e]?/?
K)e'?|logel?/?

X

)
)|
)|
)|
)|

)
z)
)
)

IN

Proof. The proof is a simple modification of [WW19a, Lemma 8.3] (or, more precisely, its Rie-
mannian version in [CM20, Lemma B.1]), thanks to Lemma 4.9 and Lemma 4.14, which show that,
under the current assumptions, the twisted Fermi coordinate time functions ¢,,ts coincide with the
corresponding Fermi distance functions f,, fg, and that the twisted Fermi projection maps Il,, Il
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are comparable to the corresponding Fermi projection maps Ha,f[@, up to a small error of order
ellogel?. O

Let us now state a few simple but rather useful consequences of Proposition 4.25.
Let a, 8, K be as in Proposition 4.25, and let (y, z) denote twisted Fermi coordinates with respect
to Xo. Assume z € B ,(0) x (—2R, 2R) is such that t,,1II, and t, I, are defined at x, and that
lta(x )| ltg(x)| < K|loge|, so that the conclusions of Proposition 4.25 apply.

Proposition 4.26. Let x be as above and assume it has twisted Fermi coordinates (y, z) with respect
to Yo. Then the following estimates hold:

(4.58) ts(y, 2) = ts(y,0) + z + o(c¥/?)
(4.59) 0.t — 1| < V3

(4.60) [Vasts] S €3

(4.61) V2 tsl Se

Note that the point of this proposition is that in (4.58), (4.59), and (4.60), z and O, represent
the twisted Fermi coordinate function and the twisted Fermi coordinate vector field with respect to
Yo. Note that these are different from the twisted Fermi coordinate function and the twisted Fermi
coordinate vector field with respect to Xg.

Remark 4.27. The exponents appearing in (4.58), (4.59), and (4.60) are not sharp. Indeed, as it
is apparent from the proof, from Proposition 4.25, we can obtain

ts(y, 2) = ta(y,0) + z + O(c¥/?| loge[*/?)
0.t — 1] S £'/2] log e[*/2
Va:ts S et/ loge*/*

In particular, some of the exponents appearing e.g. in (5.58) and in some other estimates of the
later section could be slightly improved. This however does not seem to significantly affect the final
results.

Proof. First, notice that by (4.56), after swapping « and f, if = has twisted Fermi coordinates
(y, z) with respect to X, then by a slight abuse of notation, we can write tg(y, z) = tg(y,0) + z +
O(e'/?|1oge[>/?). In particular, for all # € (0,1/2) and all sufficiently small ¢ (depending on K and
0)

ts(y, 2) = tp(y,0) + z + o(e'/*77)

provided |t5(y, 2)|, |z| < K|loge|. This proves (4.58).
Next, notice that at x, since |Vitg| =1,

10:t5 — 1] = |(Via + (82 — Vta), Vig) — 1] = |(Vta, Vig) — 1 + (0, — Vta, Vig)|
< [(Vitg, Vig) — 1| + (0. — Vita, Vig)|
S e2loge’? + e(|ta(@)| + [ta(z)[?)
< e'?[logel*’? + ¢(| loge| + | loge[?)
5 81/279

for any 6 € (0,1/2), by Lemma 4.15 and Proposition 4.25, which implies (4.59).
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Similarly,

Vatsl < |Vig — <w5,wa>wa|:\/1 — (Vita, Vig)2 < ¢2(1 — (Vitg, Vito)) < et/*|logel¥/4

by (4.57). In particular, |V, .ts| < e'/47? for any 6 € (0,1/4), thus proving (4.60).

Next, notice that Vﬁ,ztﬁ = Vztg + (Vitg, Via) I, .. Since tg = fg, then V2t5 is precisely the
second fundamental form of ¥5,,. Recall that by (4.8), [Is 0| = O(e) and |Igo| = O(e)|. Since we
are assuming |to(z)|, [tg(x)] < K|loge|, by (4.40),

|]Ioz,z - ]Ia,0| = ‘Ha,ta(m) - ]Ioz70| 5, 52| log 5|47
so that |I, .| = O(¢), and, similarly, |V?t5| = g,t5(x)| = O(g). Hence, by (4.57), (4.61) holds. [

As mentioned in the proof of Proposition 4.25, by [WW19b, Lemma 2.2], dy,, ds, are comparable
tod|s,,d|s , Tespectively, up to a universal constant depending on 19 and Ag. By Lemma 4.11, I, |5 5
and Tlg|y, are uniformly bi-Lipschitz in the regions where |to|, |ts| < 6V/R.

The following lemma is an easy consequence of the results of this section.

Lemma 4.28. Let K > 0 be fized. Let (y,z) be twisted Fermi coordinates with respect to ¥, and
let 11z denote the twisted Fermi coordinate projection map with respect to Xg. Then,

(4.62) | DIl ()| = O(1)
fori=1,...,n, and
(4.63) |DILs(0.)] <

uniformly in the region where |t,|, |tg| < K|loge|.

Proof. Equation (4.62) follows from Lemma 4.11. For (4.63), write Z, and Zy = Vt, for the twisted
and ordinary Fermi fields associated with ¥,. The projection Il is constant along the flow of Zg,
and hence DIlg(Z3) = 0. Since 0. = Z, in the a-coordinates,

Dlls(9;) = Dlg(Za — Z3).
Moreover,
Zo—2Zg = (Za—28)+ (Za— Za) — (Zs — Zp).

The first term is O(/4|log e|*/*) by (4.57), while the last two are O(e(|loge| + |loge|?)) by Lemma
4.15. Combining these estimates with the uniform bound for DIIg gives (4.63). O

4.6. Comparison of boundary derivatives. Finally, let us consider how twisted Fermi coordi-
nates with respect to different sheets 3, Y3 behave along the boundary.

Let K > 0 be fixed, and let = € 9yB] c5(0) x (—2R, 2R) be such that [to(z)],|ts(z)] < K|loge].
Let (y, z) denote twisted Fermi coordinates with respect to .

Recall from Lemma 4.17, J, : aOBfﬁR X (=2R,2R) — R is defined by J, = 0y, t,. Similarly,
one can define Jg by Jg = 0;t3. Now, for 8 # «, let J,g denote the restriction of 9,,t3 to
0B sp(0) x (—2R,2R). We have the following estimate.

Lemma 4.29. There holds
IV™agl S e(X+ 2> + |ts] + t%) on Op{z : |ta(x)|, |ta(x)] < K|logel} Vm > 0.
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Proof. We note that
Jap = (Vitg, 0y, — On,) + J3
Since 0y, = 0y, along dyX, it follows from Lemma 4.12 that
(V™ (0, — 9y)| S e(1+12%) on dof|z| < K|loge|} Vm > 0.
Using Lemma 4.17 in the form Jg = wgtg + jg, the apparently cubic part of the crude bound is

absorbed by €?|tg|*(1+ |t5]?) < Cke in the logarithmic strip. Together with the preceding estimate
and Lemma 4.11, this gives the stated bound for J,3. O

4.7. Separation of layers. Analogously to [WW19b, Section 3.2], given a point y € LoN(B{ 45 (0)x
(—2R,2R)), we let

(4.64) Da(y) = min [ts(y)]-

Then, for A € R, define the set
(4.65) M = {x € Bf z(0) x (—2R,2R) : [ta(z)| < min{|ta—1(x)| + A, [tas1(z)] + A}} .
The following simple lemma will be used throughout the rest of the paper.

Lemma 4.30 (c.f. [WW19b, Lem 3.6]). For any y € ¥, and o > 0, we have

(4.66) Z e—Clts@)l <ko e 7Pa W),
BF#o
uniformly with respect to y and . For x € M2 with |t,(7)| < K|loge|, we have
(4.67) Z e‘”ﬁﬁ(@‘ <o e—cr|ta+1(:6)| + 6—cr|ta,1(z)|
B#a

In order to prove Lemma 4.30, we need the following two preliminary results.

Lemma 4.31. Let ¢; > 0 be a sequence which converges to 0, R; = Ei_l, ui(z) = ug,(eix), x; €

{u; =0} N (IB%EZ, (0) X (—Ri, Ry)), X4, be the connected component of {u; = 0} in IB%EZ, (0) x (=R, Ri),
which contains x;. Suppose in twisted Fermi coordinates with respect to ¥4, , x; = (vi,0), 4i(y, z) 1=
wi(y; +y,2) and u;(y, z) has the same sign as z. Then, up to a subsequence, u;(y,z) converges to
H(z) in C3

loc®

Proof. The proof is similar to [WW19b, Proof of Lemma 2.1]. Suppose in twisted Fermi coordinates
with respect to X, 5 = (Yi,1,- -, Yin,0). When liminf; ,. y;1 = 00, @; is a stable solution of (4.5)
on By, ,(0), @i(y1, - -, Yn,0) = 0and 0.%;(y1, - . ., Yn,0) > 0. By the elliptic estimates, ; is uniformly
bounded in Cjt (R"™!). Therefore, there exists @i, a stable solution of (4.5) on R™*!, such that
up to a subsequence, U; — foo in Cp_(R™), G (y1, ..., yn,0) = 0 and d1oo(y1, - -, Yn,0) > 0.
As explained in [WW19b, Proof of Lemma 2.1], since u,. satisfies (3.1), there holds |A(ts)| = 0 on
{ltioo] < 1 =0} N{|Vii| # 0}. By the unique continuation principle, this implies o is a lift of Hi;
hence Uso (Y1, .- -, Yn, 2) = H(2).

If liminf; ;o y5,1 < 00, then, possibly after passing to a subsequence, we can assume that y; 1 is
uniformly bounded. Let 2} = (y},0) = (0, ¥;2, - -, Yin,0) (which is a point in GOIB%EZ_ (0) x (—Ri, Ry)).
We define 4;(y, z) = ui(y;+y, z). Then 4; is a stable solution of (4.5) on B}:i (0) satisfying the vanish-
ing Neumann boundary condition along 803;51,(0), Wi (Y1, -+, Yn,0) = 0 and 0,4 (y1,--.,Yn,0) > 0.
@; is uniformly bounded in C{f (R"1). Hence there exists i, a stable solution of (4.5) on R”"
satisfying the vanishing Neumann boundary condition along GRTFI, such that up to a subsequence,
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U; — Uso 1IN C’I%C(]Rfrl), oo (Y15 - -+ Yn,0) = 0 and Oy @ioo (Y1, - - -, Yn, 0) > 0. We extend @i, on R
by even reflection (as in (3.2)). Then @, is a stable solution of (4.5). Since u. satisfies (3.1), arguing
as in [WW19b, Proof of Lemma 2.1], we conclude that |A(@oo)| = 0 on {|tso| < 1—0"}N{|Viieo| # 0}.

By the unique continuation principle, this implies @ is a lift of H; hence oo (y1, - - - , Yn, 2) = H(z).
Thus ;(y, 2) — H(2) in CJ (R"™). Since y;1 is uniformly bounded, this implies @;(y, z) — H(z)
in C . g

The next lemma then follows directly. The proof is the same as [WW19b, proof of eq. (2.1)].
Lemma 4.32. Ase — 0, infinf{D,(y) : y € o N (B5(0) x (R, R))} — +o0.

We can finally give the proof of Lemma 4.30.

Proof of Lemma 4.30. The proof of (4.66) is identical to the proof of [WW19b, Lemma 3.6], with
Lemma 4.32 replacing [WW19b, Lemma 2.2], and Proposition 4.25 replacing [WW19b, Lemma 3.4].
Then, (4.67) follows directly from (4.66). O

5. AN OPTIMAL APPROXIMATE SOLUTION

In this section, we aim to find the optimal approximate solution of u by modifying the sign
alternating heteroclinic approximation H(y, z; h) in (5.2) to vanishing Neumann boundary adapted
sign alternating approximation g¢(y,z;h) defined in (5.10), and proving the existence of optimal
layer shift h in Proposition 5.7.

5.1. Optimal approximate solution ansatz. We fix a smooth even cut-off function { € C°(R)
with ( =1 on (—1,1),0< ¢ <1,spt{ C (—2,2), and |[¢'| 4+ |¢"| < 16. Define

t
0= i)
and, similarly, ¢(¢) == ¢’((4|loge|)~1t), ¢/(t) == ¢"((4|loge|)~1t). Then, let
H(t) = C(OH() + [1 = C(sen(t), teR.
Then H = 1 on (8|loge|,0) and H = —1 on (—oc, —8|loge|). Notice that
H =WH)+&, H =w/'{H +£,
where spt(£1) C (4|logel, 8|loge|) U (—8|loge|, —4|loge|) and

(5.1) S IEP O] Sm el
k=0
Recall the definition of oy in Appendix C, and notice that by (5.1) we have
/’H@%:%+m&.

We define the approximate solution H(y,z;h) € C3(M) in the following way. First, recall from
Section 4.1 the union = of all the connected components of {u = 0} N (BJ;(0) x (—2R,2R)) which
have non-empty intersections with B (0) x (—1.5R, 1.5R) can be written as a union graphical sheets

(6%

as in (4.7). Let t, denote the twisted Fermi coordinate time function with respect to ¥, as in
Definition 4.7, and consider the sets M7 as defined in (4.65). Without loss of generality, we can
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assume that near X, u has the same sign as (—1)“¢,. Given a vector of functions h = (h,), where
he : ¥o — R, in each MQ (which is a neighbourhood of ¥,), let H(y, z; ) be defined by

(5.2) H(y, 2:h) = Y (Ha(y, 5 ho) +sgn(8 — a)(-1)° ),
B

where (y, z) € MY denotes the twisted Fermi coordinates with respect to ¥, and

(5.3) H(y, 2 hs) = B (=17 (t5(y. 2) — hs(Us(y.2))) ) .

In particular Hy (y, 25 he) = H((—=1)*(2 — ha(y)))-
We shall use the following notation about for derivatives of Hg:

B (g 2h5) =B (<17 (199 2) — ha(lla(y:2)))) . k=1

To derive the desired curvature estimates, we need to modify the approximate solution H(y, z; h)
so that the corrected approximate solution satisfies good estimates on its Neumann derivative along
the boundary of the domain.

By Proposition F.3, we can define a function G, € C>®(X4 x R) by solving the following mixed
boundary value problem (as the boundary datum is odd in 7):

Au0Ga(y, 7) 4+ 0rrGo(y, 7) — W/(H(T))Galy,7) =0 on T4 x R;

Oy, Galy,7) + wa(y)ﬁ/(T)T =0 along 9pX, X R;
Ga =0 along 043, X R;
ffooo Ga(y, T)H'(7)dr =0,

(5.4)

where w,, is as in Lemma 4.17.
Since, by Lemma F.3, the solution to this problem is unique, it must satisfy the following condition

_Ga(y7 _Z) = Ga(ya Z)a
i.e. G, is odd in the z variable. Also, by (F.2) in Lemma F.3, and, for every o € (0,1) and every

fixed non-negative integer m,

m

(5.5) D IViGaly, 7)| < Crnoee™ 1.
=0

The constants are uniform in « and e.
As we did in the case of the one-dimensional heteroclinic solution, we need to evenly cut off the
correction function G, in order for it to have compact support. Therefore, let

@a(ya z) = Cg(z)(@a(y, z)

for z € R. Since the cut-off function ¢ was assumed to be even, it is easy to see that G, is an odd
function in the z-variable.
Notice that G, satisfies

Aa,O@a(ya Z) + azz@a(ya Z) - W"(ﬁ(z))@a(% Z) = 52704(?/) Z)) on Za X R;
0,Ga(y. 2) + wa(W)H (2)2 = da(y, 2) along pSa x R;
=0 along 043, x R;

(5.6) c
ffooo Galy, z)ﬁl(z)dz =0,
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where

E2.a(y,2) = !(2)Galy, 2)

2‘10g€’g5( ) (y¢ ) W &
+ (W"(H(z2)) — W"(H(2)))Ga(y, 2),

and

ba(y,2) = (1 = () waWH (2)=.
Notice that the last property in (5.6) is a consequence of oddness in the z-variable. By definition of
the cutoff function, & is supported in ¥, x ((4]logel, 8|loge|) U (—8|logel|, —4|logel)). Similarly,
dq is supported in dpX, x ((4]logel, 8| loge|) U (—8|logel, —4|logel)). Moreover, by (5.5)

>0 3 (V4 a(y: )|+ 19480(y.2)] S e 23
k=0

Given hy : Yo — R, we define
Ga(?/, Z5 h’oz) = Ga(?/, (_1)&(2 - ha(y)))7

and, given a vector of functions h = (hy), where h, : ¥, — R, we define
- h) = ZGﬂ(_a hﬂ)
B

where Gg(—; hg) is defined analogously to (5.3). For simplicity, we will use the following notation
(5.8) G (y, 2 ha) = (0 Ca) (y, (=1)*(2 = ha())),

Gai(y; 2 ha) = (0y,Ga)(y, (=1)*(z = ha(y))),

Gaij(y, 23 ha) = (Oyiy; Ga) (y, (=1)%(z — ha(y))),
for 1 <i,7 <n. When k = 1, we shall write G, instead of (G_;S).

These can also be combmed asin G, ;;(y, 23 ha) = (Oyy,;2Ga) (¥, (—1)%(2 —ha(y))) etc. Similarly,

a,i]

let &2.0(y, 2 ha) = &2y, (1) (2 — ha(y))); &0y, 21ha) = (0:620)(y, (1) (2 — ha(y))) ete.
FinaHY7 let 5/oz(yaz) = (azéoz)(yaz)a 5a,i(yvz) = (8yi60¢)(y7 Z)a ete.
For k > 0, we define

(5.9) 9Py, zhg) = HY (y, 2 hg) + G (y, 2 hg)
and
(5.10) 9(y, z; h) = H(y, z; h) + G(y, z; h).

Clearly, an easy computation gives the following.

Lemma 5.1. We have
(Ago+ 02 — W"(Hy))Gy = |Va0h 2GR — (-1 )"‘(A 0ha)GV

Zg 8y]h +&2,0,

(Ao + 02 — W"(H,))GY = |Vaoh PG — (—1)*(An0ha)GP
Zg 0)GL.; Dy he + W (Ho)HVG o + € o
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9y, Ga(y, 2;0) + (=1)"wa(y)Hq (y, 2;0)2 = da
Oy Ga(y, 2,0) + (—1)%0y,wa(y)H (y, 2,0)2 = bai (2<i<n).
Finally, we shall need some elementary estimates, which we record below in Lemma 5.2 and

Lemma 5.3. The proofs, which follow more or less directly from the results of Section 4.5 and the
properties of the heteroclinic solution H, are in Appendix D.

Lemma 5.2. Let K > 0 be fized, let B # « satisfy |tg(y,0)] < K|loge|, and let o,¢ > 0 with
oc+¢>0. For every k € N,

Klloge|
(5.11) / ’ |z|Fecltsw2)l=sl2l g < (1 + Ita(y, 0)))F e min{o,s}ts(y,0)]
—K]|loge|
Klloge|
612 [T e O g (L el 0)) e e 00,
—K|loge|

Lemma 5.3. Let K > 0 be fized. If B # o and |tz(y,0)| < K|loge|, then

(5.13) /R [E(ts(y, 2)) + sgn(B — )| [H (2)|d= S (1 + [ts(y, 0) ) 1 @O,
Consequently, for every o € (0,1),

(5.14) /R |H(ts(y,z)) +sgn(B — a| IH (2)| dz <o e M@0,

5.2. Notation for Proposition 5.7. We are now going to introduce some notation which will be
used in the statement and the proof of Proposition 5.7.

5.2.1. Coordinate balls. Let us fix an index «. Recall that ¥, is the graph of a smooth function
fa :B3n(0) = (—1.6R,1.6R) which satisfies (4.8). Therefore,
Sa = {(y: fa(y)) : y € Byx(0)} and doZa = {(y, fa(y)) : y € dBz(0)}.

Let us now define the following coordinate balls.
Definition 5.4. For = = (y, fo(7)) € X4 set

B (z) = {(y, fa(y)) : y € ByR(0), ly — gl <r}.
For Z € 0p%, set
B (#) = {(y: fa(y)) : y € DB3(0), ly — | <7}
Their relative closures are B%(z) and By®(Z). The notation with centre  has the same meaning

under the graph parametrization.

Remark 5.5. Notice that, by (4.1) and (4.8), it is easy to see that for all small enough 7 (in-
dependent of ¢), the coordinate balls B2(-), BY*(-) are uniformly comparable to the (intrinsic)

geodesic balls in ¥, and 0yX, respectively. In particular, it is easy to check that there are con-
stants co(n), c1(n) such that for all sufficiently small 7,
Ya
B(i_c; (nyno)r(®) € By () C Bi4e; (nyno)r (%) for all z € Xq,
and

0, 00X e 0,
B(lic()(n)no)r(:v) C B%Ze(z) B(1+Co(n)7]0)r(x) for all x € 0pX,

where B> (x) (resp. B%¥a(z)) denotes the open geodesic ball of radius r centred at = in X, (resp.
DY)
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5.2.2. Hélder seminorms on coordinate balls. Let k > 0, 0 € (0,1], and let p € C*9(%,) (resp.
CF0(39%4)). Let & = (7, f(§)) € o (resp. 0p%a), and let z = (y, f(y)) denote another point in
Yo (resp. 0pXaq).

Let j < k, and a multi-index I = (i1,...,4;) (where each ¢; € {1,...,n}, resp. i, € {2,...,n})
with |I| = j. Define o5 = 8%.1__%]_ o, and the following quantities:

[plo(@) = [»(Z)],
7) = su M s RO T T T respective 50,0 7
(515) [ploo(z) = p{ T € B(z), = # } (respectively, B*(z)),
ol (z) = glliflsaz(:z)l, lpl;0(Z) = nfali?m 0.0(%),

|
lj(@) = sup {|l;(2) : 2 € B{(7)}  (vespectively, BY*(z)).

We note the following elementary inequalities

(5.16) [0 oo < [loolv ™[0, if > 0; [loe <9 [e¥los < leloltlos + l#loslvlo-

and analogous higher order versions.

Remark 5.6. Much like in Remark 5.5, notice that, again by by (4.1) and (4.8), up to a harmless
dimensional constant, for all small enough 79 (independent of €) and all S C 3, (resp. S C do2a),
sup,es |¢)0,0(2) is uniformly comparable to the Holder seminorm [p]g ¢ defined using the intrinsic
distance on . Similarly for sup,cg|p|jo(z) and [V7iplg s.

Therefore, after taking 7y sufficiently small (independent of €), we can use appropriate suprema
of the quantities in (5.15) to define the Holder seminorms.

5.2.3. The restriction map. For R/2 <r < R, C;F(0) := B} (0) x [~r,7]. Let

(5.17) Z : CH (S N CH0)) = CH(Sa N Oy 1(0))

denote the restriction map. By [GT83, Lemma 6.37], there exists £~ !, which is a continuous
right inverse of Z. Moreover if Z~!(p) = (, then $ can be described more concretely as follows.
Since X, is the graph of f, over Bj,(0), o N C;F(0) (with 7 < R) can be identified with B, (0)
using the map (y1,...,9yn) — (Y1, Yn, fa (Y1, .-, yn)). If we make this identification and use the

polar coordinate (v,v) on Bf(0) (where t denotes the radial coordinate), then @(tr,v) = ¢(t,v), if
v <rg=9R/10 and

k+1
- t—r .
(5.18) o(r,v) = g Cip (ro — Z,O,v> , if v > rg,

where the constants ¢; are chosen in such a way that ¢ is a C*? function. Further, Z : C°(Z, N
CE(0)) = C%(Zq N CH(0)) is defined by Z(p) = @, where ¢(r,v) = ¢(t,v), if v < rg = 9R/10 and

k+1
_ 1 1 t—7To .
1 == _ - fr>rg.
(5.19) ple) = gole) + gy e (= ) e
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5.3. Existence and estimates of optimal layer shift with orthogonality condition. In order
to state Proposition 5.7, let us define

Ia,y = {B : B 7& «, |tﬁ(y70)| < 17‘ 10g€|},
Ua(y, Z) = u(y, Z) - Ha(yv 2 0)7

00 J
§w = [ (32 vl k) 0201+ 2=z

) (y) = wd (y) + max sup{wﬁ (Mp(y,2)) : v € B{(y), 2| < 9|logel},

Gay

aa(y) = le P4 (y),
aa(y) = aa(y) + max sup{ag(Ilz(y', 2)) : 4/ € B (y),|z| < 9]logel}.
o,y

(5.20)

Proposition 5.7 (Optimal layer shift). There exists ho € C*%(S, N CF(0)) such that for each
index o and y € Xy N C;_R/lo( ), for ¢(y, z; h) = u(y, z) — H(y, z; h) — G(y, z; h) there holds

o0

62 [ o E sz = [ (ul.) ~ By ) — Gl s W (5,2 ha)dz = 0

—00

where (y, z) are twisted Fermi coordinates with respect to Xo. Moreover, the following estimates

hold uniformly with respect to the inder a. As e — 0,

(5.22)
lhalj + |ha

10y hal (i 1) + 10y hal (-1y0 S (e + wl) +a0%) (e + 0 +a29), 1 <j <k, on 0% N Cy10(0);

0 Setwd) +a2° 0<j<k on3, ﬂC’gR/IO(O)

Remark 5.8. In later application, we will fix £k = 3 and j = 2 in Proposition 5.7, so that h, =
o(1) € C39(, N C#£(0)). In this case, for ease of notation, we write (compare with (5.20))

(5.23) w, = w?® and wo = w2,
In particular, we can simplify the estimate (5.22) satisfied by h, in Proposition 5.7 to
2
> lhali+ [hal2e < &+ wa + a3 on Ta 1 Cyfp 14(0),
i=0

1
Z|ay1h i + 1y hal1e S € + g + a5 on X chR/lO( )-
=0

Proof of Proposition 5.7. To this end, we shall modify the proof in [WW19b, Proof of Proposition
4.1] as follows. For each k and 6 € (0,1) and «, we define new norms || - ||« and || - [|lx on C*(2, N

Colj10(0) and C*? (£, N C(0)). We introduce [[b]]. := S o[l + S5y [b]L.;, where
1615 + [Bl5.0
ye+wd) +ado
1buli—1) + bolG-1).0

802‘1009}2/10( ) (5 + w&j) + ag'g)(f': + mg) + ag‘9)7

[h]*,j = A_l sup

£aNCyfp 1000

b = A2 sup

*7]

b, denotes the restriction of 9y, b on 9pX,, A > 1 is a constant, which will be specified later. Let
us denote %_’(w&])), X (aq), Z(,), and Z(a,) by (I)((lj), aa, We, and d,, where restriction map % is
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. k k
defined in (5.17). [[b]l := > 7o [blwj + d_7-1[b]}.;» where

615 + 1blj.0

[b}*;j = A_l 3 )
SanCE©) € + @8 + a%9

vi(j— + vi(j—
B =A% sup [001G—1) + 1bol-1)0

I Bo2anC(0) (e + w&j) +al%9) (e + l‘_og) + ag-9)'

Following [WW19b, Proof of Proposition 4.1], we define
Ko = (CP(ZanCEON - 1)y Ya = (C* (S0 N Oyl 10 (0)) 1] - I1),

X =P, X, Y =D, Vo The norm on & is defined by ||x|| = sup, ||xa|lx, where x, is the X,
component of x. The norm on Y is defined in a similar way.

Recall the definition of gg(y, 2; hg) and g(y, z; h) from (5.9) and (5.10). Then we define F' : X — )
by

Fal)) = [ [u(0:2) o0, 250 (0, 23 o)

—00

= /OO [u(y, 2) — H(y, z; h) — G(y, z; h)|H[,(y, 2; ha)dz,

—0o0

where F,,(h) denotes the ), component of F'(h) and (y,z) denotes the twisted Fermi coordinates
with respect to X,. We restrict F' on the closed unit ball in X. We note that, for y € 3, and

y € BR(y), (95(y,2:hp) + sgn(B — a)(=1)°)H,(y, 2:ha) # 0, B # a, implies |z| < 9|loge| and
B € Ia,y; hence

Fo(h)(y) Z/OO [u(y,2) = ga(y: 21 ha) = Y (98(y, 21 hp) + sgu(B — a)(—1)°)|H,,(y, 2; ha)dz.

- BEIa,y

Notice that F is a C! map, and its derivative (DF,(h)¢)(y) is given by

(5.24) (—1)%a(y) /_oo [HL,(y, 25 ha)? + Gl (y, 2 ha)Hy, (y, 23 ha )| dz
—(0%6a) [ [ 2) ~ By, 20 — Gl )] By, 5 b

b Y e " (I, 2)H (g, 2 b (3, 2 ho )z

BEILay

3 (1P / " (s, 2) Gy, 2 s HA (9, 2 ho )z,

Bela,y

Thus, there exist continuous linear maps DgFa(h) : Xg — V4 such that

DFo(h)¢ = DaFa(h)éa+ Y DgFa(h)és.

BELa,y
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Let T = DF(0), Taa = DoFu(0), Tgoa = DgF,(0) for § # a. Then, (Taaéa)(y) = Ya(y)éa(y),
where

(5.25) Daly) =(-1)* /OO [HL, (5, 2;0)% + Gl (y, z; 0)HL, (y, 2 0)] dz

0 [ [0l 2) ~ Haly,2:0) — Gl 50 By, 002
+ (-1~ Z /oo [Hﬁ(y, 2,0) + Ga(y, 2; O)]Hg(y,z;())dz.
BEIa,y Y~

Claim 5.9. We have the following properties.

(i) There exists DF(0)~t, which is a right inverse of DF(0), such that the operator morm of
DF(0)~! satisfies || DF(0)~Y| < C(o0), where o is the energy of the one-dimensional solution,
as in (C.2).
(i) h — DF(h) is Lipschitz continuous at h = 0 and its Lipschitz constant at 0 is Ac., where
ce: =0(1) ase — 0.
(iii) |F(0)]ly < CA~! ase — 0.

First, let us assume Claim 5.9 and let us finish the proof of Proposition 5.7. We will show the
existence of h € X satisfying (5.21) and estimates (5.22) by the contraction mapping principle, as
in [Cha05, Theorem 1.2.4].

Note that it is enough to show that there exists h € X such that ||h||x < 1 and F(h) = 0. Let
R: B{¥(0) — Y be defined by R(h) = F(h) — DF(0)h. F(h) = 0 if and only if DF(0)h = —R(h).
Let R(h) := —DF(0)~!R(h). If h is a fixed point of R, then F(h) = 0.

We note that

R(h) — R(h) = /01 (DF(~(t)) — DF(0)) (h — h)dt, where y(t) =th+ (1 —t)h.

Hence, denoting the Lipschitz constant of DF at 0 by Ac. (c. = o(1) as ¢ — 0) and using (i) and
(ii) of Claim 5.9,

(5.26) IR(R) —

pell

(B)|| < C(oo)Ace[h = hl|,
which implies

(5.27) IR(R)|| < C(o0)Ace|[hl| + [R(O)]-

By (i) and (iii) of Claim 5.9, we can fix A sufficiently large so that
IRO)[[x < 1/2.

Then, (5.26) and (5.27) imply that if € is sufficiently small, R : B{¥(0) — B{*(0) is a contraction.
Hence, R has a fixed point h in Bi¥(0) satisfying estimates (5.22) and F(h) = 0. This finishes the
proof of Proposition 5.7.

Let us now prove Claim 5.9.
Proof of (i). As a preliminary to the construction of a right inverse of DF(0) satisfying the
required operator norm estimate, we shall establish the following two facts:

(a): There exists Tt : V), — Xa, which is a right inverse of T,q, such that the operator norm of
T,1 satisfies | T, < C(o9).

«

(b): The operators Tgq : X — Vo for B # a satisty || Y oger, , Toalsllxzo = o(1)[[]lx as e — 0.
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Proof of (a). Let % : C39(%, HCJR/IO( )) — C39(5, OC;—R/8( )) denote the restriction map. By

[GT83, Lemma 6.37], there exists an extension operator Z !, which is a continuous right inverse
of #.

By Lemmas 4.31, 5.2, 4.32, 4.30 and (5.5),
ot
(5.28) Pav) > =

Then we can define the right inverse of Toa by (T3i14)(y) == Ya(y) 'a(y) where o = Z 4.
We need to show that ||9; 7allx < C(00)||7all+. Again by Lemmas 4.31, 5.2, 4.32, 4.30 and (5.5),
we also have

(5.29) [9a — (=1)%00]h + [Palop S € +wl? +ad0.
Hence, by (5.16),
(5.30) 195 Tialo + 195 ialo.0 < C(00)(|7alo + [7ialo.e)-
Differentiating (5.25) with respect to y;, we obtain

Oy Va(y / G (y, 2, 0)HL, (y, 2;0)dz

— (—1)0‘/ [8yiva(y, 2) — Gai(y, z; 0)]Hg(y, z;0)dz

(5.31) FEDT Y 07 [ [0 50) + Gl 0000 L (0,25 0)dz

BEILa,y o

Z Z/ Gﬁm Y, z; 0)8 Hg (y, )H"(y,z O)d

BELy,y m=1

which implies

(5.32) D 4 a9,

Since

(5.33) on (79;177&) = ﬁglayiﬁa - 79;28%79@7%7

by (5.28), (5.29), (5.32), and (5.16),

(5.34) 105 a1+ 105 al1.0 < Clo0)(ialo + |alo.0 + |alt + [7al10)-

Using (5.33) and (5.16) we obtain

(5:35) |(05 e )vlo + (95 Tia)vlos < C(00) (|(a)vloo + 1(ia)vlo
+ [7aloolVali + [faloldalie + [faloldalr).
(5.30), (5.34), (5.35), (5.18), (5.19) imply
[03 alxi0 + 95 Tlalwst + [05 iali1 < Clo0) ([also + [Malet + [Mali)
Further differentiating (5.31), one can show that
(5.36) Wal; + [Paljo Se+wd) +ad% 1<) <k
(5.16), (5.18), (5.19), (5.28), (5.29) and (5.36) imply
195 el < C(o0)llmalls,
which is the desired estimate for | T }].
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Proof of (b). We recall that
(5.37) (Toap)(y) = (-1)° /OO €s(p(y, 2)) (H3(y, 2;0) + Gj(y, z; 0))Hy (y, 2 0)dz.

If y € B{(y), then

€5(T5(y, 2)) — Ep(Ts(Y/, 2))]
ly —y'|?
< |1lo.o(Ma(y, ) + 1€s(Ma(y, 2))| + Ifﬂ(ﬂﬁ(y’ﬂ))\} | DTIg ",

for any £z € C%?(24). Hence (5.5), (5.16), and Lemmas 5.2, 4.30 imply

(5.38)

Ao+ 1Mo S (e + g + aa)ag™ max(€sleo, where A =3 Tpals.
B
Differentiating (5.37) with respect to y;, we obtain

(5.39) Oy, (Tgalp) =(—1)° Z /oo €5,m (1) 8y, IT7 (H)y (—; 0) + Gly(—; 0))HL (—; 0)dz
m=1Y ~>
+ /_OO £5(Ig) (Hj(—;0) + G3(—;0))dy, taHy, (—; 0)dz

=S / €(I15)Gly 1 (—; 0)0,, I HY (— 0)dz.
m=1"Y

Hence (5.38), (5.5), (5.16), and Lemmas 5.2, 4.30 imply

X1+ Ao + Mo + 1 Alos S (6 + w8 + ag)ad® max ([€alx0 + [€p]x1) -

Differentiating (5.39), one can show that
J
AL+ Ao+ Aljo1 + [Nl S (e + 0f) + ag)ad™ max (Z[ﬁﬁ]m’) Vi<j<k.
i=0

Let us now use (a) and (b) to construct the desired right inverse of DF'(0). Given n € ), as in
[(WW19b, page 17] we define S, : X — X by

Sn(@a=Taala — > TaaTsals.
BEIqy

As a consequence of (a) and (b), the map S, is a contraction for ¢ > 0 small enough. By the
contraction mapping principle, S, has a unique fixed point, which we denote by S(n) and

|8l = Jim [S5(0)] < Clow)lnly-

By the definition of S, it follows that S = (DF(0))~" is a right inverse of DF(0). This concludes
the proof of (i) in Claim 5.9.

Proof of (it). We fix £ € X with [|£]|x < 1. Since F was restricted to the closed the unit ball in
X, we need to show that

(5.40) [DFa(h)§ — DFa(0)E][ < ccA max Ihgll,  Vh € BF¥(0),
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where c. > 0 is independent of A and c. = o(1) as ¢ — 0. Let 7o = DFo(h)§ — DF,(0)¢. By the
L?-orthogonality condition in the definition of G,

/ Ga(% 2 hOé)H/a(ya 2 ha)dz =0 vhoc € Xom
which implies
/ G&(y,Z;ha)H;(y,Z;ha)der/ Galy, 2; ha)H (y, 2; ha)dz = 0.

Hence (using (5.24)) 0o = Naa + Y Nag, Where

BFa
oo =16 | [Bu(=iha)?  (u = Ho(—s (= ho)] dz
(0% [ [0 - (1= Ha (- O)HE(—50)]
oy =16 | (g9(=i1) + 5903 - 0)(~1) ) P

(-1, / " (g5(—:0) + sgn(B — a) (—1)P ) (—; 0)d-

—00

+(=1)° /Oo £5(I0g) [g5(—; hp)Hy (—; ha) — g3(—; 0)H, (—; 0)] dz.

We note that

e¢]
!/

[ﬁ,(z —he)? —H

1/

oo =(- 1760 [ (22 + (B> — ha) — F(2)) H

—00

(z — ha)} dz
e, /°° (1 — Ho(—; )" (2 — ha) — B (2))dz,

which implies
1 1 0 —// -/ -/ ==/
Toa =(—1)2F gaha/ / [2151 (2 — sho)H (2 — sha) + H (2 — sho)H" (2 — ha)] dzds
0 —00

1 00
+ oha / / vl (2 — sha)dzds.
0 —00

Hence, for all 0 < j <k,

(5.41)
aalj + 1aalio S A% +wf +ad%) (e + W [o + a0 [0) 1€all | Pall+,

|(aa)uli—1 + [(Maa)vl-1).0 S A%+l +al?) (e + W + al?) (e + Wl + 12070 [€alll Al -
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Similarly,
o = (1) [ (991 ) = 95— O)EEL (s ) d
+(=1)%6a [ (93(=50) + sen(B — ) (Hl (o) — B (=:0)) d:
+ (1) [ &5(115) (g (—hs) — 5= 0) (=i o)

(-1 / £5(I15) gl (—: 0) (L (—: ha) — HLy(—:0)) d.

which implies, by Taylor’s theorem, that

1
o = ()5 [ [ (L)) (s ths B (= o) d
0 JR
1
eaha /0 /R (95(—:0) + sgn(B — a))HO) (= thy) dz dt
1
—/ /§B(Hﬁ)hﬁ(ﬂﬂ)gfé(—;thﬁ)H'a(—;ha)dzdt
0 JR

1
+ (—U‘”ﬁﬂha/ /fﬁ(Hﬁ)gb(—;O)HZ(—;tha)dz dt.
0 JR
Hence, (similar to Step 2) if 7o = 35,7, 0 < j < K,
(5.42) 17y + el + 1(Tadvly1 + 10Tl g
S N+ [ + [ad710) (e + ) + ag?)ag € ]l[1R])-

Hence, (5.41) and (5.42) imply that the constant ¢. = o(1) in (5.40). This concludes the proof of
(ii) in Claim 5.9.
Proof of (iii). Let fo = F,,(0). Then

(5-43)  fa(y) =/OO [u(y, 2) — Ha(y, 2;0) — Galy, 2; 0)] Hg (y, 2; 0)dz

—00

- /OO [Hs(y, z;0) + Gp(y, 2;0) + sgn(8 — o) (—1)°|Hy (y, z; 0)dz.

BEILay

Hence, using Lemmas 5.2, 4.32, 4.30 and (5.5), we obtain

HO&‘O + ‘foe
Differentiating (5.43) with respect to y; we obtain

00 Se+ w&o) + a3~9.

(5.44) Oyifa(y) :/_OO [8yiva(y,z) - Ga,i(y,z;O)]H’a(y,z;O)dz

= 3 0 [ [0 0) 4 G500 B 5500

BELa,y

= 3 [ Gl 000,11 0. 2B (1,1 00

BEIL,y m=1""
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Hence (using (5.16))

[falt + falie < O 4209,
By further differentiating (5.44), one can show that
(5.45) \fa\3+|fa|]g<5+w()+a 0<j<k.

On 9yC;(0), the Neumann condition for u, the definition of v,, and (5.6) give
(5.46)  By,va — Ga1(=0) = (Vea, Oy, — Oey) = (~1)*HL (4,250 Ja(y, 2) = daly, (—1)%2).
Indeed, 0y, v = —(—I)QQI:H&l)Ja, whereas the boundary condition for G,, gives —Gqo1 = (—1)°‘waHg¢1)z—
da(y, (—1)%2); now use J, = Jo — wez. We also recall that
[0als < €°

by (5.7).
Let 0 : 9030 N Cyr/10 — R be defined by

o) = [ " [0, v0(y2) — Gan(y, % 0)] Hi(y, 2 0)d=

—00

(5.46), (5.16), (4.29) and Lemma 4.17 imply

(5.47) lolgi—1) + lelg-1)6 S ewd 4+ VI<j<k.
Therefore, using (5.44), (5.47), (5.5), (5.16) and Lemmas 5.2, 4.13, 4.29 we obtain
(5.48) |(Fo)uljt + [(Fadulj—10 S €2+ ewl) +ead® V1<) <k

(5.45) and (5.48) imply [[falx = O(A™1).
This finishes the proof (iii), and therefore the proof of Claim 5.9. Hence we finish the proof of
Proposition 5.7. 0

From now on, let h = (h,,) be the optimal layer shift function given by Proposition 5.7. We shall
use the following notation:

HY (y, 2) = HP (9, 21 ha), Galy, 2) = Galy, 2 ha),
GP(y,2) =GP (y, 2 ha) Guoi(y, 2) = Gai(y, 2 ha)
G (y,2) = G¥L(y, 2 ha) 0Gy = (Ga1s- -, G, Gl)
H. (y, z) = H(y, z; h) Gi(y,z) = G(y, 2 h)
9+(y,2) = Hi(y, 2) + Gu(y, 2)
Finally, we denote by
(5.49) p=u—g.=u— (H, +G,)

the difference between the real solution and the approximate one.

Corollary 5.10. Let K > 0. For any polynomial p(z) in |z|, k>0 and o € (0,1), we have

(5.50) Ip(2)e™Ga(y, 2)ll 20 (55, x(2m2my) Sk €
and
(5.51) |G (y, Z)HCl?(;f(EaX(,QR’QR)) Se



40 AKASHDEEP DEY, WENKUI DU, DAVIDE PARISE, AND LORENZO SARNATARO

as well as

1G(y, z; 1) — G(y, 2 O)H(;fc;f(zax(—m,m))

(5.52) < efle0Mtari@a)] | g=oltarw2l)

€0 (Sax(—2R2R)) T EHhchfc;f(za)'

loc
Proof. Note first that since the pointwise estimates in (5.5) for G4 (y, z) are valid for every o € (0,1),
then the same holds for G, (y,z) (it is useful to note here that derivatives of the cut-off (. are
supported in the annulus (—8|loge|, —4|loge|) U (4]loge|,8|logel|)). In particular, the size of the
interval in the z-direction does not affect the estimates.

To prove (5.50), fix o > 0, and choose ¢’ € (0,1) in (5.5) satisfying ¢’ > o, so that the term
p(2)e?ll can be absorbed by eIl leaving only the bound e. The bound in (5.51) follows from
(5.5). Lastly, (5.52) follows by expressing everything in twisted Fermi coordinates (y, z) with respect
to X, and combining (4.67) with the higher order version of the estimate (5.5). O

To better estimate the terms to, and a, from Proposition 5.7 we need to introduce the following
quantity (cf. [WW19b, Subsection 3.2])

(5.53) A(r;z) :=max max e Pal¥)
& yeXaNBy(z)

where the setup is an in Section 4, while D, (-) has been defined in (4.64).

Lemma 5.11. For w,, and a, defined in (5.23) and (5.20), we have the following estimate

w0 () S € + |6l o2.0 (B (4)x [ 25| 10g o] 25] log <]}y + A(40] log el (y, 0))*/*
(5.54) F oD e 1hsll o0 (52 (14 (m.01))

aa(y) < A(40[logel; (y,0))

Proof. In order to prove the lemma, we start by establishing the following pointwise estimate

_3
(5.55)  |wa(W)] S 10llc20(Bg (4) x [~ 10 10g 2] 10 10gel)) T [[Pallc20(Bg () + max e 1Dal) e,

where we recall from (5.20) the definition of w,(y) = W) (y). To do so, we expand v, as follows

va(y,2) = 0(y, 2) + (Ha(y, 2; ha) — Ha(y, 2;0)) + Gi(y, 2)

(5.56) + 37 (Hay, ) + sen(B — ) (-1)°).
B#a

where the second equality follows from the definition of ¢ in (5.49). To infer the desired bound, we
need to estimate the terms v o, [Val1, [Val2, and |va|2,¢ multiplied by (1+|z|3)e™I?l. The first order
term |vq|o can be dealt with by appealing to Lemma 5.2 and Lemma 5.3 directly. In particular, the
first term on the right-hand side of (5.55) arises from estimating the first term on the right-hand side
of (5.56). Similarly, by Lemma 4.30, Remark 5.8, the estimates of G, in Corollary 5.10 the second,
third, and fourth terms in (5.55) come from (in order of appearance) from estimating the second,
third, and fourth terms of (5.56). Note that we used the estimate h, = o(1) from Proposition 5.7,
see Remark 5.8.

The higher order estimates on v, can be estimated in a similar fashion, after differentiating the
above expression for v,. Hence we obtain (5.55).
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To conclude, recall the definition of w,(y) and I,, in (5.20). Combining them with (5.55), we
obtain

wa(y) = w2 (1) $ € + 19l c20(8 () x |25/ og 2|25 1og <]}

3
+ sup gl 26, me + max e 1P,
5:|tﬁ<y,o>|<17logs|< OBy M@0 po 11,(,0)

Using this, the definition of a,(y) and the definition of A(r;x) in (5.53), we obtain the two estimates
in (5.54). O

5.4. Controlling h by ¢. In order to derive the Toda system, we prove the following estimates
on h,. Compare them with the ones in Remark 5.8. In later sections, we will further improve on
these.

Lemma 5.12 (First improved estimates). For each a and for y € £, N BT _(0), we have

TR—2

8
(5.57) Iallcaoqszay < CloC0)lcaog oy +C max =P + Ce?

1
and
[Vaohallerese ) < Ce* 4 C||Va06(-, 0)llcro(mgy.0) + Ce'/s g}%ﬁ e Pe
1
(5.58)
C h ~Da,
<B:t5(y%1)a§9llogsl IVao BHCM(Bg(HB(y’O)))> gil’%;() ‘

If, in addition, y € 0gXq, then
(5.59) |9y, hochl,e(BgaQ(y)) < CH¢||%'270(BZ‘(:U’O)X[—5O|loggl,fj(]‘ logel]) T CA(50|logel; (y, 0))3/2 +Ce?
where the constants C' in the above estimates are uniform in « and y.

Proof. In twisted Fermi coordinates with respect to ¥, we have ¢(y,0) = —H.(y,0) — G.(y,0).
Since ||hg||c2.0 = o(1), arguing as in [WW19b, Lemma 4.6], we obtain

[hallozo ey S €llczoBey,0) + max e P2 |Gyl oo o (y)) -
1

Combining now (5.52) (from Corollary 5.10) with G, (y,0;0) = 0, which in turn follows from G,
being odd, we have

HG*HCQ’G(Bf(y)) S 5||h04HC2"9(Bf‘(y)) + £ max G_UD(’ where o S (1/2, 1).

B (y)
The two inequalities above, together with Cauchy’s inequality, imply the desired bound (5.57).
Differentiating the expression ¢(y,0) = —H,(y,0) — G.(y,0), appealing to Proposition 4.26 to

handle the terms V otg and to Lemma 4.11 to have uniform boundedness of |V, ¢llg|, and arguing
in a similar fashion, we obtain (5.58) as well. Second derivatives vi,oha are handled in the exact
same way, while for the Holder terms we need to use the bound |Va70t5] Se.

To obtain (5.59), recall the estimate on the Neumann derivative of h, from Remark 5.8. This,
together with the estimates for tv,, a, in (5.54) of Lemma 5.11, and the improved estimates on h,
just shown in (5.57), give (5.59). O

Remark 5.13. Compared with [WW19b, (4.13) in Lemma 4.6], the influence of the error term of
order Ce? in (5.57) on our final curvature estimates is negligible. Furthermore, the /6 appearing

in estimate (5.58) and later sections can be improved to £'/4|loge|?/* by appealing to Proposition
4.26.
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6. EQUATION FOR THE ERROR AND MEAN CURVATURE APPROXIMATION BY TODA SYSTEM

We derive the equation satisfied by the error function ¢ defined in (5.49), and then project this
equation onto H/, to obtain the Toda system. We use the geometric estimates of Section 4, the
heteroclinic estimates in Section 5, and the optimal shifts of Proposition 5.7. In particular, the
shifts are o(1) in C*Y as in Remark 5.8.

B (y, z) denotes the ambient coordinate ball Bf (Vs (y, z)), intersected with the half-domain. A
sheet ball B%(y) is the coordinate ball on ¥, defined in Section 5. We identify a base point y € X,
with the ambient point Ys_ (y,0).

6.1. Equation for the error ¢. The following computation is the counterpart of [WW19b, (4.11)],
with the boundary correction and the twisted-coordinate terms retained.

Proposition 6.1. In the a-coordinates, the error satisfies
Aa,z¢_Ha(y7 Z)8z¢ + azsz + gong
= W/(H. +Gu +¢) — Y W'(Hg) — Y W (Hs)Gpg

+ (—1)*H), (Ha(y, 2) + Aqzha) — HL |V, ha|?

+ > [(-1)PHLRs1 — HjR ]
B#a

=Y &s—> EHs+ ) Gs,
8 5 B

where &,(y, z) is the second order linear differential operator defined in (4.43), Hy(y, z) is the mean
curvature of o . (cf. Proposition 4.19), and

€a(y,2) = & ((=1)7(z = ha(y)) + &,8(y, (=1)° (z — hs(y))),
Rp1(y,2) = Ha(y, 2) + Ap .hs(y),
Rp2(y,2) = [Va.:hs(y),

Rps(,2) = —2(=1)" Y g% (y,2)G}s ;(y, 2)0y, hs(y),

(6.2) ij=1
R,BA(?/? Z) = Z (gzﬁj (yv Z) - gg (y7 0))G,B,z] (yv Z)
‘,j—l
,5,k= 1

The correction terms are
Gs =Gs1+9p2+Ys3+YGsa+0ss,
Gs1 = (-1)°GyRa.,

= G R

(6.3) G3.2 8.2
Gg3 = —Rﬁ,?,,
Gga = —Rpa,
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At every base point to which Proposition 5.7 applies, one also has
(6.4) [ ¢ 2 ,2) dz = 0

Proof. In twisted Fermi coordinates with respect to ¥z, one has Z =0, — > Tiayi. Expanding
A=Ag,+ 7% HpgZ gives

(6.5) Epp = —2 Z T"0y.26 + Z TiTjayiyj¢ + Z(Z T'0,,17 — 9.1 + HﬁTj>ayj¢'
i irj i

and the coefficients can be estimated by (4.30). The chain rule gives
9y:Gs = Ggi — (—=1)7Glsdy, hs,
yi; G = Gp,i — (—1)7 (Gl 0y, hp + Gfs 30y, hg + Gy, hp)
+ Ggayihgayj hg,
0.Gg = (-1)°Gl,  09..G = G}

(6.6)

After contraction with gg(y, z), the two terms containing Glﬁ,iayj hg give Rp 3, while the difference

between the first-argument Laplacians at heights z and 0 is Rg 4. Hence the equation for @5 in
(5.6) becomes

6.7 AGg = W"(Hg)Gp + &2,8 — (—1)°GRe1 + G4Ra2
+Rps+Rpa+ E3Gs.
For the heteroclinic, we have
Oy, Hp = _<_1)5Hlﬁayihﬁ7 Oy, Hip = Hgayihﬁayjhﬁ - (_1)’3 /Bayiyj hg.
Since 0,Hp = (—1)511{[’6 and 0.,Hg = Hg, we obtain
AH = W' (Hy) + & ((-1)°(= — ha(v))
— (—1)PHRs,1 + HjRa 2 + E5Hp.
Finally, by the Allen—Cahn equation
(6.9) Au = W'(H, + Gy + ¢).
Subtracting the sum of (6.8) and (6.7) from (6.9) gives (6.1). Finally, (6.4) is (5.21). O

(6.8)

The nonlinear terms admit the following exact decomposition

(6.10) W' (u) — Z W'(Hpg) — Z W' (Hp)Gg = W' (H.)¢p + R(Gs + ¢) + T1 + I,
B

B
where
R(Gs + ¢) = W (H + Gy + ¢) — W/ (H,) — W (H,)(Gx + ¢),
Iy = W'(H.) — Y W'(Hp),
B
and

Ly=) Top=) (W'(H) - W' (H)Gs.
5 5
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Moreover, by Taylor’s formula

1

R(Gy + ¢) = (Gy + ¢)2/ (1= t)W" (Hy + t(Gs + ¢)) dt.
0

The sums H, and G, have uniform C??(Bj (p)) bounds for p € B? R /8_2(0), by exponential decay

and separation of the sheets. Interior and Neumann estimates for u on B (p) give the same bound

for u, and hence for ¢, on Bf (p). Hence,

(6.11) IR + @)l crogy < CUUIG 2wy + 19Pmsy). & =0,1,2
Constants in these estimates do not depend on the number of sheets.

Lemma 6.2 (Interaction terms). For (y,z) € M2 N B, 0),

TR/8—2
(6.12) Z1(y, 2)| < C(eP=) 4 £2),
(6.13) I Zo(y, 2)| < C(e?P=W)/2 4 %),
For (y,z) € M3 N B;FR/8—2(0)7 the corresponding norm estimates are
(6.14) 17l 57 ey < OWlipsg ey S SuP €7 + &%
B3 (y)
(619 oot < OVl o S sup €720 42
5y

Proof. The proof follows the interaction estimates in [WW19b, Section 4.2]. By Proposition 4.25,
separation, and Lemma 4.30, we have

(6.16) > ets@l <, (0>0).
B: [tp (x)|<10] log |

The same geometric-series argument bounds the sum over |tg(z)| > s by C,e=7%. On M2, the sum
over all the sheets 3 # « is bounded by C,e~?%.
Let us begin with the term Z; = W'(H.) — 3>_5 W'(Hg). For 8 # a, exponential decay gives

[Hs — sgn(a — B)(~1)°| + [VH,| < Ce 1,
(6.17) (W (Hg) — 1| + |[VW" (Hg)| < Ce™ 7.
Hence, Taylor expansion using W/(+1) = 0 and W”(+1) = 1 yields
Ty = W' (Ha) — 1) Y [Hs — san(a — H)(~1)7 + O (3 e 1)?).
BFa B#a

Differentiating the integral Taylor remainder and using (6.17) gives the same quadratic bound for
the first derivatives. Hence

IZi| + |VTh| < Ce 1?1y~ eliel,
Bra
The terms with [tg| > 2|loge| sum to O(g?). For the other indices, Proposition 4.25 gives |z| +
lts(y, z)| > |ts(y,0)| — o(1). Summing these contributions proves (6.12).
For Ip = 3 g[W"(H.) — W"(Hp)]Gp, let us first separate the a-sheet contribution from the
contributions of the other sheets.
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For the « sheet, by Taylor expansion,
W(HL) = W (Ha) | + [V (W (L) = W"(Ha))| < C Y e,
Ba
while for 8 # «,
W (Hg) — 1] + [VW" (Hp)| < Ce™ I,
Combining these inequalities with Corollary 5.10, for any fixed o € [3/4,1),

To| + |VZ2| < Cye Z —olzl=ltsl 4 o—l2l- Ultﬁ\) < C,e Z e—o(lzl+1tsl)
B#a B#a
The second inequality uses the preceding distance splitting; the last is Young’s inequality. This
proves (6.13).
If either distance is larger than 2|loge|, then

0056—20\ loge| _ 0051—4—20 < 0062.
Otherwise the distance comparison and Lemma 4.30 give

Cye Z e tsW0l < 0 cemoPal) < ¢ (52 4 e—Zo‘Da(y))'
BF#o

Taking o = 3/4 proves (6.13) and its first-derivative analogue.

Fix p = Yx_(y,2) € M3 N B?R/s ,(0). Then By (p) C M5 and I, (B (p)) C BS(y). Apply the

preceding pointwise and first-derivative estimates at the points of Bf“ (p), taking the supremum of
e~Pa and e3P=/2 on B§(y). The Lipschitz bound on Bj (p) controls its C? norm and proves (6.14)

and (6.15). O
Lemma 6.3. Let (y,2) € B;R/sfz(o)' Then

6.18 H ‘ < Ce.

(6.18) ZB:SB (B} (42)

For |z| < 9|loge| one has
Hé"a(z)Hce(Bzr(y’z)) < Ce(l+ |Z|2)H¢HC2 0B (y,2))
(6.19) < CE +’Z’ )+CH¢H029(B+

(,2))
The other geometric and correction terms satisfy
6.20 H &H ( <C h Ce?,
( ) zﬁ: pE8 Cco(Bf (y,2) — 86: \tg(y,rz%\agxloﬂogs\ ” 5”02,0(35(1-15(%2))) e
: < 2,
(6:21) H;gﬁ‘ CY(Bf (y,2)) — ce B:lts(y H)l\a 10/ log e | BHC2*9(B§(Hﬁ(y,z))) +Ce

Proof. We estimate the four expressions in the order in which they occur in the statement.
First, by (5.1) and (5.7), we have

HngHC’G(Bf(%z)) < 053€_|tﬂ(y,z)|/4’

and summing with (6.16) proves (6.18).

Next, on |z| < 9|loge|, the coefficients in (6.5), together with their local C? norms, are bounded
by Ce(1+ |2]?), so the product estimate gives the first line of (6.19); Young’s inequality gives the
second line.
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For (6.20), the proof proceeds as in the previous paragraph. We compute

> aly =) (Hg)| £ 7 e oI efz] (1 9Bhs] + [V shs))
B B

Se max V2hal + [V ah +€2’
51\tﬂ(y,0)\<8|10g5|(’ B /3’ ’ B ﬁ’)

where we appealed to (4.62) and (4.67) to estimate DIIg and to control the exponential sum. The
C%-Hélder norm estimate follows in a similar way.

Finally, to prove (6.21), we estimate the five terms in (6.3) before summing them. Notice that
their C? norms are bounded respectively by

[Gsalleo < Coze™"Fl(e + llnsllgno).
95.2llco < Coze™ M llhsiEs,
1Gs3llce < Coce™ | hgllone,

1Gs allco + 1Gpsllco < Coe?e™,

(6.22)

where the first line uses Hg = O(g); the second uses Rp2 = |V ,hsl?; and the third is the explicit
term Rg3 in (6.2). For the fourth line, the coefficients in R4 are O(e(1 + |2|?)) in Cf , while the

derivatives of G are O(ee~?1?l). The same reasoning applies to &3Gg, using (6.6). Summing (6.22)
by (6.16) proves (6.21). O

6.2. Mean curvature and the Toda system with rough error. Substituting (6.10) into (6.1)
gives
Ao — Ha0:0 + 0200 = W (HL) G+ Th + Lo + R(Gy + ¢)
+ (-1)*H,(Ha + Aa,zha) — HA|Va,2ha|?

(6.23) + > [(-)PHRsy — HRp ] — > &5
BFa B
— Enp — Z(ngg + Zgﬁ,
B B

where the estimates for R(G.), Z1, Z> and the last four terms are given in (6.11), Lemma 6.2 and
Lemma 6.3.
We can now derive the Toda system satisfied by the layer distances.

Proposition 6.4 (Toda system). For sufficiently small e, on ¥, N B%FR/SQ(O),

2
(6.24) Hy(y,0) + A ohaly) = ;O(A%il)a_le—‘tafl(%o” _ A%_l)ae—‘toHrl(y,O)l) + E2(y).
Here A4y are defined in (C.1). For every x € BQ_R/7(O) and 0 < r < R/60, the remainder satisfies

max ||Eg||ca(zamB;(x)) < e? + B A(r + 25| logel; ) + A(r + 25| logel; 2)%/?

2
(6.25) +max|[Ha + Aaolallcos,mpr,, @)

2
+ ”¢H02,9(B+ (ac))

r+425| log €|
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Proof. Fix = € B;RN(O) and 0 < r < R/60. Differentiating (6.4) twice and taking the horizontal

trace gives

/ Ap oo, dz = (—1)*An oha / PH! dz — |V o 0hal? / oH dz
R R R
+2(—1)a/<va,0¢, Va.0haHY dz.
R

Multiply (6.23) by H/, and integrate in z with respect to dz. The identity H” = W"(H)H' + &}
cancels the principal normal term, up to the cutoff error.
Now set

E.(y) = / [Zo+ R(Gu + ¢) — Ead— Y _ EHg + > Gg|H,, dz.
" E 8
Lemmas 6.2 and 6.3, (6.11), and the correction bounds in Corollary 5.10 give

2 ..N\3/2 2
(6.26) max HE@HC@(EQHB;*(m)) < Ce” + CA(r + 25| logel; )= + Cqu”CQ’Q(BLzm1ogg\($))'
Then, we estimate the remaining terms as in [WW19b, proof of Lemma 5.1], using Proposition 4.19
and Lemma 5.12 . In particular, for the 5 # « curvature terms, retain Hg(-,0) 4+ Agohg as a single
C? factor and bound the overlap using

/ e =l gy = (1 4 |t])e M < Ce3I/4,
R

Together with the distance comparison and exponential summability, this bounds their contribution
by a constant times A(r + 25|logel;z)3/* multiplied by maxg |Hs + Agohsllce. The potential-
difference term is bounded in the same way, with the curvature norm replaced by ||¢|/c2.6. Young’s
inequality, the cutoff estimates, and (6.26) therefore give

max

’(-1)@(1{&(-,0)+Aa,oha)/(H;)deJr/IlH;dzH
o R R c

(6.27) < Ce? + CA(r + 25| logel; 2)%/? + Cmﬂax 1Hg + AgohplZe + Cllo]200-

All these estimates hold in C?.

In order to estimate the leading interaction, we use the decomposition in [WW19b, Lemma B.1],
where only the two adjacent linear tails contribute at leading order. The quadratic tails contribute
CA(r + 25|log]; £)%/2, while nonadjacent tails contribute C A(r + 25|loge|; z)2. On the common
logarithmic strips, the estimates of Section 4 give t(-, 2) —t5(:,0)—z = O¢1 (£'/3); the first-derivative
bound follows by differentiating along the twisted flow. We can then proceed as in [WW19b, Lemma
5.1]. Using (C.1) gives

max
« CQ
(6.28) < O+ CeVBA(r + 25| logef; ) + CA(r + 25| log e|; 2)%/% + C||p||20.0-

/RIlH/a dz + 2(—1) (A%il)a_le*‘ta—l(ﬁo)l _ A%_l)a6*|ta+1('70)|>

Finally, [, (H.)?*dz = [p(H')? dz = 00 + O(¢?), independently of y and «. Combining (6.27) and
(6.28), dividing by this positive mass and by (—1)%, and using A% < A43/2 for 0 < A < 1, proves
(6.24) with the remainder estimate (6.25). O
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Corollary 6.5. For sufficiently small ¢, every x € BT, ,.(0) and 0 < r < R/60 satisfy

6R/T
max |Ho + AOC,Ohcx||ct9(2arwBr+(9s))

1
(629) S Z [moféiX HHa + Aa,OhchG

]

(ZanBt + H¢H(j29

r25] log e| ( +25\1 og el (%))

+ Ce® + CA(r + 25| loge|; z).

Proof. The mean value theorem and the uniform bound for the tangential derivatives of the distance
functions give

le Mot COMY Ly s g @y < CA(r + 25| logel; ).
Combining this with (6.24)-(6.25) gives

max [Ha + Aa0hallco s, npi 2)) < Ce? + CA(r + 25|loge|; )
+ OH¢H020 Bt

Since Hy = O(e) in €Y and ha = o(1) in €39, the C? norm of H, + Aggha on Br+25|10g5‘( x))
0(1) uniformly, therefore we can absorb it and obtain (6.29). O

6.30
( ) +Cmoi}X||Ha+Aa,0hOé||éG SoNBT

r+25|lo \( r+25| log€|(x))

is

7. INNER-OUTER GLUING ESTIMATES FOR THE ERROR FUNCTION ¢

We estimate the error ¢ = u—H, — G, by combining the equation and the orthogonality condition
obtained in Section 6. The argument follows the inner—outer decomposition of [WW19b, Section
6]. At the boundary, however, the approximate solution has nonzero Neumann derivative, which
we shall estimate in Section 7.1.

Proposition 7.1 (C%Y estimates). For every fized § € (0,1) there are g9 > 0 and C < oo, depending
only on the standing data and 0, such that, whenever 0 < € < gg, x € BGR/7( ) and 0 < r < R/60,
19l c20 (57 (@) + max rall 2o (m0nmt @)

7.1
(7-1) + max [Ha(:,0) + Aaohallcos,np @) < Ce* + CA(r +100|loge|*; x).

The constants are independent of the number of sheets.

We shall use the following qualitative smallness statement

||SD”CQ’9(B;—R/8—2(O)) =+ mC?X ||Ha( ) + Aa Oh Hce EQQB (0)) = 0(1) as € — 0,

TR/8—2
which follows from Lemma 4.30, Lemma 4.31, (5.51), and the fact that H, = O(¢) in C? and
ha = o(1) in C3Y (see WW19b, Remark 4.2]).

7.1. Neumann derivative estimates for ¢.

Proposition 7.2 (Neumann derivative estimate). For each ambient ball B, (x) used in this section,

with Br+80|1ogs\( x) C B?R/S »(0),

(7.2) 1006l cr.ogap5t (o S €+ 19012050 + A(r + 80| log e]; ).

+80| log e|( ))

Proof. We first compute the contribution of one sheet in its own coordinates. Set

(7.3) NP =08,(Hs +Gp), —dup=) N’
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By (5.8), we have the exact formula

n

(7.4) Nﬂ(y» z) = (—1)'8(H/5 + Glﬁ) (Jﬁ - Z(ayj hg) Vy] Z Gp.,; Ovy;-

j=1
By definition of Gg; and (5.6), we have
Gp1(y, 2) = —(=1) ws(y)(z — ha(y)H(y, 2) + 35 (y. (~1)°(z — hs(y))).
Substituting this and Jg = wgz + jg into (7.4) yields

N8 = (—I)BHIB(jﬁ +wghg — (9y1h5) + (55(3/, (_1)6(2 - hﬁ)) + (—l)ﬁG/ﬁ(Jg — 3y1h5)

+ Z LY; — 015) [Gﬁ,j - (—1)’8(H,ﬁ + G/ﬁ)ayg’hﬁ} .
7j=1

(7.5)

This provides the cancellation of the order € term zH’. We estimate the four displayed contributions
separately. First,

10vy; = drjllcre < Ce(L+|2[), [1sllore < C2(1+2()

by the flow estimates and Lemma 4.17.
Moreover,

d(y, 2) = (1 = Ce(2))wp(y)2H (2)

is supported where |z| > 4|loge| and has local C%Y norm at most Ce?e~1#l/2, Finally, Corollary
5.10 bounds G’ﬁ and Gg ; by Ceel#l for any fixed o € (1/2,1). Absorbing the polynomial factors
in z into this exponential decay and applying the product inequality to (7.5) gives

HNBHCI’O(B(l)’ﬂ(y)><(Z—1,2+1)) < Ce™ ‘Z|/2(€ + Hhﬁncze Bﬁ( ))

(7.6)
+ Hay1hﬁ||c1,9(33,ﬁ(y)))-

Apply (5.57) and (5.59) to the two norms of hg in (7.6). Their right-hand sides are bounded by
Ce2, the squared ambient C*? norm of ¢, and the corresponding A%/2 term, since the A2 produced
by squaring (5.57) is smaller than A%/2. Lastly,

S elzcc
: Ital <9 logel

by (6.16). Summing (7.6) in (7.3) proves (7.2). O

Fix L > 1, to be chosen large before € is chosen small, and retain the notation
Qg = {Jtal < L} " M,
(7.7) Q2 = {|ta| > L/2} N MY,
03 = {|ta] < L/2} n MO,

By separation, after L is fixed we may assume that the strips |t,| < 2L are contained in M2 on
every neighbourhood used below.
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7.2. C1%-estimates for ¢.

Proposition 7.3 (C1? estimates). There are constants c¢,C > 0 independent of L such that, for
each sufficiently large fized L and all sufficiently small € depending on L,

—cL
I8llcrogs @y < C (I9llcasy, o, o) T X NHa + Baphallco,nst, g oy )

r+95| log € r+95|log ¢|

(7.8) )
+ C(L)e” + C(L)A(r + 95|logel; ).

The proof will follow from combining Lemma 7.4 and Lemma 7.5 below.

7.2.1. CY0-outer estimates for ¢.
Lemma 7.4. For each fized sufficiently large L and sufficiently small €,

—cL
(7 9)||¢|01’G(B¢(m)m93) = ce (HngCQ’G(B:-&-BE)\logs\(m)) + mﬁax ||H/B * A/&Ohﬁncg(zﬁmB:’;BSIlogs\(z)))

+Ce® + CA(r + 85| logel; 2) + Cll¢l[¢n0 5+

5 ()
r+85| log €|
The constants in this estimate are independent of L once L is sufficiently large.
Proof. We follow [WW19b, Lemma 6.2 and (6.2)]. On {ming |tg| > L/4} set Uy, = W (H, + G.).

The exponential estimates and (6.16) give Uy, > 1/2 and U, + |VUL| < C, uniformly for large L
and small . Equation (6.1) can therefore be written as

A¢ = UL¢ + Ezw

where we claim

2

"Ea"Loo(Bj(m)m{minﬁ |t5‘>L/4})

< (2 . 2

(7.10) < Ce” 4 CA(r + 80l logel;2) + Clléllcaapr @)
—cL
+Cem max|[Hpg + Agohsllcosyngy, o, @)

Let us verify this estimate term by term at points p € B, (z) N {ming |tg| > L/4}. In the bounds
below, the norms of hg are on Bg (ITg(p)). The norms of ¢ and the quantity A refer to Bj+80| loge| ()
and A(r + 80|logel; ), respectively; norms of Hg + Agohg are on ¥gN B;r+80|10g5|($)-

e The difference
W/ (H, + Gy + ¢) — W/ (Hy + G,) — U
is O(¢?). The expression
T+ Io + W (H, 4+ G,) — W/(H,) — W (H,)G.

is bounded by Lemma 6.2, (6.11), and Corollary 5.10. These estimates give Ce? + CA +
CllgIIE2.0-
e For every 3, Propositions 4.19 and 4.21 give
Hy R, = Hj(Hp(-,0) + Agohg) + O(e /2 + ellhg n0)
IH4Rs2| < Ce /2| hg||200.
Polynomial factors are absorbed by exponential decay. Summation using (6.16) gives e~

in the outer region; (5.57), and Young’s inequality give the last line of (7.10) and the stated
Ce? + CA+ C||¢|? error.
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e Lemma 6.3 gives

(7.11) 1= "= &Hs+ > Gsll e < C=® + Cemax || hg| 2o
B B B

After (5.57) and Young’s inequality, the right-hand side of (7.11) is bounded by the first
three terms on the right of (7.10).

This proves (7.10) uniformly in the number of sheets.
For p € B (x)NQ2, every sheet distance exceeds L/4 on BL/32( p), so we can apply Lemma F.4(i)

iteratively on the concentric balls B1 w p(p) with Neumann condition on 8031 tip (p). Choose p > 1,
independently of L, so that C'/p < 1/2 in (F.9), and iterate for |L/(64p)]| steps. The remaining

—cL
norm is ||¢|]Cl B, 11 oamy @) multiplied by at most Ce All these balls lie in BL/32( p) for

sufficiently large L. The contributions of E2 and 9,¢ form a bounded geometrlc sum. Use (7.10)

and Proposition 7.2 on these balls. The largest data ball is contained in BT 14164 +80“Ogd( x) C
Bt

T+85|10g€|(ac) for fixed L and small . This estimates ¢ on every Bf( ); restricting to B, (z) N Q2
proves (7.9). O

7.2.2. CY0 inner estimates for ¢.
Lemma 7.5. For each sufficiently large fized L and all sufficiently small €,
—cL
[9llcro(s @y < O™ (I8lczost, o 0,0

(7.12) + max 1Hg + Apgohsllco (SpnBF (x)))

+95| log |

O+ Al + 95 ok D)+ 16005, )

We follow the cutoff-projection argument of [WW19b, Section 6.2], and keep track the extra
terms coming from the Neumann derivative at the boundary and the twisted coordinates. Fix
p € Bf ()N Q) and put y = [, (p). We estimate ¢ on By (p) N QL by estimating its pullback to
the a-coordinates. The base of Yy Y(Byf (p)) is contained in B (y).

Claim 7.6 (Equation before projection). In Q)
(7.13) (Apo+ 0. — W' (Hy))¢ = (—1)*HL (Ha(-,0) + Aaoha) + E}.
For B} (x) with Br+30|loge|( x) C B?R/s ,(0)

IEL poe s @pnfleat<any < C(L )(52 + A(r + 30| loge|; @) + y\¢\\02B(BMO“W‘@))).
Proof. We follow [WW19b, Lemma 6.3] and estimate the additional correction and boundary terms.
Using (6.23), the exact error in (7.13) is
=T+ I + R(Gu + ¢) + (W' (H.) — W(Ha))¢
+ (Aa,0 = Aa2)d + Ha(:,2)0:¢ — Ead
+ (= 1)Hy (Ho(, 2) = Ha(0) + (Aaz = Aa0)ha) = H Vo shal?
+Z 1)’H,Re1 — HiRg2) Zfﬁ—zgﬁHBJFZQB-
B#a B B

For fixed L, separation places B, (x) N {|ta| < 2L} in MY once ¢ is small. To obtain the pointwise
estimates below, take p € B (z) N {|ta| < 2L}. Norms of ¢ are taken on B (p), and norms of hg
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on BQB (I1g(p)); their bounds are then replaced by those on B:+30| loge| (z) and its sheet intersections.
In these bounds A means A(r 4 30|loge|; ).
e The sum

T + I + R(Gs + ¢) + (W"(H,) — W (Ha))¢
is bounded by C(L)(e? + A + [|¢]|%,), by Lemma 6.2, (6.11), and [H, — Hq| < C(L)e Pe.
e The terms
(Aa,O - Aa,z)¢ + Ha('a Z)az¢ - é"agb
and
(=1)*H, (Ha(:, 2) — Ha(+,0) + (Aq,z — Aq0)ha) — Ha|Va 2hal®
are bounded by
C(L)(elldllcz + € +ellhallcz + [1hall2n)-
Use Propositions 4.19 and 4.21, (6.5), then (5.57) and Young’s inequality.
e The sum
D ((1)°HERs1 — HiRg )
B
is bounded by C'(L)A: its coefficients are uniformly bounded and the exponentially decaying
factors sum to at most C(L)e~P=. Finally,

=Y - &M+ ) G
B B B
is controlled by Lemma 6.3 and (7.11), followed by (5.57) and Young’s inequality.

0

7.2.3. Cut-off and project. Choose { € C°((—2L,2L)) with 0 < £ < 1, € = 1 on [-L, L], and
¢'| < C./L, |€"] < Ci/L?. Define

(7.14) Pa(y, 2) = £(2)8(y, 2) — caly)Hy(y, 2),
where
,2)(E(z) — DHL (y, 2) d
(7.15) caly) = Je ¢y Z)(E(,z) )2 aly:2)dz
Jr(HL(y, 2))? dz
so that
(7.16) / baly, z)H,(y,2) dz = 0.
R
Claim 7.7 (Estimates for the projection coefficient). For any y € 3, we have
(7.17) lca(y)| < Ce™  sup o(y, )],
L<|z|<9|loge]
(7.18) Vaoca(y)| < Ce™  sup  (|o(y, 2)| + [Vaoo(y, 2)]),
L<|z|<9]loge|
(7.19) Icallcro e < Ce " l1dllore sy wyx—9ltog |9l tog l):
Fory € 0pX,,

(Oysca) / (H,)2 dz = / (0 0)(€ — DL dz

(7.20) )
— (~1)(Byha) /R o(€ — 1)H dz.
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In particular,

)
(7.21) 18y call apgeyyy) < €€ (100 ooy )x(-9j10g el 9l10gel)

19y allcozgo ) 18l co s (x -ol10g ol o)
Proof. The factor € — 1 vanishes for |z| < L, while |H/,| + [H”| + [H”/| < Ce *I. Integrating this
bound gives (7.17). For any i = 1,...,n, differentiation of (7.15) under the integral gives

(Oy;ca) /]R (Hy)? dz = /R (8, 0) (€ — 1)H, dz
—(—1)a(3yiha)/R¢(£—1)Hg dz.

This proves (7.18) and (7.20). Now subtract (7.22) at two points y,y and use the Hoélder product
inequality. The differences of the correction factors are bounded by Ce~1*l|hy(y) — ha(7)], and the

differences of the other factors are estimated by their C? seminorms. Integration over |z| > L, using
the bounded C*? norm of h,, proves (7.19) and (7.21). O

(7.22)

Claim 7.8 (Equation after projection). For base points y € X, on which c, is defined as above,
and for every z € R,

(7.23) (Ao + 0z — W (Ha))ba = paHl, + Fa,
where

(7.24) Pa = (—1)*(Ha(+,0) + An0ha) — A oCa
and

Fa = 2(—1)O‘Hg<va’06a, Va,Oha> + (—1)°‘ca(Aa70ha)H’0’[
- Ca‘va,ohaFHg, - caa((—l)a(z - hoc))

(7'25) &l o1 it

+280.0+ "0+ EE,

+ (_1)a(Ha('a 0) + Aoz,Ohoz)(g~ - 1)H:1'
Moreover,

1 \2 _ / ! ((_1)Y(» —
po [Pz = = [ Pzt [ 00 (1)~ ho)) ds
(7.26) + 21" (Vasha, [ Vosta Hidz)
R

+ (-1D)*(Aa0ha) /R poH, dz — |Vaohal? /R ¢ H dz.
On the boundary we have
(7.27) Oy b = £0y, & — (Dy Ca)Hy, + (=1)" oDy, haHG,
Proof. Recall that
(7.28) Oy H,, = —(=1)%hoHp, Ay oH, = —_(—1)a(Aa,oha)Hg + |Va.0ha*HY,
(022 = W' (Ha))H,, = §((=1)%(2 = ha))-

Apply these identities to (7.14), grouping —(Aq,0cq)H,, into p,H,, according to (7.24). This gives

(7.23)-(7.25). :
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To compute its projection, differentiate (7.16) twice and apply (7.28) to obtain
/(Aa,oﬁba)H/a dz = 2(*1)(1 <Va,0haa/ va,Od’aH,c/y dZ>
R R

+(—1)Q(Aa,oha)/ P H dz — yva,ohaﬁ/%Hg'dz.
R R

Integration by parts in z contributes [ ¢a&i((—1)*(z — ha)) dz, and there are no endpoint terms
because of the cutoffs. Combining these computations proves (7.26). In particular, the horizontal
integral is not zero: the orthogonality vector depends on y. Finally, differentiating (7.14) in y; gives
(7.27). O

Proof of Lemma 7.5. In the following estimates, the norms of ¢ on the right are on B:r+95“0g6|(x),
and sheet norms are on its intersections with Xg.

First, we estimate (7.25). Notice that
e the first two lines of (7.25), by (7.17)-(7.19) and h, = o(1) in C?, on B%(y) x R by
-L .
Ce HQS”CLG(BL-%\1ogs\(w))’
e the last line of (7.25) is bounded by Ce | Hy(+,0) + Aq0hallco;
e by (7.9), we have

12600 + £ || 1o < Ce (||l 20 + max | Hp + Agohslle) + C (% + A+ |20

e the remaining term éEé is controlled by Claim 7.6.
Therefore, for every s > 2 with s < 2+ L/64, take the norm of F,, below on BS(y) x R and obtain

(7.2 [Fallzee < Ce™ (|9l 20 + max |Hg + Agohgllco)
+ C(L)(e* + A(r + 95| logel; 2) + ||| Z2.0).-

We now estimate the Neumann derivative. First, let us rewrite (7.27) as
8y1¢a = é&/@b + é(a?,u - al/)d) - (ay1ca)Hix + (_1)aca(8y1ha)ng'

The first term is controlled by Proposition 7.2. On the support of é, the second term on the
right-hand side has C? norm at most C(L)e||é||c1.0 by (4.29). Hence, Young’s inequality bounds
it by C(L)(e% + ||¢||%19) Finally, (7.19) bounds the last two terms in C?((B%(y) N 0pXa) x R) by

—L
Ce M lIgllcresy, oy @)

Therefore,

10y, @allce < Ce ||| o0
+C(L) (2 + A(r + 95| logel; 2)3/2 + || 6] 20).-

We also note that by the definition of ¢, in (7.14) ¢, has uniform exponential decay in z for
all y. By choosing L sufficiently large, we can conclude the proof by arguing as in [WW19b, page
26, (6.6)] using the inner gluing estimates for the linearized operator in Appendix F. Indeed, the
equation in Claim 7.8 and the orthogonality (7.16) allow us to use Proposition F.3.

Fix p > 1, independently of L, so that C'//p < 1/2 and repeat the fixed-step iteration used
in Lemma 7.4, starting at radius 2. After |L/(64p)| steps, the norm ||¢||o10 has coefficient
2-LL/(64p)] < Ce=cL while the F, and boundary terms on the right-hand side only have a bounded
factor coming from summing a geometric series. By (7.14) and (7.19),

(7.30)

[fallcroms,, wxr) < Cléllcros+ (@)

2+kp r+95| log €|
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Substituting (7.29)-(7.30) and using A%/ < A gives the required estimate for ¢, on B§(y) x R. On
Y_I(B+( )N QL) we have |z| < L, hence ¢ = ¢4 + coH,,. Equation (7.19) bounds the added term

there by Ce ¢ c10.5 o ))- Taking the supremum over p € B (x) N QL proves (7.12) O

+95\1 \(a’"

Proof of Proposition 7.3. Notice that the inner and outer regions overlap and cover the domain.
Use (7.9) and (7.12) after enlarging all domains in the right-hand side to B Their sum

gives (7.8) with the additional term C(L )HngC”

r+95| log6|( )

. After fixing L, choose € so small
95|loge|( ))

that this term is at most e~ *||¢|| -, 0B+ ) Th1s proves (7.8). O

495 log | (7

7.3. C*P-estimates for ¢. Let us begin by recording the following estimate which will be needed
later to apply Schauder theory.

Claim 7.9. For each ball B (z) with B C B,

r+80|loge|( ) TR/8— 2(0)

HA(b - W”(H*)ngCG(Bi(x)) rg 8 + A(T + 80’ 1Og€‘; ) + ||¢”C2 9 (z))
(731) 80\logs\

+ max |Ho + Aa,ohche(z aNB g0/ 10g<) ()

Proof. We follow [WW19b, Appendix C, (2)—(6)] for the terms already present in the ordinary Fermi-
coordinate calculation, and estimate the boundary-correction and twisted-coordinate contributions
separately.

By (6.23), we have

A¢—W"( OO =T1 + Iy + R(Gx + ¢) —1—2 BHﬁRgl —H/@R/g 2)

—Zfﬁ—Z£5H5+Zg5.
B B B

(7.32)

Split R into

Rpa(y,z) = Hp(y,0) + Agohs(y)
(7.33) + [Hp(y,2) — Hp(y,0)] + (Ap.. — Apo)hs(y).
The estimates in [WW19b, Appendix C, (2)—(6)] apply to Z; and the sums in 3 of
Hj[Hs(y,z) — Hp(y,0)],  Hy(Ap. — Apo)hg,  Hj|Vs.hsl,
using here Lemma, 6.2, Propositions 4.19 and 4.21, and (5.57). Their C?(B;(z)) norms are bounded
by

0(52 + A(T + 80‘ log€|§ ) + H¢H02 G(B 80|10g€‘(x)))

For Hg(y,z) — Ha(y,0), Proposition 4.19 controls the tangential derivatives; the Riccati equation
and 9, = Z 3 +1T control its normal derivative. Multiplication by HIB absorbs the polynomial factors
in z. All sums are controlled uniformly by (6.16).

For p € Bjf (z) and each index with |tg(p)| < 9|loge|, put (y,z) = (IIg(p),t3(p)). For the first
line of (7.33), use

IH5(Hs(:, 0) + Ap0hs)llco(py .0y < Ce™ V2 Hp (-, 0) + Asohsllo s )
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Apply (6.30), including both terms on its last line, to the norm on the right, and sum using (6.16).

This bounds
HZ 1) H3 (Hp( )‘*‘Aﬁ,ohﬁ)‘

CO(Bf (2))

by the right-hand side of (7.31). Here Hg( ) is joined to p by a twisted flow segment with time

length less than 9|loge|. The sheet ball B2 (IIg(p)) and the balls required when applying (6.30) on
that set, with its additional 25|loge| radius, lie in B +80|10g6|( x).

Finally, (6.11), Lemma 6.2, Corollary 5.10, and (7.11), combined with (5.57) and Young’s in-
equality, give

[R@. +9) +IQ—Z§5—Z@H5+Z%]

CO(B; (z))

< Ce? + CA(r + 80| loge|; )3/2+CH¢>H029

+80\ loga\( ))

Combining these bounds in (7.32), using A%2 < A, proves (7.31). O

Lemma 7.10 (C%? estimates). For sufficiently small €, the estimate (7.1) holds. Equivalently, for

T € BﬁR/7(O) and 0 <r < R/60,

19l c20(8t (o)) + max [ Ha + Aaohalloos,npi () T 02 [hallc2o(s,npt @)

(7.34) , ,
< Ce” 4+ CA(r +100|loge|; x).

Proof. The argument follows the proof of [WW19b, Section 6.3, especially (6.8)]. For each p €
B} (x), apply the interior or Neumann Schauder estimate in Proposition E.1 on B (p), with data
on 9By (p) when that set is nonempty, to estimate ¢ on Bj (p). Since By (p) C Br+2( x), taking
the supremum over p gives

”@Z)HCQ,e(Bf(w)) S C(HQZ)HC'O(Bjﬂ(m)) +lAg - W”( )quCG(B +2(2)
+ 100 ¢llcro 0,57, 2)))-

The coefficient W”(H.,) has a uniform C?(B; (p)) bound for these centres p.

Fix L so large that the coefficient Ce~¢" in (7.8), after multiplication by the Schauder constant,
is less than 1/128. The qualitative convergence supplied by Lemmas 4.31-4.32, Proposition 5.7, and
Corollary 5.10 implies that, after decreasing ¢ with this L fixed,

1

Clléllczost, o Frooosei@) = 128

Now apply (7.8) to [|¢]|co in (7.35), Claim 7.9 to A¢p — W (H,)¢, and Proposition 7.2 to d,¢.
Then enlarge the right-hand domains to B We have

(7.35)

(@) T Omax|[Ha + Aaohallcos,np

r+100| 10g5|( )

(7.36)  Clloll2a0 < 128\\¢\|029, Cmax || Ho + Ao ohall 2o < o max||Ho + Agohallcs,

1
=128

with the norms of ¢ on B and the norms of H, + A, 0hq on XN B Since

A3/2 < A, we obtain
1
I8l ez e < 35 (18lceoar

—|—maXHH + Aq0ha Hce(zamBTHOOHOgE‘( )))

r+100|10g5\( ) 7“+100|10g5|( )

+100| log El( ))

(7.37)

+ Ce? 4+ CA(r + 100 logel; ).
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Next apply (6.30) and consider
C’mngHa +Aa,0haH%9 and CH¢H%Q,9

where the norms are taken, respectively, on ¥, N B (x) and B (). By (7.36),

r+100| log ¢| r+100| log ¢|
followed by adding the resulting estimate to (7.37), we obtain

19l c20(5 (o)) + max [ Ha + Aaohallcos, s ()
1
(7.38) < o (19lcaozs, oy oy + Mm% N Ha + Baohallcosnt, oy o)

+ Ce? + CA(r +100|logel; x).

This is the analogue of [WW19b, (6.8)].
Iterate (7.38) k = [3|loge|/4] times, increasing the radius by 100|loge| at each step. For suffi-
ciently small €,

167F <& 24 100k|loge| < 50| loge|?.

Start the iteration at radius r + 2. After k steps, the remaining norms are ||¢||02,9(B+ ogel @)
r+24100k| loge
and max,, ||Hqy + A%OhaHCG(ZamBJf ())» Poth uniformly bounded, while A is nondecreasing

r4+2+100k| log €|

in its radius and )5, 1677 = 16/15. Hence

19llc20 (B, y(w)) + max [ Ha + Aaohalloosanst, (@)

(739) 2 2
< Ce* + CA(r + 100|log e|*; x).

The intermediate balls B:+2+100j\10g5|(x)’ 0 < j < k, remain in B;_R/8—2(0) by the fixed outer

margin. Finally, apply (5.57) on B¢ (y) for each y € ¥, N B;F (z). Equation (7.39), followed by the
supremum over ¥, gives the C*? bound for h, and proves (7.34). O

Corollary 7.11 (Toda system with the first error improvement). For x € B(;FR/7(O) and 0 < r <
R/60, the Toda system is

(7.40)  Ho(y,0) + A oha(y) = (A?_l)afle—na_l(y,o)\ _ Agfl)ae—\ml(y,o)g + EOy),

2
0o
where

(7.41) max HEgHCQ(ZmBﬂx)) < e2 4 A(r +120]loge|% 2)3/2 + V3 A(r + 120| loge|?; ).

Proof. Equation (7.40) is the rough Toda equation (6.24). It remains to improve the estimate for
EY. From (6.25),

max 1Bl cosonprt @y < C (e + &2 A(r + 25|loge|; ) + A(r + 25| loge|; )%/

2
+ max |Ho + Aayoha”co(gamBjﬁsl oz < (®)

2
+ ||¢||02,9(B+ (x)))

r+25]| log €|

Apply Lemma 7.10 with centre radius r 4+ 25|loge|. The sum of the two displayed squared norms
is estimated on a ball contained in the one below, since

r + 25|loge| 4+ 100|loge|? < r + 120|log e|?
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for small €. Lemma 7.10 then gives

mOZ}X HHa + Aa,OhCMHée( (2)) + H¢Héz,9<B+

+
YaNB r+25]| log 5|(I))

r+25|log ¢|
< C(e* + A(r + 120| log £|*; x))2 < Ce? 4+ CA(r +120|log e|?; 2)%/2.
Monotonicity of A in the radius now gives (7.41). O

For the differentiated form of the Toda system, restrict to the already defined logarithmic strip
by setting

MO = MO N {|ta| < 10|logel}.
This does not change the definition of M. As usual, write hai = 0Oyha and Hgi(y,0) =
0y, Ha(y,0).
Corollary 7.12 (Differentiated Toda system). Fori=1,...,n, in /\73 one has
(7.42) HY, (Hai(,0) + Aa0hai(y) = 0y, €ani + Ea2,y

where

1eatilloo wignt @y + 1€a2illoo(Fig st )

7.43
(7.43) <C(2+ A(r + 120| log e|%; 2)%/2 4+ eY/S A(r + 120|loge|?; 2)).

Proof. The graphical ordering gives to—1(y,0) > 0 and t,+1(y,0) < 0. Differentiating (7.40) in y;
gives
2

Haoi + Aaqohai = — [A%_1)a71(ayita71)€_t°"1 + A%_l)a(ayitaﬂ)eta“]

(7.44) 00
+ 8y, B + Aaoha,i — 9y, Aaoha.
Set
Eati = HLEq,
2 _
Ca2i= — OT)H; [A%*l)a—l(ayitafl)e fort 4 A%—l)a(ayitaﬂ)etaﬂ

+ H,, (Aaoha; — Oy Dapha) + (—1)*Hoha  Ep.

Since 8y, H., = —(—1)*hq;H”, the product rule in 8y, (H,, EY) and (7.44) prove (7.42).
In the estimates that follow, ambient norms are on MY N B,f(z) and sheet norms on I, (MY N

B (x)). We estimate separately the exponential-distance expression in the first line of £,2;, the
commutator Ay oha,; — Oy; Aq,0ha, and the factors H’O[Eg and tha’iEg.

o If |tas1(y,0)| < 10|loge|, Proposition 4.26 gives |0y, tat1(y,0)| < Ce/6. If |tat1(y,0)| >
10| log e[, then e~ltax1 W0l < £10 and |9, tas1| < C. Hence
(7.45) > oy tsle el < Ce* + CVOA(r + 120/ log e s ).
B=a—1,a+1
e By the commutator estimate (4.47),
|Aaphai = Oy, Baphal < Ce(|Vaohal +|Va ghal)-
Lemma 7.10 therefore gives

(7.46) |Anohai — 0y, Aapha| < Ce® 4+ CeA(r +120|loge|?; 2) < Ce? + Ce /O A(r +120] loge|?; ).
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e Corollary 7.11 and the bounded C? norms of H/, and H”, give
I EQlico < C (% + A2 +£124),

where A = A(r + 120|loge|?; 7).
Moreover, Proposition 5.7 gives ||hq,il|co = o(1) uniformly, so

(1) B ha i ELon < O(2 + AY2 4 £1/34).

Combining (7.45), (7.46), and the two displayed estimates for H/, E0 and H/h,;ES, and using
el/3 < /6 proves (7.43). O

8. IMPROVED HORIZONTAL ESTIMATES FOR qbyi AND IMPROVED TODA SYSTEM

We improve the C'? estimates for the horizontal derivatives of the error. Throughout this
section, ¢,, = 0y,¢, 1 < i < n, in the twisted Fermi coordinates with respect to the sheet under
consideration. The argument follows the inner—outer decomposition of [WW19b, Section 7|, with
the addition of the boundary terms and the twisted-coordinate errors.

Let K > 10 be fixed. The constants may depend on K and #, but not on the number of sheets.
By decreasing ¢g, the same estimates hold on every fixed larger logarithmic strip.

Proposition 8.1 (Improved horizontal derivative estimates). For x € B;FR/G(O), 0 <r < R/70,

and all sufficiently small e,

max [ y:lloo (s nmgneal<ktogely S €+ Al +200]logel* 2)*2
1<i<n

(8.1) + YO A(r + 200|loge|%; z).

In particular, (8.1) controls every second derivative of ¢ containing at least one horizontal derivative.

Corollary 8.2 (Horizontal derivatives of the shifts). Under the hypotheses of Proposition 8.1,
max [Voo0halloros,npt =) < &% + A(r + 200 log e|*; 2)*/*

(8.2) + S A(r + 200|loge|%; z).

Corollary 8.3 (Toda system with improved error). Under the same hypotheses,

2
Ha(l/, 0) = — (A%_l)aile_ltafl(yvo)‘ — A%_l)ae_‘ta+l(y70)|>

00
(8.3) + ES(y) — Aaoha(y),
where
max || By — Aa0hallco (s, npt oy S € + A +200]log e[ )3/
(8.4) + O A(r +200|loge|%; z).

The proofs are completed after we obtain the inner estimate Lemma 8.8. Until then, let z €
BI, /6(0) and 0 < r < R/65; the smaller range » < R/70 in the conclusions leaves room for
iteration.
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8.1. Boundary estimates and the equation for ¢,,.

Proposition 8.4 (Boundary data for horizontal derivatives). For every p € 9oB;F () NM2N{|ts| <
Kllogel},

10uby:llco oo 5 (o)) + 10 Puillco @B () S e + A(r +120|loge[*; 2)*?
(8.5) + /0 A(r 4+ 120|loge|?; ), 2<i<n,

|6y, ||cl,0(aOB;r(p)) S+ A(r +120| log e[’ )/
(8.6) + /6 A(r 4+ 120| log e)?; ).
These are boundary norms: derivatives are taken only in the variables tangent to the boundary. If
n =1, only (8.6) is needed.
Proof. Proposition 7.2 and Proposition 7.1, applied on the enlarged balls occurring in (7.2), give
(8.7) |]81,<;5||C1,9(%BL2($)) < 0(52 + A(r + 120| log g|2;x)3/2).

Indeed, since 0 < A < 1 by definition, the square in (7.2) is bounded by C(e? + A)? < C(e? 4 A3/?),
with A evaluated at the radius in (8.7). On the boundary, the differentiated flow estimates and
(4.48)-(4.50) yield

(88) 0y, — 8VHol,9(aOBl+(p)) + Z H[awayj]”oe(aosj(p)) + [I[0v, az]”ce(aOB;r(p)) < Ce(l+ ‘3‘2)
J=2

Here a norm of a vector field means the corresponding norm of its coefficients. At z = 0, the
coeflicients of dy, — 0, vanish. Their C° bound follows by integrating in z; the first and second
derivatives of all coefficients in (8.8) follow from Lemmas 4.10 and 4.12, together with the rescaled
metric bounds. The mean value theorem gives the stated Hélder seminorms.

For later use, on |z| < K|loge| + 2,
(8.9) e3(1 + |logel®) < Ce?, e(1+ |logel®) < Cel/s.

If 7 > 2, then 0,, is tangent to the boundary and

8V¢yi = a% (Ove) + [31,, 6y¢]¢'

The first term is bounded by (8.7); the second is bounded by (8.8), Proposition 7.1, and (8.9). This
proves the estimate for 0, ¢,, in (8.5). Since

ayﬁbyi = quyi + (ayl - 8V)¢yi7

the same estimates prove the second term in (8.5).
For ¢ = 1 we do not differentiate the Neumann condition in the transverse direction. Instead, on
the boundary,

(8'10) Gy, = 0o+ (ayl —0y)9.
For 2 < 5 <n,
ayj ((a:tn - 61,)¢) = (azn - al/)¢yj + [6V7ayj]¢a
and
0:((0y, = 0,)¢) = (9y, = 3,)0:0 + [0, 0:]¢-
Thus (8.7)-(8.9) control the full boundary C'Y norm of the right-hand side of (8.10), proving
(8.6). 0
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We next isolate the derivative of a C? remainder, as in the interior calculation of [WW19b,
Lemma 7.2].

Lemma 8.5 (Equation for the horizontal derivatives). Write Hq i(y,0) = 0y, Ha(y,0) and hq; =
Oy;he. Set

Eoz = EO,a + Ee,ay
EO,O( = Ha(ya z)az¢ + (_l)aH/a (Ha(ya z) - Ha(yy 0) + (Aa,z - Aa,O)ha)

(8.11) — )| Vazhal + > ((-1)PHERs1 — HiRs2) — > &,
B#a B
where, in the sum over B # o, Rg1 and Rg 2 are those in (6.2), and
(8.12) Beo = (Do — Da)p— Eadp + R(Gu+0) + To— Y EsHg+ > G
B B
Then
(8-13) (Aa,O + 8zz)¢ = W//(H*)¢ + (_1)aHla (Ha(y) O) + A0470ho¢) + I1 + Eou

and, in the distributional sense,
(8.14) (Do + 0se — W' (Ha)) by, = (—1)*H, (Hai(y,0) + Aaohay) + 0y B + E' + 0y, T,
where

E' = [Aa,0y)¢ + (W' (H.) — W' (Ha)) by,

+ W)Y (1) H (0yts — Y (ha o 115)0,TE))
5

j=1
(8.15) + (—1)aH/a (8yiAa70ha — Aa,Ohoz,i) — tho&,i (Ha(y, 0) + Aa,oha).
The sum in the second line of (8.15) includes = «.
Proof. Move the mean-curvature term and the difference A, . — Ay in (6.1) to the right, and use
(6.10). The coefficient of (—1)“H, at height zero is Hn(y,0) + Agohq; the remaining terms are
exactly (8.11) and (8.12). This proves (8.13).
Differentiating (8.13) gives
0y, (W' (HL)9) = W' (L), + W' (HL,)6 Oy, H,,
with

n

Oyl = S (=) W (045 — D (b 0 Tp)0y, 1S )
B j=1
Moreover,
8?;1' [(_I)QH/& (Ha(yv 0) + Aa,Ohcx):| = (_1)QHZX (Ha,i(yv 0) + Aa,Ohcx,z’)
+ (_l)aHla (ayiAa,Oha - Aa,()ha,i)
— Hloléhaﬂ' (Ha(y, 0) + Aa,Oha) .

Here 9yt = 0, 3,11}, = 67, and 9, H!, = —(—1)%ha;H/. Commuting 3y, past A, ¢ and subtracting
W' (Ha)¢y, proves (8.14)-(8.15). O
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Lemma 8.6 (Bounds for the differentiated equation). On B (x) N M2 N {|t.| < K|logel},

(8.16) 1Bl copmonpi @y S € + Alr +120[loge[*; 2)*/2,

(8.17) HEiHco(MO NBF(2)) < g2 + A(r + 120] log6\2; x)3/2 + el/GA(r + 120| log5\2; x),
and

(8.18) Hayz‘IlHCO(MgmB;“(x)) < e? + A(r +120|loge|?; 2)% + /S A(r + 120| log e|%; z).

A

The same estimates hold on every fived enlargement M3,

with constants also depending on .

Proof. Fix p € B} (x) N M2 N {|ta] < K|loge|}. We estimate the expressions below on B (p).
Notice that Proposition 7.1 gives bounds for ¢, hg, and Hg(-,0)+Agohg, respectively in c*0 c29,
and CY, by

(8.19) Ce? + CA(r +120|loge|?; x).
For the first three linear expressions in (8.11)-(8.12),
Ha(ya Z)az¢a (Aa,() - Aa,z)¢a _éaa¢7

Proposition 4.19 and (6.5) give the bound Ce(1 + |2|?)||¢||c2.0. Substitution of (8.19) uses
2 1
(8.20) e(1+ |loge|*)A(r + 120|log e]?; x) < §A(r +120|loge|?; 2)3/% + 553(1 + |loge|?)?,

whose last term is O(e?).
The two expressions

(—1)°H, (Ha(y, z) — Ho(y,0) + (Aq,z — Aa,o)ha), —Hglva,zhap’

have local C? norm at most Ce? +Ce||ha || 2.0 —|—C||ha||%279; the polynomial factors in z are absorbed
by the exponential decay of H/, and H/.
For 8 # «, write in the B-coordinates

Rp1 = Hp(y,0) + Agohg + Hg(y, z) — Hp(y,0) + (Ap. — Ago)hg.
On MY, separation and the closest-sheet property give
0+ o) < T+ oge|t;x + Ce”.
> (IEGllco + [ llco) < CA( +120]log el 2)!/2 + Ce2
B#a
The contribution
> H(Hp(,0) + Agohe)
B#a

is bounded by the product of (8.19) and the sum above. The terms containing Hg(y,z) — Hs(y,0),
(Agz —Ago)hs, and HgR@g are estimated as for the two a-sheet expressions above. Their sum is

C(e? + A3/2) at the radius in (8.16).
Finally,
IR(Gx + ¢)llco < Cle +1I8llc20)®s I Z2llco < O(* + AY?),

while Lemma 6.3 gives
2
H%: sotg| , + HZB: G| , < e+ Ce my [ 2o, H%:gﬂ\

Together with (8.19)-(8.20), these estimates prove (8.16).

< Ce2.
CG
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We next estimate the five expressions in (8.15). The commutator estimate (4.47) gives

IAa0,0y;]1¢llco < Cel|f| c2o-

The closest-sheet estimate and Taylor expansion give
W (H,) — W (Hq)||co < CA(r 4+ 120|loge|?; 2)/? + Ce2.

In

J

W(HL)6 Y (~1) B (0t — Y (a0 TT5)0,, 115 ),
E

the 8 = a summand in parentheses is —h, i, so the corresponding heteroclinic factor is —H hq ;.
The sum over S # « is controlled by separation and, when both sheets lie in the logarithmic strip,
Proposition 4.26. Thus this expression is bounded by C(g2 + A%/2 4 £1/6 A). Moreover,

10y, Aaoha — Aaohal < Ce([Vaphal + V2 ghal)

by (4.47), while H hq;(Ha(y,0) + Aqoha) is bounded by the product of the two corresponding
norms in (8.19). This proves (8.17).
It remains to differentiate Z;. On MY, the expansion used in the proof of Lemma 6.2 is

Ty = (W'(Ha) — 1) Y (Hs — sgn(a — 8)(~1)7) + 0((2 6’“‘3')2)-
e e

If 9y, hits hq, hg, or the quadratic remainder, the result is bounded by C' A(r + 120|loge|?; z) (% +
A(r+120]loge|?; x)). If it hits ¢5 or Il5, Proposition 4.26 gives Ce'/6 A(r +120|log e|?; z); the part
outside the common logarithmic strip is O(g?). This proves (8.18). This is the analogue of the
interaction differentiation in [WW19b, Section 7]. O

On |t,| < 10|logel, use Corollary 7.12 in (8.14). On its complement in the fixed K|loge| strip,
the factors H/, and H/, and so do both terms in (7.42). Hence the same substitution is valid
throughout the strip. Define, for the fixed index 1,

ES = Eo + (=1)*Ean,

E" = B' 4+ 0,,T1 + (—1)%E02,-
Then
(8.21) (A0 + 0oz — W (Ha)) gy, = 0y, S + B,
Since 0 < A < 1, Lemma 8.6 and (7.43) imply
1B2lleo + 1B llen S 22+ A(r + 140] loge % )/
(8.22) + YO A(r + 140|log e |%; z).

The 20|loge|? increase absorbs the displacement between the ambient point and the base points
used in (7.43).
We record two points needed in both the inner and outer estimates. First, at a point written in
the a-coordinates and then in the S-coordinates,
n
(823) ¢yi (yv Z) = Z(ayznjﬁ)(:% z)d)y]‘ (H,B(ya Z)) tﬁ(y? Z)) + (ayitﬁ)(% Z)az¢(Hﬁ(y7 Z)? t,@(ya Z))
j=1
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Fix a ball B (p) on which [t4| + |t3| < C|loge|. Then, on B (p), Proposition 4.26 and the higher
derivative bounds in Lemma 4.11 give ||0y,t5]|c1.0 < Ce'/6, while || DIIg||c1.0 < C. Proposition 7.1
therefore gives

For each centre p, choose 3 with p € M% and keep this £ in (8.23) on all of Bf(p).
Second, with A\, (y,0) denoting the volume density of gq.0,
(8.25) Ay, 0)0y, B, = 9y (Ma(y,0) ES) = (9, Ma(y,0)) 2.

For ¢ > 2, the flux in (8.25) is tangent to y; = 0. Apply Proposition E.1(a) in the interior, (b) for
i = 1 at the boundary, and (c) for ¢ > 2, with the traces in Proposition 8.4. These estimates use
|E%°lco and || ES||ce, not a norm of 8y, ES.

8.2. Improved horizontal outer estimates. Let Q2 be the outer region in (7.7).

Lemma 8.7 (Outer localization). Fiz p > 1, and then take L > 8p. For every p € B (z) N Q2 N
{lta| < K|logel},

(8.26) ||¢y¢‘|cl,9(3f-(p)) < 0(52 + A(r + 140|log e[ 2)*/2 + eY/S A(r + 140| log e|*; z))

+Cy(p7 P +e L) max sup Gu-ll ot
*(p ),371§j§n qeBF (33)0/\/[% H yJHC'l 9(BY (9))
ltg(q)|<K|loge|+Cyp

The constants Cy, c, in the coefficient Cy(p~' 4 e=L) are independent of L and p. The constant
C' multiplying the right-hand side of (8.22) may depend on L and p; once these are fized, it is
independent of e, the layer indices, and the admissible centres and radii.

Proof. The argument is the outer gluing argument used in [WW19b, Section 7]. Fix p € B (z) N
02 N{|ta| < K|logel|} and write p = Y5, (y, ). Fix p as in the statement. Choose a cutoff y in the
a-coordinates such that y = 1 on Y{:(Bf (p)), its support is contained in the product-coordinate
ball of radius 2p centred at (I1,(p), ta(p)), and

|Dx| < C.p7?, |D?x| < Cp~2, Oy x =0 on {y; =0}.
Since p € Q2 and L > 8p, one has |z| > L/4 on spt x. Hence
IV (Bla) ~ Tl oy < Coe™%.
We use the outer gluing estimate (see Appendix F)
(8.27) lullere < Cu(llfllco + IGlle + 1l cre),

for (Aao + 0.2 — 1)u = f+ 9,G'. For i > 2, the last norm in (8.27) is replaced by ||0y,ullco.
The constant C, in (8.27) is independent of L and p. This is the corresponding consequence of
Lemma F.4 for the product metric gao + d2?. Identity (8.25) gives the required divergence-form
interpretation at y; = 0.

Apply (8.27) to u = x¢,,. From (8.21),

(Do + sz — 1) (xdy,) = 0y, (xEQ) + XE™® — (9,0 B2,
+ X(W”(Ha) - 1)¢yi + 2<VX7 V@yi> + (Aa,O + azz)X ¢yi-
By (8.22), the first line and the corresponding boundary data contribute at most

CrLp (52 + A(r + 140| log e|%; 2)%/% 4 /5 A(r + 140 log ¢ |*; ;1:))
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The second line is bounded by
Culp™ + €M) byl cro(va, (spt20))-
On y; = 0, Proposition 8.4 controls x¢,, when i =1 and
ay1(X¢yi) = Xay1¢y¢v P> 2.

Finally, Yz, (spt x) C B&, ,(p). For each ¢ in this set, choose a sheet X5 closest to g and use its
coordinates throughout B; (¢). Equations (8.23)-(8.24) give

||¢yi ”CL"(Yza (spt X))
< C, max sup 1@y llcro 5+ (g))
1§]B'§n qEB:—+C*p(m)mM% ] 1
[tg(q)|<K|loge|+Ckp
+ Crp(e2 4+ Alr +140]log 2% 2)%/2 4 £/ A(r + 140]log e ) ).
Substitution in (8.27) proves (8.26). -

8.3. Improved horizontal inner estimates. By taking derivatives of the orthogonality condition
(6.4) is not zero we get

(8.28) /%H’a dz = (—1)%%@»/ oH dz,
R R

/qﬁyiyjH’adz: (—l)o‘hm/qﬁyngdz—i—(—l)“hmj/gbyngdz
R R R

(8.29) +(—1)aha’ij/(ZSHgdZ—ha’iha,j/(JSH,O/ZdZ.
R R

They follow by differentiating (6.4) once and twice and using 9,,H;, = —(—1)%hq;H}, and 0, H;, =
—(—=1)*hq,;HY. The integrals are supported in |z| < 8|loge| + 1. For each y € X, N B (z), the
norms are taken on Bf{'(y). Proposition 7.1, the product rule, and exponential decay give

(8.30) H/R%iH; dzch + H/R%yjﬂ'a dzHCQ < O + A(r +120| log £ 2)?).

Indeed, every term in (8.28)-(8.29) is bounded by C||hq||c2.6( ¢l 2.6, except the last term in (8.29),
which has an additional factor |Vhq]co.
Let Q3 be the inner region in (7.7).

Lemma 8.8 (Inner localization). After p and L have been fized and € is sufficiently small, for every
p € BF(x) N2

(8:31) lldy:lloromy () <C (€% + A(r + 140| log e[*; 2)3/% 4 VS A(r + 140/ log e[ ) )

+C(p T+ L7 +eh) max sup Il s

B,1<j<n + 0
qur+12\ log e (I‘)ﬁMﬁ

lts(q)|<K|loge|+Cp
where Cy is independent of L and p.
Proof. We use the following inner gluing estimate: if

(Aa,O + azz - W”(Ha))u = f + 8inia
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)
CO>

where 1) is the Dirichlet trace when ¢ = 1; for ¢ > 2, replace its norm by ||d,,ul/ce. The constant
C, in (8.32) is independent of L, p, and the size of the normal support. This is the standard inner
gluing estimate obtained from Proposition E.1 and Lemmas F.1-F.2.

Fix p as in the statement and put y = IL,(p). Let € be the normal cutoff used in Section 7.2.3 ,
with

then

(8.32) lullon < C. (Hfuco T 1Gllge + Iéllone + H [ it s

€=1 on[-L,L], € =0 outside [-2L,2L],
|£~/| S C*Lfl’ |g//’ S C*Lf2'
Choose a base cutoff x equal to one on IL,(B; (p)), with spt x C Bg ,(y) and
IDx| <Cip™, DX <Cup™? 9yx=0 on {y =0}
For sufficiently large fixed L, the condition |t,(p)| < L/2 implies that x& = 1 on Y{;(Bf‘(p)). Set
u= Xé‘ﬁyi-

Then

(Aa,O + azz - W”(Ha))u = 8?/1‘ (XgEg) + XgELO - (asz)gEgz

+ 26(Va0X, Vaody) + (Baox)€by +x(26'0:0y, +E"6y,).
By (8.22), the first line on the right and the required boundary data contribute at most
C<€2 + A(r +140| log e|?; )32 + /S A(r + 140| log €] ?; x))
The remaining terms are bounded by
C*(P_l + L_I)H%i HClve(Bg*p(y)x[—2L,2L])'

It remains to estimate the integral in (8.32). Since y is independent of z,

[ btz = [ o, dz b x [ (€~ 10y, e
R R R
By (8.30), the first term is bounded by

Cy (€2 + A(r + 120|log e|*; 2)?),

and hence by the expression in (8.31), since 4% < A%/2. By exponential decay of H,, the second
term is bounded by C.e~L times the supremum of |¢y,| on Bg, ,(y) x R. At each point, choose a
closest sheet and use (8.23)-(8.24). This gives

‘/(5_ 1)¢yiH:1 dz
R Co

< ChreF max sup ”gbyjHCL&(Bf@)

+ 0
1<j<n €8, 1a)10g £ (#)NM
[ts(q)|<K|loge|+Cyp

+ C<€2 + A(r 4 140| log e|?; 2)3/% + Y0 A(r + 140 log e|%; m))

On y; =0, B B
Oy, u = X§ Oy, Py, (i >2), u = x§dy, (i=1),
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because 0y, x = 0. Proposition 8.4 therefore supplies exactly the Neumann and Dirichlet norms
required in (8.32). Applying (8.32) with the preceding estimates proves (8.31). O

Proof of Proposition 8.1. Choose p sufficiently large and then L sufficiently large so that the coef-
ficients in Lemmas 8.7 and 8.8 are at most 1/16. Since Q2 U Q3 = MY, those lemmas give
max Sup |6y, Hcl,e(Bj(p))

O ISIER pe it (e)nm
[ta (p)| <K] log |

max sup 10y l oo st
16 B,1<j<n__ ot G NCLO(B (p)
ﬁ =I= pGBr+12\ loga\(m)mM%

lts(p)|<K|loge|+Cp
n 0(52 + A(r + 140[log e[2; )32 + YO A(r + 140| log e|2; :c)).
The same iteration argument as in the proof of Lemma 7.5 concludes the proof. 0

Proof of Corollary 8.2. Fix y € 3, N B} (z) and apply (5.58) on Bf(y). Proposition 8.1 controls

Hva,0¢<'7 0)”01,9(Bf‘(y))'
In the product

max Visoh o(max e Pe

o Sortogey |+ 20 llore (e e™%)

from (5.58) the norm indexed by f is taken on Bg (ITg(y,0)). Use the rough bound of Proposition
7.1 to conclude that this product is at most

C (2 + A(r +200| log e|?; 2)) A(r + 200| log | % ) < C'(e2 + A(r + 200 log e|*; 2)/2).

The explicit term £'/6e=Pe in (5.58) gives the last term in (8.2). Taking the supremum proves the
corollary. O

Proof of Corollary 8.3. Subtract Ay phe from (7.40). The coefficient 2/0¢ is the coefficient estab-
lished by the projected interaction calculation in the proof of Proposition 6.4; it is unchanged by
the shift estimate. Uniform coordinate bounds give

1Aa0hallce < ClIVaohallcre-

Use (8.2) for this term and (7.41) for EO. Since !/3A < €!/6A, and the radius in (7.41) is smaller
than the radius in (8.4), we obtain (8.3)-(8.4). O

Part 2. Stability of Toda system implies curvature estimates
9. STABILITY INEQUALITY FOR TODA SYSTEM

We transfer the stability inequality for u to the Toda system governing the sheet distances. As
in Section 8 of [WW19b], the test function associated with ¥, is the product of a function on X,
and the full translation derivative

9o =Ho, + G,
introduced in Section 5. Since G, depends also on its first argument, horizontal derivatives of G,
occur in the equation for g/,. We therefore combine the horizontal and normal parts of the diagonal
energy by the divergence theorem before estimating either part. The interaction integrals and the
ordered cross terms are then treated as in Sections 8.3-8.4 of [WW19b], with the additional terms
produced by the twisted Fermi coordinates and by the boundary.

Fix

x € BT

5R/6(0), 0<r<R/80, l<r<2.
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All functions on a sheet are smooth up to 0yX, compactly supported in ¥, N B:er'logs‘(a:), and

extended by zero outside that support. They need not vanish on dpX,. Unless another measure is
displayed, an integral over ¥, is taken with respect to dA, .

Proposition 9.1 (Stability inequality). Let n, € C(X, N B;F (x)). For all sufficiently small ¢,
there is a nonnegative quadratic form @ such that
2 2A?_1)a71 —lta—1(y,0)| 2
9.1) > | Vaomal* +Q(n) = o —— | el WO, (y) + no1 (a1 (y, 0))]".
a o o

TO
o 0

Moreover,

0<Q(n) <C(N,7) (61/4 + A(r + 240| 1og5\2;x)1/2) 2/ Va0l
« Yo

(9.2) +C(N,T) (gZ + A(r + 240|log e|?; 2)7/6 + €Y7 A(r + 240| log &|; a:)) Z/ n2,

(63 EO‘

where N is the number of non-vanishing 7.

9.1. The diagonal terms. Set
(9.3) Y = Z Pas Pa = nag(,)w g/a = Hix + G:)n
(63

+

r+20| log €|
a-fibres. Every quantity carrying an index ( is first calculated in the twisted Fermi coordinates of
Y3 and then evaluated at the ambient point through (Ilg,tg).

For k > 0 we retain the conventions of Section 5:
HY =HP (y,2) = HF((-1)*(z — ha(y))) GP =GP (y,2) = GP((-1)*(z — ha(y)))

The cut-offs introduced in Section 5 imply that all differentiated one-dimensional factors vanish at
the endpoints of every z-integration below. Thus integrations by parts in z have no endpoint terms.
For every fixed k, every fixed polynomial factor, and every 0 < o < 1,

(9.4) HE| < Cre el (k>1), |GP] 4 |VaoGCP| < Cppee 7 hel (k> 0).
Taking o = 31/32 and decreasing ¢ gives, on the support of the differentiated factors,
IGP)| + | Vo oGP| < Cre®lielzhal,

for k > 0. Indeed, |z — ho| < 8|loge| + 1 there and eel*~l/32 < Ce3/%. Consequently, for every
fixed m > 0,

©5)  [@Pd=a0+06), [ A+ (6P + 10, + [0uel ) d < Con
R R

Proposition 7.1, applied on the enlarged domains used below, gives

|¢llcao + max [hallc2o +max | Ha(-,0) + Agohallcs < C(c* + A(r + 240] log | @),

so that each ¢, is supported in B (z). Here h, and 7, are extended constantly along the

where each norm is taken on the corresponding portion of the enlarged ball. The improved horizontal
estimates proved in the preceding section yield

max ”¢yz ||C’1»9+ max ||Voz,0ha HCU’
.l e’

(9.6) < C(e* + A(r + 240| loge|%; )32 4 /6 A(r 4 240| log ¢|?; z)).
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Throughout the remainder of this section, the two scalar functions produced by differentiating the
equations for H, and G, are denoted by

Eo(H, h), Eo(G,h).
Lemma 9.2. We have the following

(9.7) HY = —Aq oH, + W (H,)H, + Eq(H, h),
(9.8) Gl = —An oGl + W' (Ha)G), + W (Ha)H, G, + Ea(G, h),
where

Eo(H, h) = |Va,0ha|2Hg, - (_1)Q(Aa,0ha)Hg¢ + gi ((_1)a(z - ha))a
EQ(G, h) = ‘Va,OhaPGg/ - (_1)Q(Aa,0ha)(c’,o/¢
(99) - 2(71)a Z giyj (y) O)G/o,z,z 8yj ha + gé,a'
(]
Hence
(9.10) (A%o + 0y — W”(Ha))gg = W"’(HQ)H;GQ + EQ(H, h) + EQ(G, h).

If A is the ambient Laplacian, then
(—A+ W' (u))ge = (W"(u) = W'(Ha))ge — W (Ha)H,Gq
(9.11) —Eo(H,h) — Eo(G,h) — (Anz — Da0)ge + HaO20) — Eagl.

Proof. Fix an arbitrary base point and choose geodesic coordinates for g, at that point. There
the Christoffel symbols vanish, so differentiating the equations defining H, and G, and applying
the chain rule to z — h,(y) gives

By 90 = Go i — (=1)%gohai,
Ayiy;9a = Goij — (=1)*(GL ihaj + G jhaji + 9aha,ij) + 9o Paiba.-

Contracting the second identity with gz (y,0) proves (9.7)-(9.9); adding (9.7) and (9.8) proves (9.10).
This is the analogue of differentiating [WW19b, (4.1), p. 15] and applying the resulting identity as
in [WW19b, Section 8.2, p. 34]; unlike in that Euclidean calculation, the first-argument derivatives
of G, and the term &,g,, must also be retained. O

Recall that by the definition of twisted Fermi coordinates and the geometric approximation
identities of Section 4, in twisted Fermi coordinate with respect to 3, we have

(9.12) VIR = Varf P+ (0.5 = Y _T0,,£)%,  dvoly = Naly, 2) dy dz,

and
Af =Aazf+0:f — Haly,2)0.f + éuf,
6uf = X210, (WTTI0, 1) — Ti0,.1 — A0, (0T10,, ).
Moreover,
9:ha = (—Ha(y, 2) + diva,: T) Aa,
and, for a fixed integer m,

(9.13) ‘@(Ha(y, 2) Ay, z))| < C2(1+ 2™ Aaly, 0).



70 AKASHDEEP DEY, WENKUI DU, DAVIDE PARISE, AND LORENZO SARNATARO

Finally,

1/2 1/2
(9.14) / N2 dogo < C ( / n dAa,()) ( / IV e.0mal? dAa,()) + Ce / n2 dAap.
00 Xa Ya Ya P

To prove this, integrate diva,o(n2dy,) over X, and use |diva, 00y, | < Ce.

Lemma 9.3 (Flux through the boundary). For every § > 0, the sum of the absolute values of all
diagonal and cross boundary integrals

/ Napgadvgs dog
aoB

r+8|log e (1‘)

that arise from (9.3) is bounded by
o Z / ‘va,()naP dAa,O
o Xa
(9.15)  + C(N,8)(e2 + A(r + 240| log e|*; 2)7/¢ 4 /T A(r + 240|log e|*; ) Z/ n2 dAap.
« P

Proof. The following identity holds on 9y2,,.
(9.16) 0o = D (0uyi) (Gl — (—1)9a0y ha) + (1) Jagi-

Differentiating the boundary equation for G, gives
1 = (B 4 (~1)%(z — ha)HL) + 8, (3, (~1)%(z — ha))-
Using Jo = waz + (Jo — waz) in (9.16), we obtain
Db = — waH' + (=) (waha + Jo — waz)H + (1) TG

(9.17) — (-1)*gndyha + Z Vi — 013) G s + 0 (v, (=1)%(2 = ha))-

The first term is O(e). Moreover,
Ovha = Oyha + Y (Ouyi — 01)0y e, 1Ouys — 01l < Ce(1 4 |2]).

Equations (9.4), (9.6), and (9.17) show that the z-integral of each boundary product is bounded by
C(e+&”+ A(r + 240| log e|*; ) + /O A(r + 240| log |*; ) )

times the corresponding squared boundary test functions. For a cross product, use 2|n.n5| < 173—1—17%.
The boundary area measure is uniformly comparable to do, o dz.
Apply (9.14) and Young’s inequality, choosing the coefficient of |V4 07al? to be §. Since 0 <

(€+62+A3/2+51/6A)2+8(5+62+A3/2+51/6A) < 0(52_’_147/6_}_51/714)'
Here every A in the numerical inequality is evaluated at r+4-240|log ¢|? and x. This proves (9.15). O

Lemma 9.4 (Combined diagonal contribution). For every § > 0, the difference between

/B+ (|V<,Da|2 + W"(u)gpi) dvol,

r+20]log €| (:E)
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and
0’0/ ’va,ﬂnaP dAa,O
Yo
(9.18) + / s / (W () = W (L)) (64)* = W (Hla)Ho Gagh | Ao (v, 2) d2 dy
N R
18 bounded in absolute value by

(Cel/* 4 96) / IV 0mal? dAao

@

1+ C()(22 + Alr + 240]log e 2) /6 + /7 A(r + 240] log =% 2)) / n2 dAo.
Ya

Proof. Green’s identity, with v the inward normal to the boundary, gives

[ (Vg WP dvol, = [ ()P,
Br+8\ log ¢ (w) r+8|loge| x
s RGA W W) dv,
Br+8\ log a\(x
(9-19) - / N Nagadv e dog.
80Br+8\ log s\(x)

Since 7, is constant along the coordinate fibres, (9.12), (9.5), and the coefficient estimates give

J,

r+48| log €| ($

(92| Va? dvol, = o /E Vo2 dAno + O() /E Ve 0al? dAag.

The terms containing the tangential component T' obey the same bound.
Substitution of (9.11) in the second line of (9.19) leaves the two terms in (9.18) and the four
integrals

- / Mg (Ea(H, h) + Ea(G, h)) dvoly,
Br+8|logs\($

- / nzg:}c(Aa,z - Aa,O)g; dVOlg,
Bt

r+8|log g (J?)

/ NeHagn0-gs dvoly, — — / N2 ghEagn dvoly .
B BT

+
r+8|log s\(x) r+8|log s\(x)

The first, second and fourth lines are estimated by (9.4)-(9.6) and the geometric coefficient bounds.
In the third line, integrate in z before estimating:

1
/ Hag;azg;)‘a dz = _5 / (g&)Qaz(Ha)\a) dz = 0(52))‘04(%0)7
R R

where (9.13) is used. Finally apply Lemma 9.3 to the last line of (9.19). This proves the lemma. [

9.2. Interaction estimates.
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Lemma 9.5 (Overlap and projection estimates). For 8 # « and every fized nonnegative integer
m7

[t 1al + ity 2)me 0 s
R
(9.20) < Cp(1 4+ |ta(y, 0))m eIt w0,

The sum of the right-hand side over 3 # o is bounded by CpA(r + 240|loge|?; 2)'Y/12, while the
sum over |B — a| > 2 is bounded by

ConA(r + 240] log e|?; 2)3/% + Cye.
For f=a=+1 and |tg(y,0)] < 100|loge|,
ta(Is(y, 0),0) +ts(y, 0)| < C'/?,

(Hgls,)*dAgo = (14 O('/%))dAq 0,
(9.21) T, (IT5(y, 0),0) — y| < Ce'/3,

Proof. The signed-distance comparison of Proposition 4.25 gives
Its(y, 2) — tp(y,0) — 2| < Ce?|2[(1 + |2]).

The two estimates of Lemma 5.2, applied with ¢ = ¢ = 1, therefore give (9.20). Exponential
separation of the ordered sheets and (1 + s)"e~%/12 < C), give the two asserted sums.

The first and third lines of (9.21) follow from the signed-distance and projection comparison in
Proposition 4.25. Differentiating

Y5, (Ig(y,0),15(y,0)) = y

along %, gives the area-form comparison. Indeed, the derivative of the normal flow changes the
base metric by O(e(1+ |loge|?)), whereas the tangential component of Vtz along X, is bounded by
Cel/*logel?/4. The pulled-back metric therefore changes by O(e!/?) for small . If the separation
exceeds 100|loge|, the exponential factor is O(g?), and the coarse bounded-Jacobian estimates
suffice. O

By the one-dimensional computation used in Section 8.3 of [WW19b], we have the following
lemma.

Lemma 9.6 (Adjacent one-dimensional interaction). For f =a +1,

/R (W (HL.) — W (Hg) ) HLH, dz

= —2A?71)min{a7mg_|t6(y70)| + 0(52 + A(r 4 240|log e|?; )76 + e¥/7 A(r + 240 log e|%; m))

The sum of the absolute values of the same integrals over |3 — a| > 2 is bounded by C(g? + A(r +
240| log e|%; )3/2).
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Lemma 9.7 (Corrected diagonal interaction). We have
[ a2 [ IOV ) = W (EL0)) (6)? = W (Lo B G, Ao
49 /Z RR[A2 o e ot 0Ol 4 g2 | ol G0l g Aa,o]
(9.22) < C(e* + A(r + 240|log e |*; 2)7/% 4+ VT A(r + 240 loge|?; z)) / n2 dAao-
Ya

Proof. A direct Taylor estimate of the term linear in ¢ gives only an O(A) bound. To recover the
required error, we first remove G, from the nonlinear argument and use the equation for ¢.
The identity

Aw=G) =W (u—Gy) =W (u) - W (u—G,) = > W' (H)Gs — Y _(AGs — W (Hs)Gg)
B B
combined with the equation for ¢ = v — H, — G, gives (recall the notation introduced in (6.2))

$o = W' (u—G.) + > W'(Hg) = A(u—G,) — W' (u—G,)

5
Aa¢+ Ho(y, 2)¢: — Sad
+ Z{ 1)HyRs. — HjRs — E5Hs|
(9.23) - Z& O(ts — hg o Tlp)).

Multiply (9.23) by H” and integrate in z. The horizontal derivatives of ¢ are controlled by (9.6).
For the term involving the a-sheet, use [p H,H dz = 0 and subtract Ho(y,0) + Agpoha(y) from
Ra.1- The difference is bounded by Ce?(1+ [2|™) 4+ Ce(1+4|2|™)||Va.0hallc1- The terms with 8 # «
are summed using Lemma 9.5. The cut-off terms, the operator terms, and the term involving G,
obey the same bound. Therefore,

’/ ¢ZZ_W/U_ +ZW H"dz

(9.24) < C(? + A(r + 240 log£]2; )32 4 V6 A(r 4 240| log e |?; z)).
Integrating the left-hand side of (9.24) by parts once gives

/R[szz - W'(u - G*) + Z W/(Hﬁ)]Hg dz
B

= [0V G - W)
B [ (V7 G~ W (R 02

+ Z aJrB/R W//(u B G*) . W//(Hﬁ))H/aH/ﬂ 82(255 — hﬁ o Hﬂ) dz
BFa

(9.25) ~ (1" [ (1) = ha)o b
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Indeed,
0.H, = <—1>“(W”<HQ>H; +E (-1~ ha)) ),
9:(u — ¢Z+Z ) H,D.(ts — hg o Ilg).
The second and fourth lines on the right of (9.25) are O(e? + A3/2). In the third line, replacing
W"(u — Gy) by W”(H,) has the same cost. Moreover, by Proposition 4.26
Oults — hy o T1g) — 1 = O(V/*) + O(/%) [Vhg | co.

Lemma 9.5 bounds the cost of removing this factor by C(g2 + A7/6 4 £1/7A). Since (—1)*tF = —1
for adjacent sheets, Lemma 9.6 yields

/ (W (u— Gy) — W (Ha))(H,)? dz
R

—2[A%_1)
(9.26) +O(e2 + A(r + 240[log e[*; 2)7/6 4 €Y7 A(r + 240| log | ) ).

wre Mt GOl | g2 el (O]

It remains to restore G, and g/, and to replace Ay (y, z) by Aa(y,0). Taylor expansion gives
W (u) = W"(u—G,) + W (u— GG, + O(e?),  (go)° = (H,)?+ 2H,G,, + (G,)*.
After subtracting (9.26), the terms linear in the own-sheet correction are
2(W"(u—G,) — W (Ha))H,G,,  (W"(u—Gy) — W (Ha))Ga(H,)>.

The subtraction of W (H,)H, G,g., in (9.18) is precisely what produces this cancellation. The
part involving ¢ is O(e(¢? + A)). Notice that

/( + 2™ e 1+ min{1, e~} dz < Cpppe™
R

Taking ¢ = 7/8 and using eA7/® < (e2 + A7/4)/2 < (¢ + A7/6)/2 bounds all linear foreign-
sheet terms. Terms containing two corrections are O(¢?). Finally, [Aa(y,2) — Aa(y,0)| < Ce(1 +
|2]™)Aa(y,0), and the same estimate controls the density error. Multiplying by 12 and integrating
in y proves (9.22). O

9.3. Cross terms.

Lemma 9.8 (Cross terms). For the ordered sum over « # 3,

’Z / ((Vea, Vg) + W (u)papg) dvol,

a#p 'r+20| log s\(x)

+230 3 A ey [ €)M (0,0)) g

o fB=a+tl

< C(N) <€1/4 + A(r + 240| log e|?; :c)l/2> Z/ Va.0mal? dAao
o Ya

(9.27) +C’(N)(52+A(r+240\loge|2;x)7/6+61/7A(r+240|10g5|2;1:)>Z/ 2 dAa.
a vYYa
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Proof. For a fixed ordered pair, Green’s identity gives

/B+ ((Vea, Vpg) + W (u)paips) = /+ 9095V a, V113)

'r+8|log6|(x) r+8|loge| z

+ /B 10(95V 90 — 9oV 95, V3)

4
r+8| log ¢| (x)

w0 A+ W),

r+8| log ¢| (x)
(9.28) - / N 1aN59a0v95-
8oBr+8\ log e (:D)
All unlabelled integrals in this proof are ambient integrals over the common support. Formula
(9.28) follows by expanding both gradients and integrating only the derivative falling on gj. The
decay estimates imply
90l + Vo] < Celtel, V| < C|Vaonal 0 Ta-

Lemma 9.5, applied in either sheet’s coordinates, gives

. e~ ltal=ltel|p, o T, |* dvoly < CA11/12/ Mo dAa,0,
B

r+8| log e|(x) 2a

N e tel75l|7 5 og|? 0 TTg d vol, < CA”/H/ IV s,0n8]" dAs 0,
B, s 10g (%) g

where, in this proof, A = A(r + 240|loge|?;x). These bounds also hold with fixed polynomial

factors. The first line of (9.28) is therefore bounded by C'A'Y/!2 times the two gradient energies.

Cauchy’s inequality bounds its second line by

CAY2 [ |Vgonsl>dAgo+ CAY? | n2 dAqp.
>
B

@

Since A1/12 < A2 and AY3 < AT/ for 0 < A < 1, these are allowed errors. Lemma 9.3 controls
the boundary integral.
Substituting the S-version of (9.10) and (9.1) in the third line of (9.28), its only principal part is

(9.29) Naig (W (u) — W (Hpg))ghgps dvoly .

+
B'r+8| log €| ($)

The remaining scalar factors multiplying 1,759, are
—W" (Hg)HGp, —Eg(H,h)—Es(G,h), —(Ag, —Dpolgs, Ha(,ts)095 —Esgs-

Equations (9.4)-(9.6), the coefficient bounds, Lemma 9.5, and Young’s inequality give the mass
error in (9.27). For example,

cAI/12 < C(2 +A11/6)’ /AA1/12 < 0(52+A22/15) < 0(62+A7/6)_

In (9.29), replace u by H, and both ¢’ factors by the corresponding H' factors. The preceding
estimates control the error, and replacing A\, (y, z) by Aa(y,0) has the same bound. It remains to
replace the transported test function by its value at height zero. The exact identity is

1 Ma2) = 1513001 00) = [~ 3000, m5) (1050 )01, ) .
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On the overlap, |9I15] < Ce'/®. The s- and z-intervals have length O(]loge|), and the maps
y — Ilg(y,s) have uniformly bounded Jacobians. Therefore, Cauchy’s inequality in y, s, and z
gives

Ce'®|loge?A(r + 240|loge|?; ) (/E n? dAa70+/2 yvmnﬁﬁdAﬁ,O)

8
< CeVT A(r + 240| log £)?; @) (/ n2 dAao +/ 1V 5.0m8/° dA@O) ,
Sa P

where the last inequality holds for sufficiently small e, since 2/ 351oge|? < C. Lemma 9.6 now
gives the neighbouring principal terms in (9.27), and the nonadjacent terms satisfy the stated error
estimate. Summing over the finitely many ordered pairs proves the lemma. O

Lemma 9.9 (Changing the base sheet). In the terms involving a neighbouring pair {a —1,a}, one
may change the base from Xq_1 to X, transport the exponential weight and the area measure, and
replace Mo, (o (a-1(y,0),0)) by na(y). The sum of all resulting errors is bounded by

C(N) (51/4 + A(r + 240|10g5]2;$)1/2) Z/ |V 0my | dA
v By
(9.30) +C(N) (62 + A(r + 240| log e|%; 2)7/6 + V7 A(r + 240| loge\Q;x)> Z/ 773 dAp.
v E

This applies to the squared factors in Lemma 9.7 and the mized factors in Lemma 9.8.

Proof. First suppose that the separation is at most 100|loge|. Use the inverse of II,_1|x,, for the
change of variables. The first two estimates in (9.21) show that changing the exponential weight
and the area measure has relative error O(¢'/3), hence absolute error Ce'/3A(r + 240|loge|?; z)
times the two test-function masses.

The reverse projection need not be the inverse map. By (9.21), its composition with the first
projection differs from the identity by O(al/ 3). Tts derivative in graph coordinates differs from the
identity by O(¢'/?). Therefore
(9.31)

’na(Ha (Hafl(% O)a 0)) — Na (y) ’2 dAoz,O S 052/3/ |va,077a|2 dAa,O-
{yeXa:lta—1(y,0)|<100[loge[} Ya
The integral on the left is over the logarithmic comparison region; the test function is zero outside
its support. To compare squares, use a® — b? = (a — b)(a + b); for a mixed product, leave the other
factor unchanged. Cauchy’s inequality, (9.31), and e~lfe=1l < C A(r + 240|log e|?; ) prove (9.30).

If the separation exceeds 100|log ¢|, the corresponding term is O(g?) times the masses before and
after the base change, by the coarse Jacobian bound in Lemma 9.5. Restricting the comparison
to the logarithmic region differentiates no cut-off, because only the integrals are being compared.

Summing over the finitely many pairs proves the lemma. O
Proof of Proposition 9.1. Since supp po C B:—+20| loge| (x) for every «, the stability assumption gives
(9.32) o< [ IVl + W (u)?) dvol,

r+20| log ¢| z

If necessary, the compactly supported C! test is approximated in H' by smooth functions up to
the boundary.
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Expand the right-hand side of (9.32) into diagonal terms and the ordered cross sum. Apply
Lemmas 9.4, 9.7, and 9.8. Before changing the base of a neighbouring term, the negative principal

contribution is
2% 3 Al [, O o) dn

a B=axl o
(933) - 2 Z Z A?_l)min{a,ﬁ} /z; e_ltﬁ (y,O)lTICX (y)nﬁ(]:[,g (y7 O)) dAO(,O'
o fB=a+tl @

Fix the unordered neighbouring pair {a — 1,a}. By Lemma 9.9, all four terms may be written
on X,. Their common coefficient is A%_l)a,l. The two diagonal terms and the two ordered mixed
terms then combine as

72A%71)a_16—\ta,1(y,0)| [7]04 (y) + Na—1 (Hafl(y) 0))] 2'

Each unordered neighbouring pair is counted exactly once after this regrouping.

Choose the finitely many constants § in Lemmas 9.3 and 9.4 so that the sum of their gradient
contributions is at most (7 — 1)og times the total gradient energy. These choices are made after N
and 7 are fixed and before ¢ is decreased. Moving the negative square in (9.33) to the other side
of (9.32), dividing by 70y, and defining Q(n) to be the sum of the two resulting nonnegative error
terms give (9.1) and (9.2). O

10. A SEPARATION ESTIMATE FROM LOCAL BOUNDS FOR THE EMDEN EQUATION

Recall that R = ¢! and
A(r;z) =max max e Do),
@ yesanB(z)
We use the geometric and separation estimates of Section 4, the improved Toda equation in Corollary
8.3, and the stability inequality in Proposition 9.1. In particular, Lemma 4.32 implies
A(BR/6;0) = o(1)
uniformly as € — 0. Fix once and for all a constant
1
0<d0<—.
48
This value of § remains fixed throughout this section.
Proposition 10.1 (Decay above the logarithmic comparison scale). Suppose that 1 < n <9, where

n is the dimension of a sheet. There are fized constants M > K > 1 such that the following holds
for all sufficiently small . Let 2R/3 <r <5R/6 and k = A(r;0). If

(10.1) k> Me?|loge|?,
then
(10.2) A(r — KR,;0) < g R, = max{r~1/2,200|log |?}.

Remark 10.2. If the boundary is totally geodesic, the same conclusion holds under the weaker
hypothesis

(10.3) Kk > Me?|logel.

The distinction between (10.1) and (10.3) occurs in the comparison between the signed Riemannian
distance and the Euclidean distance in a coordinate chart. In a boundary Fermi chart, one has

g —1d = O(ely| + &lz).
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On a base ball of radius Kx~1/2, replacing a distance of order |loge| by the coordinate difference
can therefore produce an error of order

C(K)ex Y?|loge.

Hypothesis (10.1) makes this error small. When the boundary is totally geodesic, all first derivatives
of the normalised metric vanish at the centre of a boundary Fermi chart, and the corresponding
metric error is quadratic. This yields (10.3).

The proof follows the reduction in [WW19b, Section 9]: derive a scalar inequality for the gap
between two adjacent graphs, transfer the stability inequality to the resulting exponential term,
obtain an LP estimate with p > n/2, and apply a local boundedness argument.

10.1. The geometric reduction. To prove (10.2), suppose that € 3o N B, ;5 (0) satisfies

(10.4) ¢ Dal@) 5 g
Choose a point on a neighbouring sheet that attains D, (x). Reversing the graphical ordering if
necessary, denote it by 3,11. Since W is even, A1 = A_1, so this relabelling does not change the

interaction coefficient. At this point,
2
(10.5) [tat1(z)] < log; < 2|loge|

for all sufficiently small ¢.

The two sheets are the graphs of the functions f, and f,+1 already introduced in Section 4, and
x = (2, fa(z')). Recall that

(10.6) Vial +1Vfarr| <C, [V fal +]V? fara| < Ce.

In a boundary chart,

(10.7) Oy, fa = Oy, far1 =10 on {y1 = 0},

because 0y, is the ambient inward unit normal there. At the centre of the normalized chart,
(10.8) fa(0) =0, Vfa(0) =0, 9(0) =1d.

Consistently with Sections 3-5, Bs(z’) C R™ denotes the Euclidean ball, and B} (z) = Bs(2')N{y1 >
0} in a boundary chart; in an interior chart we use Bs(z’). We reserve B (-) for ambient Fermi
coordinate balls, B%(-) for the sheet coordinate balls, and BY®(-) for the boundary coordinate balls
of Definition 5.4. In the graphical and scalar calculations, V and div denote Euclidean coordinate
operations on the base; intrinsic derivatives on a sheet retain their earlier subscripts.

The estimates below are used on IB%;“K’(1 2(2"), together with a fixed multiple of |loge| in the
normal and tangential directions.

Set

fctx: (1_t)fa+tfa+1a tﬁ(y):tﬂ(yvfa(y))'
The vector v = e; denotes the inward normal to the boundary.

Lemma 10.3 (Riemannian gap inequality). Under (10.1), for fired K, M, and all sufficiently small
€, there is a symmetric matric By such that

1
(10.9) By —1d| < C(K)M™,  |VB,| < Ce, 514 < By < 21d.
For every y € B;K,{—uz (2') such that fas1(y) — fa(y) < 4|loge| + 1,
4A2
(10.10) div(BaV(fat1 — fa)) < —2 (1 4+ O(K)M %) e~ or1=Fo) 1 O(K)M k.

00
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On the boundary 80185;{571/2 (2'), we have
(BaV(fat+1 — fa),v) = 0.

For completeness, we record the matrix in Lemma 10.3. If p = (py, ..., py) is the covector defining
a graph, then
(10.11) @y, z,p)” = g" " (y,2) = 2> 0"y, 2)pi + > 97 (v, 2)pips-
i i.j

Thus the graph-area density relative to dy is \/det g(y, 2) @(y, z, p), where the determinant is that
of the ambient (n + 1) x (n + 1) metric matrix. Define

Bais) = [ [02, (Vaetg=)] (0140, VI )

Remark 10.4. At 35 = 0, boundary Fermi coordinates give g/ = 0 for j # 1, ¢! = 1, and
gb" ! = 0. Equation (10.7) gives p; = 0 for p = V f!. Differentiating (10.11) therefore yields

8p1< detgw) =0, 8§1pj (x/detgw> =0 (j>2).
Consequently Bov = Bg 117, and (10.7) gives the asserted conormal condition.

Proof of Lemma 10.3. We begin with the two geometric estimates used in the proof.

Claim 10.5. For every y € B;Kn_1/2+20\10g8|($/)’ we have
(10.12) IV fal < C(K)ek™? 4 Ce|logel,
~1/2
. a-‘,— ) bl
(10.13) |V fat+1]| < C(K)ek + C/¢e|loge| + Ce|loge|
(10.14) lg —1d| < C(K)(ex™ Y2 + | loge|), |0g| < Cek, 19%g| < Ce%

Proof. The first estimate follows from (10.8), (10.6), and the distance between 0 and z’. At z’, the
uniform metric and graph bounds together with (10.5) first give fo4+1 — fo < Clloge|. The positive
difference of two disjoint graphs whose Hessians are bounded by Ce satisfies

(10.15) [V(fat1 = fo)| < Cy/elloge]
at that point. Indeed, Taylor’s inequality in a unit direction chosen to decrease the difference gives
0 < (fot1 — fa)(¥) — 8[0(fat+1 — fa) ()| + Ces’.

Taking s comparable to \/|loge|/e gives (10.15).
Combining (10.15) with (10.12) at 2’ gives (10.13) there. Integrating (10.6) along base segments

of length O(Kx~'/2 + |loge|) proves (10.12)-(10.13) on B;Kn_1/2+20\logs|(m,)' The graph values on

this set remain in an ambient coordinate neighbourhood of radius C(K)(k~'/2 + |loge|). Taylor’s
theorem for the rescaled metric then gives (10.14). O

Claim 10.6. For every y € B;KH_I/Q(I'/) satisfying fo+1(y) — fa(y) < 4|loge| + 1,
tat1(y; fa())] = (farr = fa) W + [[ta(y, far1(¥)] = (far1 = fo) ()]

(10.16) < C(K) <€/€_1/2| loge| 4 %kt loge| 4 €| log 5]2> < C(K)YM™°,

In particular,

(10.17) e~ Uat1=fa) — (14 O(C(K)M %)) ltasiw:fa],
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and the analogous formula holds with the two sheets interchanged. If (y, fo(y)) € Lo N B (0) and
(4, fat1(y)) € Xat1 N BF(0), then

e Mari@la@) < 5 oMot @) <

Proof. A vertical segment gives the upper distance bound

|ta+1(ya fa(y))‘ < (1 + C‘g - Id’)(fa—f—l - foc)(y)v

and similarly from the upper sheet. For the reverse inequality, a Euclidean graph of slope at most
s has distance at least d/v/1+ s? from a point whose vertical gap is d. Indeed, at horizontal
displacement a the vertical difference is at least max{d — s|a|,0}, and minimizing

la|* + max{d — s|a|,0}*
gives d?/(1+s2%). The comparison applies to the extended graphs used in the definition of the signed
distances in Section 4. The vertical upper bound confines every minimizing segment to a coordinate

neighbourhood of radius C|loge]|.
By Claims 10.5, the squared slope and the metric error on this neighbourhood are bounded by

C(K)(e?k7 ! 4 ¢|loge]), C(K)(er™ 2% + | logel),

respectively. Multiplying by a gap of order |loge| proves the first inequality in (10.16). Under
(10.1), its three terms are bounded by

C(K)M™2 C(K)M™'loge|™,  C(K)e|logel.
Choose M after K and then choose ¢ sufficiently small. Since § < 1/48, this proves the second
inequality in (10.16); (10.17) follows by exponentiation. If (y, fo(y)) € Xa N B, (0), then the

definition of A(r;0) gives e ltat1W:SaWl < e=DalW) < k. At (y, fasr1(y)) € Sas1 N B (0), the
definition of A(r;0) gives e~ ltaW: a1 (W)l < O

We now need to compute the operator in (10.10). The proof of Lemma 4.22 in Appendix B already
contains the essential computations to check that by Claims 10.5 for every y € IB%;KR_1 (2",

|By —1d| < C(K)(er™ Y2 + 2571 + €| loge), |VB,| < Ce.

After M is fixed and ¢ is decreased, these inequalities give (10.9). Remark 10.4 gives the boundary
condition.
Fix
Yy e B;KH—I/Q ($l) with  for1(y) — fa(y) < 4|loge| + 1.
Apply Corollary 8.3 at (y, fa(y)) and (y, fa+1(y)). By the radius choice in the proof of Proposition
10.1,

Bioopioger (0 ) € BFO0), v e {a,a+1}.
The remainder in each of the two Toda equations is

0(52 + K32 + 61/6H).

In the equation for the lower sheet, discard the nonnegative interaction with its lower neighbour;
in the equation for the upper sheet, discard the nonpositive interaction with its upper neighbour.

Since A1 = A_q,

247 (s !
H, > ——Lelari@faWl _ 02 4 3/2 4 £1/6),
00
while
247 2, 3/2, _1/6
Ha+1 S — 1757 Y, fat1(y))] + C(é‘ + K / +e / H).
o)
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Multiply these inequalities by the corresponding positive densities and subtract the lower-sheet in-
equality from the upper-sheet inequality to obtain (10.10). Indeed, after division by &, all remaining
terms are bounded by

2
C(K) (6<1+|10g€|> RN 51/6) '
K

The first term is at most C'(K)/M under (10.1), and the other two tend to zero uniformly because
A(5R/6;0) = o(1). This proves the lemma. O

10.2. The rescaled inequality and its stability. Use the following rescaling:

Va(y) = (fat1 — fa)(5/%y) = |logk|,  Ba(y) = Ba(x '/?y).

After rescaling, the base coordinate of z is k'/22’. Then set

4
Va(y) = max {e_”"(y), 5} .

K

At every point
y € B}r{(/ﬁl/gx') such that  (faq1 — fa) (™ %y) < 4]loge|,
one has V(y) = e =) The proof of Proposition 10.1 shows that (foi1 — fa)(z') < 4|loge|, and
hence VQ(HI/Q.'LJ) — e—va(ﬁ;l/zx/)'
For every y € B} (x!/22") satisfying (fat1 — fa)(k~/2y) < 4|loge|, rescaling (10.10) gives
.S 4A% -0\ ,—v -0
div(BaVvs) < — (1 4+ C(K)M™°)e " + C(K)M°.
o0
Consequently, V,, is a positive, continuous, locally Lipschitz weak subsolution of
T 447 Ny —5
div(BaVV,) < (1+ CEK)M )7 =V (BaVVa, VVy ) + C(K)M™°V,,
(10.18) a0
<BaVVa,1/> =0 on {y; = 0}.

The rescaled coeflicient satisfies
- - 1 -
|Bo —1d| < C(K)M™°,  |VB,| < Cerx /2, Sld < Ba < 21d

Lemma 10.7 (Transfer of almost stability). Fiz 7 € (1,2) independently of K, M, and €. For
every n € C1 (B (k'/22")) supported away from 8B (k'/22"),

2
A Vo < (74 C(K, )M ™)

(BaVn. V)
00 JB (s1/207) B (k1/227)

(10.19) + C(K,7)M™° X .
B (k1/2a7)
and stmilarly in a full ball in the interior.

Proof. We put the same base test function on the two adjacent sheets, compare its projected values,
and rescale, as in [WW19b, Lemma 9.5 and (9.26)]. Throughout the proof, n denotes the rescaled
test function, extended by zero outside B}(ﬁl/ 22"). Set

(@) =ny) (v=a,a+1), n,=0 (y¢{a,a+1}).
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Proposition 9.1, with N = 2, gives
243 e Ital A A
(Mat1 + 7o 0 Ta)? dAat10 < Z ’v70777’ dAy o+ Q((1y)4),
TOQ Za+1
y=a,a+1

Claim 10.5, Remark 4.16, and the coordinate-flow estimates used in the proof of Lemma 9.9 give,
whenever y € E;ml/'z (2') is such that fo11(y) — fa(y) < 4|logel,

(10.20) o (y, fas1(y)) —y| < C(K) (55—1/21 loge| + vz |logeP/? + €| 10g5|3>.
Claim: Let S = {y € B;H_I/Q(x’) : fat+1(y) — faly) < 4|loge|}. Then

fse_'t“(y’fa*1<y>>' 0 (e (Y, far1(¥)) = Nat1 (Y, far1 () dy

(10.21) < C(K)M‘%ml‘”/?/ [V [* dy.

B;(nl/Qz’)

Proof of Claim. To obtain (10.21), let Iy (y, fat+1(v)) = (P(y), fo(P(y))) and notice that
10 (Wa(y, fart (W) =nat1(y, fart (@) = (2 P(y)) = n(x'/2y)?

10.22
1022 < k|P(y) yl2/ IVn(s'2((1 = )y + sP(y)))|* ds.

By (10.20),

|P(y) —y|* < C(K) (52m_1| loge|? + ek loge|?® + £k 10g5|6),
so that, for fixed K and M, we can pick € small enough that

C(K)(*x | loge|* + er|loge® + ek loge|®) < C(K)M~%

Using e *ol < k and integrating the left-hand side of (10.22) over S and the right-hand side over
B;H_I/Q( ) gives (10.21). O

Now notice that (7441 + 7o 0 Il)? > 4(1 — M*‘S)ngHr1 — Mé’na—i-l — 7q 0 II4 |2, so the previous
claim gives

- C(K)M—%l—”ﬂ/ (V| dy.
B} (k1/227)

Under the graph parametrizations, Claim 10.5 gives
dAy o= (1+OC(K)M ™)) dy (y=a,a+1),
and

2
[ Voo Paage < (e [ sy dy

Y ;;H, 1/2 (.I/)
The weight comparison in (10.17) and the formula immediately following it give

e~ oW fari ()] — (1 + O(C(K)M*(s))e*(faJrl*fa)(y)
when for1(y) — fa(y) < 4]loge|. Now set Y = x!/2y. On this set, e~ Jat1=F)W) = xV, (), so

/S ¢~ Uar1=F2)0)yy (51122 gy = 5112 / Va(Y)(Y)2 dY,

/
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where 8’ = {Y € Bj.(k'/22") : (fat1 — fa)(k7Y/2Y) < 4|loge|}, whereas

/ Vo2l dy =i [ eay,
]B; 71/2(33/) Bt (51/233/)

Substitute these comparisons and the lower bound for the square into the stability inequality, and
cancel k'~"/2. We obtain

‘ 2

AZ

(- oumr) / Van®dY < (2+ C(K,7)M~°) / Va2 Y + &2 Q((1)-)-

TO) S B (k1/22")
Moreover,

/ nidA%O < (1+C(K)M_5)n_”/2/ ?dY (y=o,a+1).
2y B (k1/22")
Thus (9.2), with N = 2, gives
PIQ()) < CENE ) [Py
B} (k1/227)

2
+C(2,7) Sy M6 U7 / ndY
’ K B;’((Hl/le)

< C(K,7)M™° (/ V2 dY +/ n? dY) .
B (x1/22") B (k1/227)

Insert this bound for Q into the inequality with coefficient 842 /(70g). For M sufficiently large,
C(K)M~% < 1/2. Divide by 2 and multiply by 7/(1 — C(K)M~°) to obtain
2

4A
(10.23) —L [ V,n*dy
(o)) S’

< (r+C(K,7)M™?) / |Vn|2dY + C(K, T)M—5/ n*dyY.
B (n1/2a7) B, (x1/227)
By (10.9),
(10.24) V|2 < (14 C(K)M™°)(B,Vn, V).

Moreover, on B (k'/22') \ &', we have V,, = e*/k. Adding the resulting contribution to (10.23) and
using (10.24) gives (10.19). O

10.3. Local bounds for the scalar inequality. We now state the scalar estimates for an arbitrary
base-ball centre yy. In the application to the function V, constructed above, take yg = k122 We
regard (10.18)—(10.19) as scalar weak inequalities on B (o). If Bk (yo) C {y1 > 0}, replace every
B (yo) below by B,(yo) and omit the conormal condition. The matrix B, is symmetric and has
ellipticity constants between 1/2 and 2. Test functions may meet Bx(yo) N {y1 = 0} but have
support disjoint from 0Bx(yo) N {y1 > 0}. All constants are uniform for every centre yo with
B} (y0) # @. Once 7 is fixed, its dependence is included in C(K).

Proposition 10.8 (Smallness from almost stability). Suppose that 1 < n < 9. Choose, once and
for all,

7 2
(10.25) 1<Q<2’ 1<r<5, p=2q+1.
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The only properties used below are

p>g and 2¢ — 7¢*> > 0.

For K sufficiently large and then M sufficiently large, every positive locally Lipschitz weak subsolu-
tion of (10.18) on Bj.(yo) that satisfies (10.19) obeys

1
Vall ot oy < 7
The proof is divided into the following three lemmas.

Lemma 10.9 (Bounded local subsolutions). Suppose that C(K)M~% < 1, and let V,, satisfy (10.18)
on BJ (yo) with 0 < V, < A. For every p > 2,

(10.26) ”Va”Loo(Bf(yo)) < CO("aZ%VVaA)HVaHLP(B;(yO))-
More generally, for every fited 0 < r; < rg < 2,

”Va”Loo(le (o)) < CO(ﬂqu W A7 1, T2)|’VO¢HLP(BT+2(?JO)).

Proof. Discard the nonpositive quadratic-gradient term in (10.18). Since C(K)M % <1 and V, <
A,
~ 8A?2
—div(B,VV,) < <1 + =1 > Va.
o
For s > 2 and ¢ € C'(BJ (yo)) satisfying supp N (9B2(yo) N {y1 > 0}) = 0, test this inequality
with 2V~
All integrals through (10.27) are over B (o). The conormal condition removes the integral over
Ba(yo) N {y1 = 0}. Uniform ellipticity and Young’s inequality give

(s—1) /¢2V§_2 <B’avva,vva> < C(W)(1+A) /¢2Vj

42 )/m/;—l <§avva,v¢>‘

< C(W)(1 + A) /¢2V; n % /zp?v;? <§avva, vva>

C
+ 2 [vaver.
s—1
Subtract the repeated gradient term and use \VATAR (s/ 2)Vo‘f/ >71YV,. It follows that

(10.27) /|V(zpv;/2)}2 < C(W)s2/V§ (1 +A)p? + | Vy[?).

Apply the Euclidean Sobolev inequality to 1V /2 after extending it by zero across 0Ba(yo) N{y1 >
0}. If suppN{y; = 0} # 0, take its even H' extension across {y; = 0}. For n > 2 use the exponent
2n/(n — 2); for n = 1,2 use exponent 4, including the L? term on the bounded support.

At the j-th step, use the nested half-balls IB%LQ,J. (yo) and IB%;rJrQ,j,l(yo), begin with exponent

+ +
. 1+2-3 142-3-1
bounded by C2’. Equation (10.27) multiplies the next norm by at most

s = p, and choose a cutoff supported in B (yo), equal to one on B (yo), with derivative

(CW)s*(1+ A +47)) "/,
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The exponents grow geometrically, by n/(n — 2) when n > 2 and by 2 when n = 1,2. Hence the
sums of 1/s and j/s over the iteration are finite, and so is the product of the displayed factors.
This proves (10.26). O

Lemma 10.10 (LP estimate). For the choices in (10.25), if K is sufficiently large and then M is
sufficiently large, every subsolution satisfying (10.18) and (10.19) on B}(yo) satisfies

(10.28) Vo HLP B (40)) < CK™2 + C(K)M P K™.

The constant in the first term is independent of K and M. Consequently, the left side can be made
arbitrarily small by choosing K first and then M.

Proof. Let 1) > 0 belong to C' (B} (yo)) and satisfy supp ¢ N (OBx (yo) N {y1 > 0}) = 0. All integrals
below are over B} (yo). Since ¢ and 7 are fixed, the constants denoted by C' in this proof may
depend on them, but not on K or M.

Test (10.18) with V29" 42, The conormal condition removes the boundary integral on {y; = 0},

and the negative quadratic-gradient term changes the coefficient of the first integral from 2¢g — 1 to
2q. Thus

2q/VjQ‘2w2 <Eavva,vva> +2/qu—1¢ <§avva,w> < Lt;{f(lJrC(K)M_‘S) /V5q+1¢2
(10.29) +C(K)YM™° / V242,
Apply (10.19) with 5 = V.34):
4:; / VI < (74 C(K)M™) |¢? / V222 ( By Ve, VVa )
+2q/vgq—1¢ (BaVVa, V0) +/V,3q (Bave, Vo) |
(10.30) +C(K) M / V20,2

Substitute this estimate into (10.29). After increasing C(K), all perturbations of the fixed coeffi-
cients are bounded by C(K)M %, and hence

(20— 7¢? = CUOM?) [ V2202 (BT VL)
< c'/vquw <§avva,v¢>‘ +C/Va2q <§av¢,w>

+ C(K)M / V22,
The number 2q — 7¢? is positive by (10.25). Choose M so large that
1
U < L 2g — g?).

By Cauchy—Schwarz and Young’s inequality, we have

‘/qu 1¢ B vva,v¢>’ 12— 7q )/qu—%ﬁ <§avva,vva>

+C/V§q <§aw,v¢>.
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Absorbing the first term and using uniform ellipticity yields
Jvirsivip <o [varwer « cioms [ v,

Insert this estimate into (10.30); the mixed term is handled by the same Cauchy—Schwarz and Young
inequalities. We obtain

(10.31) /vjq“w? < C/V§QIV¢!2+C(K)M‘S/V3%2‘

Now replace 1 in (10.31) by P, where p = 2¢ + 1. The fixed factor p? is absorbed into C.
Holder’s inequality gives

(r—1)/ 1/
/ VIl 2|y )P < ( / V5w2p> ’ ,,( / \wr?p) ’
[zt < ([ vee) o (f) .

Dividing by the common factor, when it is nonzero, and raising to the power p yields

(10.32) / VI < C / V| + C(K)M / ned

and

Finally, choose a radial cutoff about yo which is one on B} (yo), vanishes outside IB%JIQ /2 (yo), and

satisfies |V1p| < C/K. Its restriction to the half-space is admissible. Since |B}. /2(y0)| < CK",
equation (10.32) gives (10.28). Finally,

p:2q+1>gzg, SO n—2p < 0.
Hence CK™ 2P is made small by choosing K large, and, after K is fixed, C(K)MPK™ is made
small by choosing M large. This proves the lemma. O

Lemma 10.11 (Removal of the a priori upper bound). Let p > n/2, p > 2, and suppose that V,
satisfies (10.18) on B (yo), with C(K)M~° <1 and

Voll o ey oy = 1

There is a constant Cy = Co(n,p, W) such that
Vol oo 55 o)) = Co-

Proof. Suppose otherwise. Let V; be a sequence of subsolutions violating the conclusion. For the
i-th subsolution, yg denotes the centre of the half-ball IB%I (yo) in the statement and may depend on
i. Choose x; € BJ (yo) such that V;(z;) — oo, and set

ri = Vi(a;) V4
For all large i, B, (x;) N {y1 > 0} C B} (yo). Let y; maximize
(ri = |y — z:])*Vi(y)

on B,,(x;) N {y1 > 0}. The maximum is positive and is not attained on 9B, (z;) N {y1 > 0}, where
(r: — |y — xi])? = 0. Put
ri =i — |yi — 2 >0, Ai = Viyi).
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Maximality gives
(10.33) /N > i/ Via) = Vi(a)Y* — oo,
Since 7} < r; — 0, it follows that \; — oco. If |y — v;| < rf/2, then r; — |y — ;| > 7} /2; hence
(10.34) Vily) <4xi on B,y a(yi) N {y1 = 0}.
Let d; be the Euclidean distance from g; to the boundary. First suppose that d;\/\; > 4. Define
Vi@) = A Vil + 37D,
By (10.33)—(10.34), this function is defined on B2 (0) for all large ¢ and satisfies
Vi0)=1, 0<V;<4.
The coeflicient in the rescaled equation is
Biy: + X, ),
not él@) After discarding the negative quadratic-gradient term and dividing the rescaled equation
by )\?, we obtain
(10.35) - dng<§i(yi + /\1-_1/2?7)Vg1~/i> < (1 +

Indeed, the term C(K)M ~V; becomes C’(K)M“S)\;l‘N/i after division by A\?, and its coefficient is
at most one for all large i; ellipticity is unchanged. Lemma 10.9, or its proof applied to (10.35),
now yields

3243

a0

) Vi in By(0).

1 <co(n,p, W, 4)”‘7'||LP(IB%2(O )

n/(2p)
= co(np, W. AN Vil ey, i

< co(n,p, W, 4))\”/(2p) — 0.
because p > n/2. For all large 1,
By, ;i) C By ja(yi) N {y1 > 0} C By (o),

which gives the last inequality. This is a contradiction.
Now suppose that d;v/A; < 4. Let y} be the Euclidean projection of y; onto the boundary and
retain the same value \; = V;(y;). Define

V@) =XV E N = VN - ).
Then |3;] < 4 and V;(;) = 1. By (10.33), r/\/A; > 40 for all large i. The inclusion
i A PB(0) € By () N {31 > 0} € Byyyay) 0 {3 > 0)
follows from |y;| < 4 and r/v/A; > 40. Thus (10.34) gives V; <4 on B5(0). The coefficient is
Bi(ys + A7),

and
3243

a0

— divy(Bi(y; + A ) vhi) < (1 + ) Vi inBfy(0),

with zero conormal derivative on Big(0) N {y1 = 0}. The bounded Moser estimate on the radii 8
and 16, followed by the exact scaling of the LP norm, gives

L=< H‘N/z’HLoo(]Bg(o)) < C(n, p, W)”‘ZHLP(ET(S(O)) < C(n,p, W))‘:'L/(zp)_l||ViHLp(BI(yO)) — 0.
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This is again a contradiction. O

Proof of Proposition 10.8. Fix ¢, T, and p as in (10.25). Lemma 10.10 allows us to choose K and
then M so that

(10.36) 1Vall s (o)) < min {1, (dco(n, p, W, Co))_l} .
By the first bound, we can apply Lemma 10.11; hence

Vo <Oy on ]B%;r(yo).
Apply Lemma 10.9 on the radii 1 and 2 with A = Cy. Then

1
Vall oo @t o)) = 0022, W, Co)lVall o a5 (4y) < 7

10.4. Completion of the separation estimate.

Proof of Proposition 10.1. We first assume (10.1). Fix any ¢, 7, and p satisfying (10.25). Choose
the radius K using (10.28), and then choose M sufficiently large for (10.36), Claims 10.5-10.6, and
Lemma 10.7. Increase M once more so that the final quantity in (10.16) is at most log(4/3). Finally
choose ¢ sufficiently small, uniformly in the layer index and in r.

For every

+ / .
YEB, 124000102 (T ) ety |z = fy(y)| < 20[loge],

the point (y, z), the graph points (y, fo(y)) and (y, fa+1(y)), and the normal-flow points used in
Claim 10.6 and Lemma 10.7 all belong to
+
BC(K)(ml/hr\1oga|)+300|1oga\2(x)'
Under (10.1), for all sufficiently small ¢,
_ R

C(K)(k7Y2 + |loge|) + 300|log ¢|? < 30’ zeB p(0)C B;R/G(O).

The two-sheet test functions in Lemma 10.7 are supported in

g +
BC(K)(H_I/Q-"-HOgs\)—l-IQO\10g5|2($) - B’r (0)’

so Proposition 9.1 applies. For every y € B;—Kmlﬂ (') and v € {a, a + 1} apply Corollary 8.3 on

B;?)Oﬂogs\? ((y’ f’Y(y))) C B:—(O)

Recall that = = (2/, fa(2)) € Xa N B ;g (0) is the point fixed in (10.4). The coordinate
construction uses a full geodesic chart when

B () NdoBE(0) = 2.

+
C(K)(k—1/24|log ¢|)4+300]| log £|2
Apply the lower-distance calculation in the proof of Claim 10.6 under the explicit condition fq11(z")—
fa(2') < Cllogel, together with Claim 10.5. Since (10.5) gives |to+1(2)] < 2|logel, it follows that
far1(2") — fa(2") < 3|loge| for all sufficiently small e. The hypothesis of Claim 10.6 therefore holds
at 2/, and V,(k'/22) = s~ le~er1=fa)@) By (10.4), (10.17), and the choice of M,
1 _ / 3 4 _ 3

(10.37) Vo(6'22) = kleVar1=fa) (@) > o le=lta+1(2)] 5 5
By Lemma 10.3 and Lemma 10.7, we can apply Proposition 10.8 with yo = x!/22/, which gives
Vo (k'/22’) < 1/4. This contradicts (10.37). Taking the maximum over the sheets proves (10.2)
under (10.1). O
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Corollary 10.12. Under the assumptions of Theorem 3.3,

(10.38) A(2R/3;0) < Ce?|logel?.
Proof. Increase M in Proposition 10.1, while keeping its K fixed, so that
v M log 2
6K

This preserves Proposition 10.1. Suppose, to the contrary, that
A(2R/3;0) > Me?|loge|?.
By monotonicity,
A(r;0) > Me?|logel? for every r € [2R/3,5R/6].
Hence, for all sufficiently small € and every such r,

R

maX{A(T; 0)_1/2, 500’ log 5’2} S m

Indeed,
R
Ar0) V2 < ——
(r;0) ~ VM]lloge]
follows from A(r;0) > Me?|loge|?, while
R
500|loge|* < ————
[logel” < v M|loge|

holds after ¢ is decreased.
Since A(-;0) is nondecreasing, Proposition 10.1 therefore implies

KR 1
Alr— —;0) < =-A(r;0 whenever r € 2R/3,5R/6
(r= Jgi0) < A0 2R/3,58/6

provided that the radius on the left is at least 2R /3. Starting at 5R/6, this estimate can be iterated

at least
VvV M|loge]
6K

times before reaching 2R/3. Since A(5R/6;0) < 1, it follows that
A(2R/3;0) < 2~ | VM|loge|/(6K) ]
< 2¢VMlog2/(6K) Me?|logel?
for all sufficiently small . This contradicts A(2R/3;0) > Me?|loge|? and proves (10.38). O

11. FINAL ESTIMATES AND THE BOUNDARY CORRECTION ON NONZERO LEVELS

Throughout this section, 1 < n < 9and R = ¢~ '. We use the geometric estimates of Section 4, the
corrected approximate solution of Section 5, the estimates of Sections 7 and 8, and the separation
estimate of Section 10. Constants depend only on the fixed data in Theorem 3.3; constants in
statements concerning nonzero levels may also depend on ¥'.

There are two differences from the interior conclusion in [WW19b, Proof of Theorem 1.1]. First,
Proposition 10.1 gives a squared logarithm for a general boundary. Second, the correction G,
constructed in Section 5 need not vanish at a nonzero value of the heteroclinic variable. The latter
term enters the second derivatives of the graph of {u = ¢} and therefore cannot be absorbed into
the error.
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11.1. Separation and estimates on the zero level.

Proposition 11.1 (Separation bounds). Under the assumptions of Theorem 3.3,

(11.1) A(2R/3;0) < Ce?|logel?.

Consequently, for every y € Yo N B;’R/?)(O) and every existing neighbouring sheet,
(11.2) D, (y) > 2|loge| — 2log |loge| — C.

Remark 11.2. If 9yB3,(0) is totally geodesic, then

(11.3) A(2R/3;0) < Ce?|loge].

Remark 11.3 (The boundary condition in the intrinsic separation equation). The intrinsic improve-
ment discussed in [WW19b, Section 10.2 and Remarks 10.9-10.10] cannot be imported without a
new boundary argument. To see the obstruction, let 3,41 be the upper neighbour of ¥, and set

p(Y) = ltat1(y,0)] = ~tar1(y,0)  (y € o).

At a point of JyX,, the inward normal v is tangent to X,. Lemma 4.17, applied in the coordinates
of ¥n41, gives the exact identity

8,, (y) = —dJa+1 (Ha-l—l(ya 0)7 tOc+1 (yv 0))

= Wa+1 (Ha-i-l (v, 0)),0(y) - ja-&-l (Ha+1(y7 0), —p(y)).
The last term is bounded by
Cp(y)* (1 + p(y)°®),
whereas the first term is generally of order ep(y). At the scale k ~ £2|log¢|, the rescaling y — yo =

k127 changes this boundary term into one of size ek 1/2p ~ | log €|1/2. It is therefore not a
vanishing Neumann error. Nonnegative ambient Ricci curvature does not imply w, = 0.

Proof. Equation (11.1) is Corollary 10.12. Since e~ P=®) < A(2R/3;0), taking logarithms gives
(11.2). If ¥, has no neighbouring sheet, then D, = +oc and there is nothing to prove.
0

Proposition 11.4 (Zero-level estimates). On B,

5R/g(O) one has

HQ&HCQYG(B;R/S(O)) + moiix ||ha||c2,9(§;amB+ (0))

5R/8
(11.4) + max |Ha(,0) + AOC,ghOCHCQ(EmB;R/s(O)) < Ce?|logel?,
(11.5) max ||v070h0¢”Clv‘)(EmBgR/s(o)) < O3,
For every fized D > 0,
(11.6) max |9y, ooz, oraengiai<oy < C(D)"
1<i<n

Moreover,

2 12 ~[ta—1(-0 2 —[tat1(-0
(17) max||Hao + Aaoha = — (A jane MmO = AT et oy o o

< Ce%

In particular,

(11.8) max || Ha (-, 0l co(s, 2, (o)) < Ce?|logel?.

5R/8
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Let Hy . and I, . be the mean curvature and second fundamental form of the corresponding zero
sheet in the original metric §. On B;r/z(O),

(11.9) |Hoellpe < Cellogel?,  [Haeleo < Ce'™|logel?,
and
(11.10) IMaclies < C.
If n =1, then
| Tocl|zoe < Cellogel?, [Moc]co < Cel~%logel®.

Remark 11.5. If the boundary is totally geodesic, the factors |loge|? in (11.4), (11.8), and (11.9)
may be replaced by |logel; estimates (11.5) and (11.6) remain unchanged.

Proof. Fix x € B;’R/S(O). For all sufficiently small ¢,

B;zoo‘ oge2(#) C B;R/B(O)'
Apply Proposition 7.1, Corollary 8.2, and Proposition 8.1 with centre z and radius 2. Every
interaction quantity on their right-hand sides is bounded by
A(2 4 200|loge|?; ) < A(2R/3;0).

Therefore

19l c20(51 (@) + max [hallc2o(zanps @)

+ max [ Hal(:,0) + Aa,Ohcx”Ce(EamB;(x)) < Ce?|logel?.
Moreover,
(%|loge|?)®/? = 3| loge|® < C&?, eV/0(e2|1ogel?) = £3/%]loge|? < Ce2.
Since D is fixed, D < K|loge| for sufficiently small e. Proposition 8.1 and Corollary 8.2 then give
mpclVaohalereannso e Ionlereissenuentruison < O

This proves (11.5) and (11.6).
Assume now that n = 1. At every point of the original zero sheet, choose a unit tangent vector
7. Since the tangent space is one-dimensional,

Ha,z—: = ]Ia,z-:(T’ T)7 |]Ioé,€’§] = |Ha,€|'

In a graph coordinate, the covariant tensor I, ¢ is H, ¢ times the induced tangent metric. The bt
graph bound in (H2) and the fixed C* bound for § give a uniform C? bound for that induced metric.
Hence
Maeloe < C([Haeloo + [[Haellze) -
Corollary 8.3, together with (11.5) and the preceding two numerical estimates, gives (11.7). More

precisely, for every 3 € X, N B;r R/S (0) and every existing neighbour .41,

”e_lt"il("o)lHc9(B§x(yO)) < CA(2R/3;0).
Indeed, Bf(yp) C X4 N B;R/S(()) for small ¢, and the coordinate tangent derivatives of t4+1(+,0)
are uniformly bounded on B{(yp). The mean value theorem controls pairs of points in Bf*(yp) at

base-coordinate distance less than one; pairs at distance at least one are controlled by the supremum
A(2R/3;0). Equations (11.5), (11.7), and (11.1) prove (11.8).
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Under the dilation = — ex,
Ha,é(gy) - 5_1Ha(y7 0), [Ha,E]C’g - 5_1_9[Ha('7 0)}097

up to fixed equivalence constants for the graphical coordinates. This proves (11.9).

It remains to prove (11.10). In the graph coordinates from (H2), the mean-curvature equation for
the original zero sheet is a uniformly elliptic quasilinear equation whose principal coefficient is the
inverse graph metric divided by the graph area factor; see the computation in the proof of Lemma
4.22. The fixed slope and C*! bounds in (H2) give uniform ellipticity and uniform C? bounds for
the coeflicients. The boundary condition is 0, fa,e 0. Since (11.9) gives a uniform C? bound
for the right-hand side, the local interior and Neumann Schauder estimates of Appendix E, applied
on coordinate neighbourhoods contained in B, /8(0), give a uniform C%Y bound for the graph on

Bf/z (0). This is equivalent to (11.10). This last step is the boundary version of the closing elliptic
argument in [WW19b, Proof of Theorem 1.1, equations (11.1)—(11.2)].

If the boundary is totally geodesic, use (11.3) in the same argument. The two error terms from
Section 8 are still O(g?). O

Notice that this concludes the proof of Theorem 3.3.

11.2. Nonzero levels. For the remainder of the section, fix t € [-1 4,1 — '] and set
s(t) = H (¢).

We orient every level graph by the normal having positive z-component. This orientation agrees
with the one used for H,(-,0) at t = 0; the normal Vu/|Vu| differs from it by the constant sign
(—1)* near 3.

Lemma 11.6 (Graphs of the nonzero levels). For each a, the portion of {u = t} associated with
Yo and lying over X, N B3R/5( ) is the unique graph

(11.11) z2=AL(y,t) = ha(y) + (=1)%s(t) +n(y, 1),  uly,L(y,1)) =1,
in a normal strip whose width depends only on V' and cy. Uniformly in t and «,
(11.12) Hn("t)HC2’9(EaﬂB;R/5(O)) < C)e,

and

(11.13) Hn(-,t) - (=1) (? ((;) 5(t) C(b)e?|loge|?.

C2v9(EamB;R/5(0))

At t =0 one has £(-,0) = 0 and n(-,0) = —hq. Every point of BR/Q( )N {Jul <1 =1V} belongs to
one of the graphs (11.11).

Proof. In this proof, take the fixed number D in (11.6) to be

21 -V
D =2+ max |H_1(T)’+¥.
I7|<1-b Co

Fix o € o N B3R/5( ). Since D is independent of €, (11.2) implies, for all sufficiently small e,

Y. (BS (1) x [~D, D)) € MO
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For every (y,z) € B$(yo) x [—D, D], the cutoff used in the definition of Hy(y, z; ha) equals one.
Lemma 4.30, Corollary 5.10, and the distance and projection estimates of Section 4 give

H%(Hﬁ +(=1)sgn(8 - ) )| oo ppy < COVACR/3:0)
(11.14) (xen
B#o

The first estimate follows by differentiating the exponentially decaying tails on B{(yo) x [-D, D]
and summing with Lemma 4.30. The second follows from (5.5) with any fixed exponential weight
larger than 3/4. On B{*(yo) x [—D, D], the distance and projection estimates control the maps tg
and IIg that occur in every summand Hg(y, z) and Gg(y, z), together with their derivatives and C?
seminorms.

Equations (11.4), (5.5), and (11.14) yield

‘u(y, z) —H((-1)*(z — hal(y

< C(t)eA(2R/3;0)%* < C(V)e?

C%9(B{ (yo)x[-D,D])

< O@)e.

)Hc2 0(B% (yo)x[-D,D]) =

Moreover,

in H'(H! > 0.
i (H™ (7))

The intermediate value theorem and the implicit function theorem therefore give a unique root
z = l(y,t) for every y € Bf*(yo). Uniqueness makes the locally defined roots agree on overlaps as
yo varies, producing the graph (11.11) over ¥, N B, . (0). For every y € B{(yo), evaluation at

3R/5
(y,L(y,t)) gives

Uy Uy

The estimate

HU(% z) — H(<_1)a(z - ha(y))) HC“(B?(yO)x[—D,D]) < C(V)e,
together with the product and composition estimates in (11.15), gives (11.12) on B{*(yp). Taking
the supremum over yy € X, ﬂBgR/5(O) gives the C° bounds on X, ﬂBSR/5(O) Ifp,q € 34 ﬂB3R/5(O)

have base-coordinate distance less than one, apply the estimate on B{'(p); if their base-coordinate
distance is at least one, bound the Hélder quotient by twice the C° norm on %, N B, .(0). This

3R/5
gives the full C>Y norm in (11.12).
At the root (11.11), the exact identity u = H, + G, + ¢ becomes
0= H(s(t) + (—1)0‘77) - H(S(t)) +Ga(y, () + (=1)"n) + ¢(y, 0)
(11.16) + 3 (Hsw,0) + (=) sgn(8 — ) + Gp(y, 1))
pF#a
Taylor’s theorem and the higher-order version of (5.5) give, with s = s(t),

[B(s + (=1)) — B(s) — (~D"B ()] coango gy < CONE0 500000

H@a(’a 5+ (_1)1177) - @a('7 5)“02,9(3?(%)) < C( ) HWHCQ (B (yo))
Substituting (11.12), (11.4), and (11.14) into (11. 16) and dividing by H'(s(t)), gives (11.13) on
Bf*(yp). Taking the supremum over yp € X, N BSR/5( ) gives the C° part on X, N B;R/E)(O). If
P,q € XN B3R /5( ) have base-coordinate distance less than one, apply the estimate on B{(p); if
their base-coordinate distance is at least one, bound the Holder quotient by twice that C° norm.
This proves (11.13).
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For t = 0, 5(0) = 0, G4(y,0) = 0, and the zero sheet is z = 0; hence n = —h,. Finally, let
J S BEQ(O) N{|u] <1—"¥'}. The rescaled form of (H1) is |Vu| > ¢ on {|u| <1 — b}. The integral
curve of —sign(u(p))Vu/|Vu| starting at p reaches a zero of u after length at most (1 —b')/cy. Let
q be the zero of u reached by this integral curve and let ¥, be the zero sheet containing ¢. For
sufficiently small €, one has

qc Ea N B;—R/g)(o)v Ha(p) € Za n B‘;_R/E)(O)'

The uniqueness in (11.11), applied with ¢t = u(p) and base point I1, (p), therefore gives p € ¥, (u(p)).
O

Proposition 11.7 (Mean curvature of a nonzero level). Let Hy, () be the mean curvature of the
graph (11.11), with the orientation fized above. Uniformly fort € [-14+b',1 =],

1)@ _
(11.17) HHEa(t) — Hu(+,0) + (, ) Aa0Gal-s(t)) < C(b)e?|logel?.
H'(s(t)) CO(LanBiy 5(0)
Consequently,
(11.18) s llcosungs. o < CH)e.

3R/5
Remark 11.8. Recall if [Vu(z)| # 0, then
AW = Mpymu(py? + V7 log [Vul .
If in addition = € 9y B3 (0),

Vu Vu
Oy log |Vu| =1y g+ (o) ( > '

[Vul” [Vul
In particular, on dyX,, we have 9, log|Vu| = —w,, and
[Aw)]? > [Is, [* + |wal*.
If n = 1, then at every regular boundary point, in the original metric,
2 _ 2 2
(11.19) |Aue) 5 = Miue=ue (@)} + Moy 55 (0 l5-

Thus, in ambient dimension two, a decay estimate for |A(u.)| at boundary points in the transition
layer requires the curvature of the boundary to vanish at the same rate.

Remark 11.9. If 9yB; (0) is totally geodesic, then G, = 0 for every sheet ¥, meeting B;R/g(O).
Then uniformly for ¢t € [-1+V/,1 —¥'],

500 — Ha(‘vo)Hog(Eamw 0) < Cv)e?,

3R/5

HHEa(t)||CG(2QQB;-R/5(O)) < C(V)e*| loge|.
and its second fundamental form satisfies
—0
||I[Ea(t)”L°<>(B;/2(o)) t+e [HEQ(t)]CH(BE/Q(O)) < CO()e.

If, in addition, n = 1, then each level set is a curve, so its second fundamental form has one
component and its norm equals the absolute value of its mean curvature. Consequently,

sup |A(u)(p)] < C(b’)z;”?] loge].
PEBY, 1, ()N{[u|<1-b'}
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Unlike the dimension-one conclusion in Proposition 11.4, this estimate still requires total geodesicity
of the boundary, as noticed in Remark 11.8.

Proof of Proposition 11.7. The graph in Lemma 11.6 is a regular level contained in {|u| <1 —b'}.
Hence (H3), together with the uniformly controlled twisted-coordinate map, gives |Vq0f| < Cno
and \Véoﬂ < CApe. The smallness of 79 and Ay is chosen so that Lemma 4.22 applies to £(-,t).
Since the operator in that lemma annihilates constants,
(11.20)  Hy, ) — Ha(0) = Ly, g(ha + 1) + ([Ts, * + Ricy(ns,,n5,)) £ + Q(y, £, d).
On the bounded strip containing the graph, the coefficient estimates of Proposition 4.19, together
with (11.12), imply

HEEQ[Z](ha +1) = Aao(ha +1)llce < C(b/)gHva,O(ha +n)llcre < C(b/)52'
The curvature coefficient in (11.20) is O(¢?) in C? by Proposition 4.1 and the rescaled metric

bounds. The estimate for Q in Lemma 4.22, its differentiated form supplied by Proposition 4.19
and Appendix B, and (11.12) likewise give

| (1Is, [* + Ricg(ny,,nz,))l + Qy, £, dl)|| .o < C ().
Finally, (11.13) and (11.5) give

<_1)a ~ AP 2
A o(ha ——— Ay 0Ga(:, s(t < C(b)er|l :
oo+ )+ g BaoBals(0)| < )2 loge
Combining (11.20)—(11.21) proves (11.17). Equation (5.5) gives ||An0Ga(,s(t))|lce < C(b)e; to-
gether with (11.8), this proves (11.18). O

(11.21) ‘

We conclude by making the dependence of the curvature estimates on the second fundamental
form of the boundary explicit. The following remark compares the enhanced second fundamental
form throughout the transition region with the second fundamental forms of the zero sheets.

Remark 11.10 (Dependence on the boundary geometry). Under the assumptions of Theorem 3.3,
fix b <V < 1. Applying (F.2) to (5.4), with f = 0 and ¢(y,7) = —wa(y)Tﬁ,(T) and using the
identity for w, in Lemma 4.17 gives, for all sufficiently small ¢ and uniformly for [t| <1 — ¥,

2
(11.22) 1wzt e (et o < CO) (108l + Moy 5z o) e sgon)
and
(11.23)
2
sup [Aue)lg < C’maax ”]Ia,sHLgo(zamB;r/5(o))+C(b/) (5| loge|” + ||]I303;(0)”c§(303;(0))) )

B, (0)n{lue|<1-b}

where the metric g is as in Theorem 3.3.
If n = 1, Proposition 11.4 and (11.23) give

sup |A(ue)lg < c(v) (5’ log€\2 + ”HaOB;(O)Hcg(aOB;(O))> :

B} (0)n{Juc|<1-b)

The boundary second fundamental form term cannot in general be omitted because of (11.19). Thus,
as we pointed out in Remark 1.2, unlike the interior decay estimates in [WW19a, Theorem 3.6] and
[CM23, Proposition C.4], no uniform o(1) estimate for |A(uc)| is possible where |]IBOB;(0)\§ stays
bounded away from zero. This applies even on {u. = 0}, although the ordinary curvature of its
components tends to zero by Proposition 11.4.
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Indeed, if we choose D as in the proof of Lemma 11.6 and yy € ¥, N B;R/5(O), and note that

—wa(y)Tﬁ/(T) is odd in 7, then the product estimate and (F.2), with f = 0, give

IGallo=o(5 (o) xI-p,0p < Cpllwallcros.)
< CDEHHaOB;(O)||c§(aoB§(0))’

where the second inequality follows by differentiating the identity for w, in Lemma 4.17 and using
Proposition 4.1 and (4.4). The cutoff equals one for |z| < D, hence, (11.17) and (11.8), followed by
rescaling, give (11.22).

For (11.23), use u = H, 4+ G, + ¢, (11.4), (11.14), and the estimate

luly, 2) = H((=1)*2)llo2 (B¢ (o) x[-D.0)) < Cp (€2| logel” + 5||HaoB;<o)||c§(aoB3+<o))) :

Since H' is bounded below on [—D, D], this controls the difference between V(Vu/|Vul|) and
(-=1)*V?t,. By (B.2) and Lemmas 4.11 and 4.15, |V zV?t,| < Cpe? on Bf(yo) x [-D, D]. Com-
paring with the value at z = 0 and rescaling proves (11.23).

Part 3. Appendices

APPENDIX A. PROOF OF DERIVATIVE ESTIMATES FOR ENHANCED SECOND FUNDAMENTAL FORM
A IN PROPOSITION 4.1

In this appendix we prove derivative estimates for the enhanced second fundamental form A in
Proposition 4.1.

Proof of Proposition 4.1. We prove the estimates on Bj, ;(0)N{|u| <1—¥'}, using (H1) and (H3)
of Theorem 3.3 on the larger set {Ju| <1 — b}, as in [WW19a, proof of Lemma 8.1].

Fix zg € B;R_l(O) N{|lu] < 1—"¥'}. By the uniform local gradient upper bound and o > b,
there is a small ball (if x( is an interior point) or half-ball (if z¢ is a boundary point) centred at z,
denoted by B, which lies in {|u| < 1 —b}. The radius of B is uniform in z¢ € {|u] <1 -1V} and e.
On B, by (H1), (H3), and the metric rescaling, we have |Vu| > ¢y > 0.

Let (x1,...,2p+1) be the Fermi coordinates of Section 3.1, and recall that u satisfies |u| < 1
and the equation Aju = W/(u), with boundary condition dju = 0 on {z; = 0}, so that by
interior/Neumann elliptic regularity (see Appendix E),

(A1) [ullgmzo < Con(|[ullco + W' (W)llgmeo) < Cr

for m > 0 on a ball/half-ball B’ € B centred at xg of, say, half the radius.
Set w = |Vul?2, N = w™/2Vu, so that A = VN, and let N, = g(N, Oz,) = w~1/?y,. Since
w > cg on B’, then, by the product rule and the chain rule, by (A.1), we obtain

(A.2) |w™|cmeo + | N||gme < Cpy  on B

Notice that this implies || Ao < C on B'.
Since O;Nq = Aiq + quNk and |I'| < Ce, together with the assumption |A| < Ce, we conclude
that

(A.3) IDN| < Ce on B.
As in [WW19a, Lemma 8.1], Bochner’s formula gives
(A.4) div(wVN) = —w|A|2N — wRicy(N, N)N + w Ricy (N, -)*.
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Let us differentiate the Allen-Cahn equation satisfied by u, and use (A.4) to obtain the following

scalar equation for N, = wY 2uq
(A.5) AgNy + (Viegw, VN,) = Fy,
where
Fy= — |A*N, — Ricy(N, N)N, + R,"Ny, + 24T 0, Ny,

+g" ((%Fk rt ng rt F]g + (0; logw) jq)Nk.
Here, repeated coordinate indices are summed and ¢ is fixed.
By the bounds on curvature and the Christoffel coefficients in Theorem 3.3, (A.2), and (A.3),
A Nglico < CllAllcol|Allce < Ce.

Thus || F|lce < C(e+ ||AllcollAllce) < Ce.
Now, on B’, the oscillation of Ny is O(g) because |[DN| < Ce. If z is on the boundary dyBip_;,
then u1 = u14 = 0 for ¢ > 2, so we have

(0199 Yuju;

u
(alg )Uzuja Nl = 07 8IJZ\/*q = - 2w ]Nq (q > 2)

In either case, if we let vy = Ny — Ny(z0), then by the interior/Neumann elliptic estimates (see
Appendix E) for ¢ > 2, and the interior/Dirichlet elliptic estimates for v;, then

lvgllc20(pry < Ce

on a ball B” € B’ € B of, say, half the radius of B’. This gives || Al 105+ < Ce. The result then
comes from differentiating (A.5) and iterating this argument. O

APPENDIX B. PROOF OF GEOMETRIC APPROXIMATION ESTIMATES AND MEAN CURVATURE
EXPANSION IN PROPOSITION 4.19

We collect in this appendix the various geometric approximation estimates in Proposition 4.19
that we obtain in twisted Fermi coordinates and the mean curvature expansion under twisted Fermi
coordinates in Lemma 4.22.

Throughout, |z| < K|loge|. Tensors on ¥, are pulled back by y — Y5 (v, 2) and measured
using ga,0-

Proof of Proposition 4.19. Notice that by definition Z = 0,. Since {0y,,...,0,,,0.} are coordinate
vector fields, then 0 = [0;,9,,] = [Z,0,,] for all 1 <i <mn.

By definition {0y, ](y,2)s- -+ Oy, l(y,2)} are tangent to ¥,. at (y,z). Therefore, gaj(y,2) =
9ij(y,2), and
(B-1)  0:9a,ij = Z(9(y;, 0y,)) = 9(V20y,,0y;) + 9(0y,, V 20y;) = 9(Va,, Z,0y;) + 9(8y,, Vo, Z).
By (4.18) and (4.28), then (0,94, (y, 7)| < e(1+|7]) for |7| < K|loge|. Therefore, after integrating

between 0 and |z|, we obtain the first half of (4.36).
By the chain rule

ik
zgtl;y] = Z 9a 9 J azga,lky
l,k=1

and by definition,

Flgz i = Z ga yzga lj + 8yj Gayil — 8yz ga,ij)'
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The coordinate-field bounds in Section 4.2.1 give

|8zga,ij| + ‘8z8yggoc,ij| + |8ZF§7U| < O€(1 + |Z|)7
2
S (10 gois | + 10 971) + 10y, T | < Ce(1+ |22),

m=1

which completes the proof of (4.36), and proves (4.37), (4.38), (4.39).
For the estimates involving the second fundamental form, recall that, by the Riccati equation in
[CM20, Appendix A], we have

(B.2) V; Ve = —(V*a)? — g(R(, 2)Z,"),  V*4(Z,") = 0.

The initial bounds and |Rm, | < Ce? give |[V?,| < Ce, and |V ;V?t,| < Ce?. Then, tangential
differentiation gives

(V*a)(Z,+,-,)| < Ollaz| Va1 + C|V Ry | + C| Ry | L, .|,
with the remaining slots tangent and normally parallel transported. Since
Vaellas = ~(Vta)lrsgs.

an ODE argument using Gronwall’s inequality for vector valued functions, together with Appendix
A, yields

VDo < Ce, (Vi) (Z,-, )| < Ce2,
Now recall that by definition
aZ = Z + T7 Vza P Vayi Z) ]Ia,ij = —(v2ta)(8yia ayj)a
so that by Lemmas 4.11 and 4.15, we finally obtain the following estimates:
10:10i5] + 10:(Va, Do 2 )kij| < Ce* + CIT|(|VPa] + [Va|) + CIVZ|(|VPHal + |VPal)
< CE(1+ 2P,

and

10:Ha| = [(9:98 aij + 93 0:Maij| < Ce*(1+[2).

Integration between 0 and |z| completes the proof of (4.40),(4.41), and (4.42).
Finally, for the volume form

az>\oz = %)\agéjazga,ij = )\a(_Ha + diva,z T)7
so that |0;Aq| < Ce(1+ |z|) by (4.30) and (4.41). O

We shall now give an expansion for the mean curvature of the graph of a function ¢ € C%(%,, ).
This is analogous to [CM20, Lemma 2.9].

Proof of Lemma 4.22. By Proposition 4.19 and (B.2), |Ly .| + |Ha| + |V?ta| < Ce and
ZHgy = |Ia. >+ Ricy(Z,Z),  |Z°H,| < Ce.
By the definition of Z and Z,
IVZy| < Ce,  (Z,Z2)(y,0) =0,  [0:(Z, Z2)| < Ck,
(Z,22)(y,2) < Celzl = |T(y,2)| < Cels|
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For y =I1,(Ys, (y, 2)), Lemma 4.4 yields
dy ~ -
- = DIL(T)(Ys,(y,2)), |-yl < Cez”.

Taylor expansion along the normal geodesic from y gives
Ho(y, 2) = Ho(3,0) + 2(ZHy)(7,0) + O(322).
By Appendix A and the rescaled metric bounds,
V2 0Ho(0)| < Ce,  |Vao(ZHa)(-,0)] < Ce2.
Hence
[Ha(3,0) — Ha(y, 0)| < Ce2?[VaoHa(y,0)] + Ce’2",
2 [(ZHa)(5,0) = (ZHa)(y,0)| < C=° |2,
and therefore
Ha(y,2) = Ha(y,0) — (aof? + Ricy(ns, ,n5,)) (4)2]
< Cez?|VaoHa(y,0)| + Ce322(1 4 2%).
Write ¢; = 0y, and evaluate coefficients at (y,¢(y)). The defining function ¢, — ¢ o Il gives
(1+ Tigoi)Z - Vowap’

w

(B.3)

@ = (1+T'0)* +del}, ,,  mx =
where Vg ¢ = Vi, (¢ 0Il,) and repeated indices are summed. Since

N A _
’T‘ ‘d(p‘ = 0(1)7 <n2a[<,9]>Z> = TZ >C 1,
the graph metric is uniformly equivalent to go0. The stated properties of Ly, [, follow from its

definition. Since t, = ¢ o I, on the graph, the restriction formula for the Laplacian gives

w I, ,(V ,V
Hs.jo) = Lsall$ = Ty Hal:9) = W((l f,;f%);w)
Since
w B \del3, .

L+ Tip (14T (o + 1+ Tip;)’
we obtain

| Hl) = Lo — Haly, ¢)| < Celdplg, -
Together with (B.3), this proves the expansion. O

APPENDIX C. THE ONE-DIMENSIONAL HETEROCLINIC SOLUTION H

We summarize in this appendix the results on the one-dimensional heteroclinic solution needed
in this work.
Let W be the even double-well potential fixed in Section 2. There is a unique increasing solution
H:R— (—1,1) of
H" = W'(H), H(0) = 0, lim H(t) = +1.
t—+oo

This is called the heteroclinic solution. Since W is even and the normalization fixes the translation,
H is odd and H' is positive and even. Multiplying the equation by H' and using the limits at infinity
gives

H'(t) = \/2W (H(t)), for all t € R.
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It is not difficult to check that, as ¢ — 400, the function H(t) converges exponentially to +1. More
precisely, as t — 400, we have the following asymptotic expansions: there exists a constant Ap,
depending on W, such that for all ¢ > 0 large enough, there holds

(C.HH(t) =1 — Aje™t + 0(e™?), H'(t) = Aje™t 4+ O(e™?), H”(t) = —Aje™" + O(e™?).

Likewise, as t — —o0, the analogous expansion holds with a positive constant A_;. Since W is even
and H is odd, in the present paper A_; = Aj.
The correctly rescaled heteroclinic is H.(¢) = H(t/¢); it satisfies e2H” = W’(H.). Finally,

(C.2) o0 :/RG(H'@))MW(H@O dt:/R(H’(t))zdte (0, +00).

Lemma C.1. For all T > 0 large, we have the following expansions.
/R (W"(H(t)) — 1) (H(—t — T) + 1) H'(t)dt = —24% e T + O(e~*1/3),
and
/ (W"(H(t)) — 1) (H(T — t) — 1) H'(t)dt = 24%¢™T + O(e41/3),
as well as :
/R (W"(H(t) + H(—t — T) + 1) = W/(H(~t — T))) H'(~t — T)H'(t)dt = —2A% e~ + O(e”7/9),
together with
/R (W"(H(t) + H(T — t) — 1) — W (H(T — 1)) H'(T — t)H'(t)dt = —2A%e™T + O(e~7/%).
Proof. The proof of the first two estimates can be found in [WW19a, Lemma A.1], while for the
last two we refer the reader to [WW19b, Lemma A.2]. O

We conclude by discussing the spectrum of the linearized operator at H, i.e.

L= —d—Q + W”(H(t))
o di2 ’

A direct computation shows that H’ is an eigenfunction of £ corresponding to the 0 eigenvalue.
One can prove that this is the lowest eigenvalue. On the other hand, we have the following result,
which can be proven via a contradiction argument.

Theorem C.2. There exists a constant > 0 such that for any ¢ € H*(R) satisfying the orthogo-
nality [ @(t)H () dt =0, we have

A«¢MF+WWHmw%»ﬁzu/«d@f+ﬁ@»w

R

APPENDIX D. PROOFS OF EXPONENTIAL INTERACTION DECAY ESTIMATES IN LEMMAS 5.2 AND
LEMMA 5.3

In this appendix we prove Lemmas 5.2 and 5.3.

Proof of Lemma 5.2. On the interval of integration, Proposition 4.26 gives

(D.1) ts(y, ) — ts(y,0) — 2| < G
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The harmless error in (D.1) may be absorbed in the implicit constant. The elementary one-
dimensional estimate

/(1 + |Z|)ker|T+z|f§\z| dz < C(l + |T’)k+167min{a,<}|T\

R

holds when o,s > 0. Since |ts(y, 2)| < |tg(y,0)| + |2| + C'/3, this estimate proves both (5.11) and
(5.12). O

Proof of Lemma 5.3. Assume first that 8 > a; the other case follows by reflection. Then t5(y,0) <
0. The truncated heteroclinic satisfies

[H(s)+ 1| < Cmin{1,e’},  [H(z)| < Ce P,
Using (D.1) and splitting at z = 0 and z = [tg(y, 0)|, we obtain

/ [E(ts(y, 2)) + 1] [H'(2)| dz < C / min{1, e @O+ el 42 < O (1 + [ta(y, 0)] eIt @O,
R R
This proves (5.13). The estimate (1 + s)e™* < Cye™?® for s > 0 gives (5.14). O

APPENDIX E. SOME CLASSICAL ELLIPTIC REGULARITY ESTIMATES
In this section, we state the Schauder estimate for the linear elliptic equation
(E.1) Lu=a"Dyu+bDju+cu=f+divG, M <a¢e; < A
Let o € (0,1) and assume the C%® norms of the coefficients a”/, b’, ¢ are bounded by A.

Proposition E.1 (Schauder estimate). Then the following estimates hold, with C = C(n,a, A\, A).
(a) Interior estimate [GT83, Theorems 8.32, 6.2], [Vit22, Theorem 1.2]. Suppose u satisfies (E.1)
on By = B5(0). Then on By = B1(0)

lullcre(syy < C (llullcocsy) + Ifllcocs,) + Gllcoo(s,)) »
lullcza(sy) < C (llullcosy) + Ifllcoe sy + I1Glloras,)) -

(b) Boundary estimate for the Dirichlet condition [GT83, Corollary 6.7], [Vit22, Theorem 1.2].
Suppose u satisfies (E.1) on By = By (0) and u = ¢ on 8yBy5 (0). Then on B = B{ (0)

B2 Nulloragsr <€ (lloogsp + Illoogsg) + I1Glevas + I16llcrass))
||U||c2,a(3;“) <C (HU|CO(B;) + ||choya(32+) + HGHCI«Q(BQ) + H¢||c2,a(B;)) .
(¢) Boundary estimate for the Neumann condition [GT83, Lemma 6.29], [Vit22, Theorem 1.2].
Suppose u satisfies (E.1) on By = By (0) and d1u = ¢ on 9yBy (0). Then on Bf = B{ (0)
B3 lulerags) <€ (Illovgsg) + ooy + 16lcoaa + 16lcoaa) -
lullgaagsty < € (loosz) + [Flonagsp + 1GlIcram + 18lloraposs ) -

Remark E.2. In the estimates stated in [GT83, Corollary 6.7] and [GT83, Lemma 6.29], there are
|lul|c2.o on the left-hand side and ||f||co,« on the right-hand side. However, from the proofs of these
two results, it follows that to estimate [|u]|c1.a, it is enough to have ||f||co on the right hand side
(see also equation 4.46 and Theorem 8.33 in [GT83]); therefore we have the estimates (E.2) and
(E.3).
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The 1Y estimates with a scalar source merely in C° and a divergence source in C? follow from the
corresponding first-order Campanato estimates, or from the boundary estimates in [Vit22, Theorem
1.2]. Equivalently, one first takes an exponent p > (n + 1)/(1 — ) in the local W1¥ estimate for
the divergence source and then applies Morrey’s inequality.

APPENDIX F. LIOUVILLE THEOREMS AND A PRIORI ESTIMATES IN GLUING PROCEDURE

Lemma F.1. Let Ly = Ayp + 0ssp — W (H)p, where (y,s) € R” x R.

e If v is a bounded, smooth solution of Ly = 0 on R™ X R, then ¢(y,s) = cH'(s) for some
ceR.

o If ¢ is a bounded, smooth solution of Ly = 0 on R} x R and ¢ = 0 on OR"} x R, then
o(y,s) = cH'(s) for some c € R.

o If v is a bounded, smooth solution of Lo = 0 on R} x R and 0,0 = 0 on IR’} x R, then
o(y,s) = cH'(s) for some c € R.

We omit the proof of this lemma since it is similar to [IPKWY10, Proof of Lemma 4.1].
Lemma F.2. Given an open set Q C R, o' € L>®(Q), b: Q — R with infq b = by > 0, define
Lo = Ap + a'0;p — bep.

o If v is a bounded, C? solution of Ly =0 on R™ x R, then ¢ = 0.
o If ¢ is a bounded, C? solution of Ly =0 on R} xR and ¢ =0 on OR"} x R, then ¢ = 0.
o If v is a bounded, C? solution of Ly =0 on R xR and 0, = 0 on OR"} x R, then ¢ = 0.

Proof. Let o1 = exp(£A\|z|), where X is to be specified later. Let max; ||a’||p~ = ag. Then, for
x| # 0,

nA
]
We choose A > 0 such that A\? + ap\ < %0 and define r = %. Then for |z| > r, Lo+ < 0. For
€> 0, let

Lot < (N £ == + aph — bo) ¢

0e = |||l Lo eIl 4 el
By the maximum principle, |p(x)| < @e(z) on {|z| > r}; letting ¢ — 0, we obtain |p(z)| <
@l oo M1 Again applying the maximum principle, we conclude that ¢ = 0. 0

Let us introduce some notation, which will be used in Proposition F.3. Suppose » > 0, ¥ C
B, (0) x R is a hypersurface equipped with a Riemannian metric and ¥ is the graph of a smooth
function defined on B (0). Then 9p% (resp. 0.X) denotes the portion of ¥ lying over 9B (0)
(resp. 04B;(0)), 8.2 =X NI, %, ¥ =2\ 8,%. For X' C &, g%’ := 9%’ N JpX. For § € (0,1),

Yi—ory =X\ {p € X :d(p,0%), d(p,0+%) < or}.
For f € LY(X x R), ¢r(y) = = [*°_f(y, s)H(s)ds.

op J—0
Suppose Q C R (for some integer 1) is the closure of an open set with smooth boundary, m > 0,

0,0 € (0,1) and u € C™?(Q x R). Then

Jull gy = sup {ef"s' S (uli + lulio)(5.5) < (4.5) € Q2 R} .
=0

Proposition F.3. Givenn > 0 sufficiently small and 0,0 € (0,1), there exist two constants é,C > 0
such that the following holds. Suppose
(i) 0<e<é R=¢e' heC®BL0),(—R,R)), & CBL(0)x(—R,R) is the graph of h, |h|1 <7,
|h|; = O(e) fori > 2; % is parametrized by (Y1, -, Yn) = (Y1, - Yn, WY1, -, yn));
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(ii) g is a Riemannian metric on_]Ef(O) x (—1,1), ||gij — dijllcs < m;
(iii) the Riemannian metric g on B}(0) x (=R, R) is defined by g(z) = g(cx) and we restrict g on
>
Then, for all f € C"*%(SxR) and ¢ € C" (82 xR) (m > 2), there exists a unique solution
@ € COY(EXR)NC™ (S xR) (for some 8’ € (0,1)) to the following mized boundary value problem.:

—Axpd — 0550+ W"(H(s))p = f — cs(y)H'(s) in int(X) x R,

Ops, @ = on X x R,
(F.1) »=0 on 04+% X R,
/ é(y,s)H' (s)ds = 0 for every y € 3.
R
Moreover, ||¢l|cosmxr) < 0o and
(F'2) ”QOHC;WQ(E(_%R)XR) <C <||¢||C?7179(802(—6R)XR) + ||f|‘C?72’9(2(_5R)XR)> :

Proof. The proof is similar to [IPKWY10, Proof of Proposition 4.1]. Let Ty : Wh%(Z x R) —
L?(0oX xR) and T : WH2(E xR) — L?(04+ % xR) denote the trace maps. Hg := {u € WH2(ExR) :
Tiu = 0}. Then H is the completion of C! ((int(X) U 9p¥) x R) with respect to the WH? norm.

H = {u €Ho: [T u(y,s)H (s)ds =0V y e E}. Let the bilinear form a on H be defined by

N / / (Bupr0sn + (V o1, Vo) + W (H)p102) ds dH (y).
Y JR

Then ¢ is a weak solution of (F.1) iff
a(p,¢') = / fo'ds dH" (y) + / VTo(¢')ds dH"(y) V¢’ €H.

Y xR X xXR
Theorem C.2 implies a is coercive; hence by the Lax-Milgram theorem, there exists a unique Wgak
solution ¢ of (F.1). By standard elliptic regularity [Sta65, Theorem 7.1], ¢ € C%¥ (X xR)NC™ (3 x
R) (for some 0" € (0,1)).

Next, we show that the solution ¢ satisfies H<,0||Cg (=xRr) < 00. Since f, 1 are compactly supported,
there exists sg such that (using the notation I = {s € R : |s| > s¢})
—Ayp — Ossp + W (H)p = ce(y)H'(s) on ¥ x I,
Opp=00n X xI, ¢=0o0n0,% xI.

Using the barrier function

n
pe = [l@lle <6U(|S|so) +ecoshos + GZcoshayl) ,
i=1
one can show that |¢| < ||¢| e 2051750 on & x R, hence el comxry < oo

Lastly, we show that if ¢ € C™¢(3 x R) is a solution of (F.1) and lellcomxr) < oo then (F.2)
holds. To prove this, without loss of generality we can assume that ¢f = 0 and (because of Theorem
E.1) it is enough to establish the following estimate

(F.3) ||90||cg(z(,25mxﬂa) <C (”TIZ)HCE,’G(%E(_(;R)XR) + ||f|’02’9(2(_53)x11§)) :

Let us assume by contradiction that the estimate in (F.3) does not hold. So, there exist sequences
e, — 0, Ry = 6,;1, hi, %, 8%, g%, or, fi, ¥ such that the assumptions (i)-(iii) in Proposition F.3
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are satisfied for (¢, R, h, %, &, g) = (&, Ry, hg, XF, 8%, &%), (F.1) is satisfied for (o, f, ) = (0, fr, ¥r),
and

(F.4) g o) = 1 (ot (am o) + Wl os,_ypy i) =0
Hence there exists (pg, si) € 27(225}3) x R and ¢ > 0 such that

(F.5) 7 |o(pk, 5k)| = c.

If ¢ € int(E’(‘“_%R)), using a normal coordinate system (cf. Lemmas 4.2, 4.4) of ¥* centreed
at ¢, we can find Y, : B,(0) — int(Xy), where r = min{R,lg/Z,d(q, O%F),0Ry}, such that Y, is a
diffeomorphism onto its image, Y4(0) = g, ||(Y;"g")ij —dijllc2 = o(1) uniformly as k — co. Similarly,
if ¢ € 821(“_25R), using a Fermi coordinate system (cf. Lemmas 3.2, 4.2, 4.4) of 9¥* centreed at g,
we can find Y, : B, (0) — i, where r = min{Ri/Q, dRy}, such that Y, is a diffeomorphism onto its
image, Y;(0) = g, ||(1/(1*gk)ij — 0ij]|c2 = o(1) uniformly as k — oo.

Let (pg, sx) be as in (F.5). There are three possibilities:

(F.6) (i) limsupd(pg, dXF) = oo, (ii) limsup d(py, X)) < oo, (iii) limsup d(pg, 04 XF) < oo.

k—o0 k—o0 k—o0
If (i) happens, we set g = py; if (ii) (resp. (iii)) happens, we set g, to be the nearest point in 9pX*
(resp. 94%) to pg. Suppose limsupy,_, . |sx| < oo. Then in all the three cases (in (F.6)), we define

Yk = Y:Ikv @k(% S) = Sok(Yk(Y)ﬂS)v Fk(.% S) = fk<Yk(Y)73)v and in case (ii> ¢k<Y7 3) = ¢k(Yk(y>,$)~
Then ¢, satisfies the following equation.

(F.7) _a;;jaY¢Yj Pk — b’;ﬂa}’i@k — OssPr + W”(H)Qbk = ‘?k»
where Hag — 8ijllcoe + ||b]|coo = o(1) as k — oco. In case (i), (F.7) is satisfied on B, (0) x R,

where 1, = min{R,lg/g, d(qr, 0%%),5Ry.}. Therefore by (F.4), there exists a bounded function @n, €
C?(R™ x R) such that up to a subsequence, @ — Poo in CZ_(R™ x R),

loc
_Aysaoo - aSs@oo + W”(H)cﬁoo =0on R"” x R,

and [* @oo(y, s)H'(s)ds = 0 for all y € R". Hence by Lemma F.1, ¢o, = 0. However, this is a
contradiction since (F.5) implies there exists soo € R such that $oo(0, 5o0) 7# 0. In case (ii) (resp.
(iii)), (F.7) is satisfied on By} (0) x R, where rj, = min{R}/*, Ry} and 8,3y, = ¢, (resp. @, = 0) on
9B, (0) x R. Therefore by (F.4), there exists a bounded function ¢ € C*(R’} x R) such that up
to a subsequence, @y — @oo in CZ (R x R),

loc
—AyPoc — OssPoc + W (H)@oo = 0 on RY} X R,

yPoc = 0 (resp. ¢oo = 0) on IR X R and [ @oo(y, s)H/(s)ds = 0 for all y € R”. Hence by
Lemma F.1, ¢ = 0. However, this is a contradiction since (F.5) implies there exists so, € R such
that @oo (0, Soo) # 0.

If lim supy,_, |sk| = oo, without loss of generality we can assume that sy — oo as k — oo. Let
us consider the three possibilities stated in (F.6) and define g as above. In all the three cases (in
(F.6)), we define Yy = Y, @(y,s) = e“Ck 9o (Yi(y), s), fu(y,s) = e?Ckt9f(Yi(y), s), and in
case (i) Y (y,s) = e+ +t9)4 (Yi(y), s). Then @, satisfies the following equation.

—a}! By,y, Pr — U0y, Pk — Bss P + 2005Py, + (W (H(sy, + 5)) — 0@y, = fi,
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where [la;/ — &;j]|co.e + ||bL]|cos = o(1) as k — oo. Arguing as in the previous case and using Lemma
F.2, we again arrive at a contradiction. U

Lemma F.4. Let us fix 6; > 0, i = 0,1,2,3, satisfying dg + 01 + 62 < 03 (md a,b > 0. Let
€ (0,01R), p € (1,52R), p € Bf (0), $(p) = Bi(p) N ByR(0), U € C*(By ( )) with the
uniform estimates

U>a>0, U+|VU|I<Db ontR(O).
Then there exists a constant C' > 0 independent of v, p, p, U, € with the following significance.
(i) If e > 0 is sufficiently small' and ¢ € C*( r+p( )) satisfies

{Aggp Up = E +div(F) on B/, ,(p),

F.8
( ) VQD ¢ on 80Br+p( )

there holds
(F9) Ielonozr iy < C (1looar, o + Fleoss, oy + Wlosousz, oy + 27 elerass,, o) -
(ii) If € > 0 is sufficiently small and ¢ € C?( T+p( )) satisfies

Agp —Uyp = E+div(F) on B;er( ),
Y = ¢ on 8OBr+p( )

there holds

-1
|Plerost ) = € (|E|CO<B;:p<p>> F1Elcopr, ) T 1leroesy, @) TP |‘P|01v9<BLp<p>>)'

Proof. The proof is similar to [{PW16, proof of Lemma 8.1]. Since the proofs of (i) and (ii) are
very similar, we will prove only (i). Let us first prove the following claim.

Claim F.5. There exists a constant C > 0 mdependent of v, p, p, U, € such that if € > 0 is suffi-
ciently small, 3, E, F v are compactly supported in B (p) and (F.8) is satisfied for (p, E, F,1¢) =

(¢, E, F,4), there holds
(FlO) |¢|CO(B+ (p)) < C <’E|CO(B+ (p)) + |F|CG(B+ (p)) + W}|CO’9(80B+ (p))) .

To prove this claim, we assume by contradiction that the estimate (F. 10) does not hold. Then
there exist sequences Uz,%,Ez,Fz,ﬂh, Tiy Pis Di, € such that ; — 0, cpZ,El,FZ,dJl are compactly
supported in Br +pi (Pi)s

7‘+p

Bileor, o =1 (Bilovsz,, woy + Bilossz ., oy T Wileosaust ,, o) =0
and (F.8) is satisfied for € = ¢; and
(U, ¢, E,F, 1,7, p,p) = (Ui, ¢i, Ei, By, 03,74, pi pi).-
Then
(F.11) PM(ei)0pi — g (e )Tl (ei) 0B — Uspi = Ei + div Fy on B, (py);
Oy pi = wz on 8037" +pi (pi)-
Since @;, E;, Fy,1); are compactly supported, we can assume that (F.11) holds on Bg; r(0). Let
0% = 0o + 01 + d2. There exists 7; € B;,SR(O) such that |@(z;)] > 1/2.

IThe metric g in (F.8) depends on .
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Suppose limsup, .o, &1 = oco. We define ¢;(z) = ¢;(Z; + ). Then |g;(0)] > 1/2 and (by
Theorem E.1) the C*¥ norm of @; is uniformly bounded on B(0, s;) where

8 = %min {;%,;,1, (63 — 5§)Ri} )
Therefore there exist Yoo, Uso : R — R such that up to a subsequence, ¢; — Yuo in CI{)C(R"H),
AypPoo — Usopoo = 0 on RH!
and |poo(0)| > 1/2. However, this contradicts Lemma F.2(i).
On the other hand, if limsup,_, . ;1 < oo, we define Z; = (0,Z;2,...,Zint1) and @;(z) =

&i(Z; +x). The C L0 norm of @; is uniformly bounded on B(0, %(53 — 84)R;). Therefore there exist
Poos Uso R;LH — R satisfying

AypPoo — Usopoo = 0 0n ]Rfrl,
Oypoo = 0 on 8R1+1.

Moreover, |poo(Too)| > 1/2 for some xoo € RV, which contradicts Lemma F.2(iii). This finishes
the proof of the claim.

To prove the lemma, we choose a cut-off function0 < x < 1 such that y = 1 on B (p), spt(x) C
B;;p(p), Vx| + |V2x’ < p~! and apply the above claim to ¢ = x¢. Indeed, Ayp — Up =
E + div(F) on B;;p(p), where E = xE 4 2(Vp,Vx) + ¢Ax — (F,Vx), F = xF and 8, =
¢ on 0B~ +,(p) where ¥ = x¥ + @d;x. Therefore, the lemma follows from above claim and
elliptic estimate

(Plerost ) = 1Ploves; ) S ('E leos, ot 1Elcosz, ) + 1Pleoo@ysr,, @) T |¢|CO(B;:p<p>>) :

O
REFERENCES
[ACO0] Luigi Ambrosio and Xavier Cabré. Entire solutions of semilinear elliptic equations in R® and a conjecture
of De Giorgi. J. Amer. Math. Soc., 13(4):725-739, 2000.
[Bel25] Costante Bellettini. Extensions of Schoen-Simon-Yau and Schoen-Simon theorems via iteration & la De

Giorgi. Invent. Math., 240(1):1-34, 2025.

[CFRF'26] Hardy Chan, Xavier Fernindez-Real, Alessio Figalli, Enric Florit-Simon, and Joaquim Serra. Sta-
ble solutions of the Allen—Cahn equation in dimension three are one-dimensional. arXiv preprint
arXiv:2609.30194, 2026.

[Cha05] Kung-Ching Chang. Methods in nonlinear analysis. Springer Monographs in Mathematics. Springer-
Verlag, Berlin, 2005.

[CM20] Otis Chodosh and Christos Mantoulidis. Minimal surfaces and the Allen-Cahn equation on 3-manifolds:
index, multiplicity, and curvature estimates. Ann. of Math. (2), 191(1):213-328, 2020.

[CM23] Otis Chodosh and Christos Mantoulidis. The p-widths of a surface. Publ. Math. Inst. Hautes Etudes
Sci., 137:245-342, 2023.

[DDPSa] Akashdeep Dey, Wenkui Du, Davide Parise, and Lorenzo Sarnataro. Second order estimates on transi-

tion layers for the Allen—-Cahn equation with homogeneous Neumann boundary conditions: Part II —
Boundary-parallel transition layers. in preparation.

[DDPSD] Akashdeep Dey, Wenkui Du, Davide Parise, and Lorenzo Sarnataro. The curvature estimate for free
boundary limit interfaces of the Allen—Cahn equation and its geometric applications. in preparation.

[dPKWO08] Manuel del Pino, Michat Kowalczyk, and Juncheng Wei. The Toda system and clustering interfaces in
the Allen-Cahn equation. Arch. Ration. Mech. Anal., 190(1):141-187, 2008.

[dPKWY10] Manuel del Pino, Michal Kowalczyk, Juncheng Wei, and Jun Yang. Interface foliation near minimal
submanifolds in Riemannian manifolds with positive Ricci curvature. Geom. Funct. Anal., 20(4):918—
957, 2010.



[APW16]
[Far07]
[F'SS25]
[GG98]

[GT83]

[JK85]

[KL21]

[Kow05]
[Leel3)
[LLW*26]
[LZ21]

[Man21]
[PRO3]

[PW13]
[SSY75]
[Sta65]
[Vit22]
[WW19a]

[WW19b]

SECOND ORDER ESTIMATES ON TRANSITION LAYERS: PART I 107

Manuel del Pino and Juncheng Wei. An introduction to the finite and infinite dimensional reduction
methods. In Geometric analysis around scalar curvatures, volume 31 of Lect. Notes Ser. Inst. Math. Sci.
Natl. Univ. Singap., pages 35—118. World Sci. Publ., Hackensack, NJ, 2016.

Alberto Farina. Stable solutions of —Au = ¢ on RY. C. R. Math. Acad. Sci. Paris, 345(2):63-66, 2007.
Enric Florit-Simon and Joaquim Serra. On stable solutions to the Allen—Cahn equation with bounded
energy density in R*. arXiv preprint arXiv:2509.02739, 2025.

Nassif Ghoussoub and Changfeng Gui. On a conjecture of De Giorgi and some related problems. Math.
Ann., 311(3):481-491, 1998.

David Gilbarg and Neil S. Trudinger. Elliptic partial differential equations of second order, volume 224
of Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, second edition, 1983.

David Jerison and Carlos E. Kenig. Unique continuation and absence of positive eigenvalues for
Schrodinger operators. Ann. of Math. (2), 121(3):463—-494, 1985. With an appendix by E. M. Stein.
Nikolaos Kapouleas and Martin Man-chun Li. Free boundary minimal surfaces in the unit three-ball via
desingularization of the critical catenoid and the equatorial disc. J. Reine Angew. Math., 776:201-254,
2021.

Michat Kowalczyk. On the existence and Morse index of solutions to the Allen-Cahn equation in two
dimensions. Ann. Mat. Pura Appl. (4), 184(1):17-52, 2005.

John M. Lee. Introduction to smooth manifolds, volume 218 of Graduate Texts in Mathematics. Springer,
New York, second edition, 2013.

Yong Liu, Tianci Luo, Kelei Wang, Juncheng Wei, Yong Wei, and Ke Wu. Stable De Giorgi conjecture
of the Allen-Cahn equation in R3. arXiv preprint arXiv:2609.21680, 2026.

Martin Man-Chun Li and Xin Zhou. Min-max theory for free boundary minimal hypersurfaces [—
Regularity theory. J. Differential Geom., 118(3):487-553, 2021.

Christos Mantoulidis. Allen—Cahn min-max on surfaces. J. Differential Geom., 117(1):93-135, 2021.
Frank Pacard and Manuel Ritoré. From constant mean curvature hypersurfaces to the gradient theory
of phase transitions. J. Differential Geom., 64(3):359-423, 2003.

Frank Pacard and Juncheng Wei. Stable solutions of the Allen—Cahn equation in dimension 8 and minimal
cones. J. Funct. Anal., 264(5):1131-1167, 2013.

Richard Schoen, Leon Simon, and Shing-Tung Yau. Curvature estimates for minimal hypersurfaces. Acta
Maith., 134(3-4):275-288, 1975.

Guido Stampacchia. Le probleme de Dirichlet pour les équations elliptiques du second ordre a coefficients
discontinus. Ann. Inst. Fourier (Grenoble), 15:189-258, 1965.

Stefano Vita. Boundary regularity estimates in Hélder spaces with variable exponent. Calc. Var. Partial
Differential Equations, 61(5):Paper No. 166, 31, 2022.

Kelei Wang and Juncheng Wei. Finite Morse index implies finite ends. Comm. Pure Appl. Maith.,
72(5):1044-1119, 2019.

Kelei Wang and Juncheng Wei. Second order estimate on transition layers. Adv. Math., 358:106856, 85,
2019.

CHENNAI MATHEMATICAL INSTITUTE, H1, SIPCOT IT PArRkK, CHENNAI, TAMIL NADU 603103, INDIA
Email address: akashdeep@cmi.ac.in

SCHOOL OF MATHEMATICS, HUNAN UNIVERSITY, CHANGSHA, HUNAN PROVINCE, 410082, CHINA
Email address: duwenkui@hnu.edu.cn

DEPARTMENT OF MATHEMATICS, ZEEMAN BUILDING, UNIVERSITY OF WARWICK, GIBBET HILL ROAD, COVENTRY
CV4 7TAL, UK

Email address: Davide.Parise@warwick.ac.uk

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, 40 ST. GEORGE STREET, TORONTO, ON M5S 2E4

CANADA

Email address: lorenzo.sarnataro@utoronto.ca



	1. Introduction
	2. Basic definitions and notation
	Part 1. Derivation of the Toda system
	3. Preliminary setup
	4. Geometric setup and twisted Fermi coordinates
	5. An optimal approximate solution
	6. Equation for the error and mean curvature approximation by Toda system
	7. Inner-outer gluing estimates for the error function 
	8. Improved horizontal estimates for phiyi and improved Toda system

	Part 2. Stability of Toda system implies curvature estimates
	9. Stability inequality for Toda system
	10. A separation estimate from local bounds for the Emden equation
	11. Final estimates and the boundary correction on nonzero levels

	Part 3. Appendices
	Appendix A. Proof of derivative estimates for enhanced second fundamental form A in Proposition 4.1
	Appendix B. Proof of geometric approximation estimates and mean curvature expansion in Proposition 4.19
	Appendix C. The one-dimensional heteroclinic solution H
	Appendix D. Proofs of exponential interaction decay estimates in Lemmas 5.2 and Lemma 5.3
	Appendix E. Some classical elliptic regularity estimates
	Appendix F. Liouville theorems and a priori estimates in gluing procedure
	References


